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The general second order linear equation has the form
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Even fewer second order equations can be solved with

simple formulas. Not even linear equations can always be
nicely solved.
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that is,
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This is first order linear. One solution is f = C'/2. The
general solution is f = C/2 plus the general solution of
the homogeneous equation,

h'4+2h =0
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Example: solve

Note that we now need two conditions, or initial values:
the value of y and the value of ¢! That is because we

have to determine two constants! (y = Che” + Che™”.
Then

— 0160 026_0 = 0; thus ] = —C5%

but
y’ — (e’ — Che™ " = C’l(eaj -+ B_x)



y' = Che” — Coe™ = Ci(e" +e77)
y’(O) — 201 =3




thus




y' = Cre” — Coe™* = Ci(e" +e77)
y’(()) — 201 =1

thus ! !
Ch = 5 thus y(z) = 5 (e" —e™)

Now it Is easy to see that any second order homogeneous
ODE with constant coefficients

y' + Ay’ + By =0
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y'+ Ay’ + By =0

can be solved by exponentials , provided that the

r”+Ar+ B =0

(replace 4" by r*, 3/ by r and y by 1)
(we'll see later that we can deal with
imaginary roots, equal roots, etc.).
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Indeed take y; = C1e™* . Then, y; = Che™”,
= Crie"* and
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Indeed take 14

= Che"" . Then, y; = Che™”,

= Crie"* and

yi’—l—Ayi—l—Bw 017“2 7“1x_|_A01€7“1x_|_B016r1:c

= Clerlm(’/“% —= A’I‘l —+ B) — (0

Similarly, if yo =

(5e™". then

Uy + Ay + bys = Coe"*(r3 + Ary + Bry) = 0

and

vl +y5 + Ay +yo) + B(yr +12) =0
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As we have done with vy = y we can show, here too,
that the solution of

y' + Ay + By =0

Is Cre’1" + (he2”
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Example

Solve the equation
4y" -8y +3y =0; y(0)=2,9(0)=3

that is,

3
y' =2+ 7y =0

The characteristic polynomial is

3
/" —— /" _I_ —
4
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which has the same roots as

47> —8r +3 =0
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r r

which has the same roots as
Ar? — 8 4+ 3 =0

(Note that we did not, in fact, need tio divide by 4 to
start with!) with roots

44 /16 — 12
] [ 4 p—

14+1/2
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4y" — 8y +3y =0; y(0)=2,4/(0) =3
44 +/16 — 12
T = p—
4
Thus the general solution Is

1+1/2

Yy = 016% + 026%

where we need C + Cy =2 and (/2 + 3C5/2 = 3 and
thus C; = 0, Cy = 2. Let's plot the solution:
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