1ts no inverse, because the transformation has no inverse. Points like
« perpendicular line are projected onto the origin; that line is the
P, At (}gc same time, points on the -line are projected to themselves!
ds, projecting twice is the same as projecting once, and P2 = P h

2 2
pro|e e Pl + s ese? + 5%)
e 2 T 2 2 20,2 = P.
o5 s es(c? + 5% s%(e? + 59
+ 5% = cos® 0 + $in? 0 = 1. A projecti ] ]
- § - A projection matyix ¢ v 1S e,
A ) equals its own square,
Figure 2.10 shows the reflection of (1, 0) in the @-line. The length
on cquals the lgnglh of the original, as it did after rotation—but those
s are very ('ilﬂ‘crcnl. Here the 0-line stays where it is. The perpen-
everses direction; all points go straight through the mirror. Linearity

st

He [2(‘2 -1 2cs
2cs 2% — |

Nl .

lection through the d-line: the geometry and the matrix.

H has the rc.mar.ka.blc property H? = 1. Two reflections bring back
Thus a reflection is its own inverse, H = H™!, which is clear from the

> less CICEII‘ ﬁ.'om the matrix. One approach is through the relationship
o projections: Hl = 2P — I. This means that Hx + x = 2Px— the
¢ original cq‘uuls twice the projection. It also confirms that

H'=@P-1)?=4P? 4P+ 1=,

cctions satisfy P2 = p,

¢ transformations cither leave lengths unchanged (rotations and re-
rcdu_cc the length (projections). Other transformations can increase
r.clclung and shearing are in the exercises, Each example has a matrix
it-~which is the main point of this scction. But there js also lh'c

question of choosing a basis, and we emphasize that the matrix depends on the
choice of basis. For example:

(i) For projections, suppose the first basis vector is on the 0-line and the second
basis vector is perpendicular. Then the projection matrix is back to P =[} §].
This matrix is constructed as always: its first column comes from the first basis
vector {(which is projected to itself), and the second column comes from the basis
vector which is projected onto zero.

(i) For reflections, that same basis gives H = [§  _9]. The sccond basis vector
is reflected onto its negative, to produce this second column. The matrix H is still
2P — I, when the same basis is used for H and P.

(iii) For rotations, we could again choose unit vectors along the ¢-linc and its
perpendicular. But the matrix would not be changed. Those lines are still rotated
through ¢, and @ = [{ "] as before.

The whole question of choosing the best basis is absolutely central, and we come
back to it in Chapter 5. The goal is to make the matrix diagonal, as achieved
for P and H. To make Q diagonal requires complex vectors, since all real vectors
are rotated.

We mention here the effect on the matrix of a change of basis, while the linear
transformation stays the same. The matrix A (or Q or P or H) is altered to
S~ 'AS. Thus a single transformation is represented by different matrices (via dil-
ferent bases, accounted for by S). The theory of eigenvectors will lead to this
formula S~ AS, and to the best basis.

EXERCISES

2.6.1  What matrix has the effect of rotating every vector through 90° and then projecting
the result onto the x-axis?

262 What matrix represents projection onto the x-axis followed by projection onto the
y-axis?

2.6.3  Does the product of 5 reflections and 8 rotations of the x-y plane produce 4 rotation
or a reflection?

2.6.4 The matrix A =[2 9] produces a stretching in the x-direction. Draw the circle
x? + y? = 1 and sketch around it the points (2x, y) that result from multiplication
by A. What shape is that curve?

2.6.5 Every straight line remains straight after a lincar transformation. If z is halfway
between x and y, show that Az is halfway between Ax and Ay,

266 Thematrix A =} 9] yields a shearing transformation, which leaves the y-axis un-
changed. Sketch its effect on the x-axis, by indicating what happens to (1, 0) and
(2,0) and (-1, 0)—and how the whole axis is transformed.

2.6.7 What 3 by 3 matrices represent the transformations that

i) project every vector onto the x-y plane?
ii) reflect every vector through the x-y plane?
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130

2,22

2.23

2.24

225

2.26

2,27

2.28

2.29

2.30

.31

232

et

2 Vector Spaces andl.jqear Equations
(a) Ax = b has a solution under what conditions on b, if
I 2 0 3 b,
A=10 0 0 0 and b=|h, |?
2 4 0 1 b,

(b) Find a basis for the nullspace of A.

{c) Find the gencral solution 10 Ax = b, when a solution exists.
(d) Find a basis for the column space of A.

{e) What is the rank of A™

How can you construct a matrix which transforms the coordinate vectors €1, 5.8y
into three given vectors ¢y, vy, vy? When will that matrix be invertible?

If ;. ¢,. ¢3 are in the column space of a 3 by 5 matrix, does it have a left-inverse?
Docs it have a right-inverse?

Suppose T is the linear transformation on R* that takes each point (1, v, w) to
(v + v+ w, 0+ v, 1), Describe what 77! does to the point (x, y, 2).

True or false:  (a) Every subspace of R* is the nullspace of some matrix.
(b) 1f A has the sume nullspace as A*, the matrix must be square.
(c) The transformation that takes x to mx + b is linear (from R' to R").

Find bases for the four fundamental subspaces of

1 203

0 2 22 d ! 4
/" = 0 0 0 0 an A2= : [] ].

0004

{a) If the rows of 4 are lincarly independent (4 is m by n) then the rank is
and the column spice is and the left nullspace is
(b) If A is 8 by 10 with a 2-dimensional nullspace, show that Ax = b can be solved
for every b.

Describe the linear transformations of the x~y plane that are represented with stan-
dard basis (1, 0) and (0, 1) by the matrices

R PSR

{a) I A is square, show that the nullspace of A2 contains the nullspace of A.
(b) Show also that the column space of A2 is contained in the column space of 4.

When docs the rank-once matrix 4 = ww? have 42 = 07

(a)  Find a basis for the space of all vectors in R® with x; + x; = X3 + X¢ = X + X
(b) Find a matrix with that subspace as its nullspace.
{¢) Find a matrix with that subspace as its column space.

()
(b)
{)
(d)
(e)
)

e ———

J 233 Suppose the matrices in PA = LU arc

o1 000 o0 1 =3 2
i oo of2 -1 4 2
ooo0 tl{la =2 9 1+ 4
oot ollz -t 5 -1 5
1 00 02 -t 4 2
ot ooffo o =3
=y 11 0o o o O
210 t{lo o 0o 0

What is the rank of A? .

What is a busis {or the row spacc of 4. ‘ .

True or false: Rows 1,2, 3 of A are linearly indcpendent.
o N * " ')

What is a basis for the column space of A’ .

What is the dimension of the left nullspace of A?

What is the general solution to Ax = 0?

Review Exercisos: thaplfervz
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Solutions lo Selected Exercises

25.16

2.6.4

26.13

2.6.16

2.6.19

312
3.1.3

3.1.6

318

ALl
AL
3.1.18

3.1.20
3.1.22

3.2.1

323

327

.2

3213

@ =y =ys=¥3=0,y, = y; =0,y +y; —ys =0 (b) By adding the 3 equa-
tions. (c)3 (d) They correspond to the two independent loops y, 3,y and yyysy..

. 1 1
=Y )2 2
K] =l
¢ + 3 e [l _1].
2 2

Suppose u=A"'x and v=A"'y. Since A is linear, A(cu + dv) = cAu + dAv =
ex + dy. Therefore A~ (cx + dy) = cu + dv and A~ ! is linear. Since the transfor-

mations satisfy A~ ' A = [, the product rule means that the corresponding matrices
satisfy M™'M = |

1 00 0
0010
0100
00 0!

plx), gix) € S = [§ (cp(x) + dqix)) dx = ¢ J§ p(x) dx + d {§ g(x)dx = 0 = cp(x) +
dgix)e S =S is a subspace; —}+x, —§+x% —L+x3 is a basis for S

Ellipse. 2610 ¢, e 2611 1Y

; the double transpose of a matrix gives the matrix itself.

CHAPTER 3

(1, D) and (1, 2); (1. 1) and (0, 0).
(/X )pa/y) = ~ 1= X9, + X¥, =0 = xTy =0.
All multiples of (1, 1, —2) (173, 14/3, 143). 12, —1/42.0),
(N6, 1136, =2//6).
xeV.xeW=x'x=0=x=0. L0 X, +x3—x3=0.
ATy =0 = y'h = yTAx = (y'A)x = 0, which contradicts y'h # 0.
=+ N=0ex"x+x"y - ylx—yly =0 xIx=ylye x| = |y
R*; the orthogonal complement is spanned by (1,0, 0, 0), (0, 1,0, 0), (0,0, 1, 0).
It means that every vector which is orthogonal to all vectors orthogonal to S isin S.
Onec basis is (1, 1, 1, 1).
@ (x + y)/2 = ey, ®) x + yI2 s (ixl + [y)? = (x + pTx + ) < [Ix]* +
2l Iyl + Iyf? = xTy < |lxf Iy

1
(1073, 1073, 10/3), (5/9, 10/9, 10/9). 325  arccos(I/V/n);

|

[t/n--- t/n]

, aa'aq” _al@’a)a’  ad'
Pl=g—=—"a—=— =P
a'as’a  aYaa'a a'a

b=(,...,1a =" =a, 329
JS DR e _J3 i 0 0 0

() ['0 ‘"];[ 19 '°].(b)[ :l.[: ] The sum of the projections onto
& all-% &l Lo 1flo o Pro)

two perpendicular lines gives the vector itself. The projection onto one line and then

another (which is perpendicular to the first one) always gives {0},

1 1 1

1, a \ : !

T T ¥ N VI N e

a'a a'a 1 1
[ _é 6

32,16

334

333

335
33.10

3312

33.13
33.15
33.18

3319

3.3.24

345

3.4.7

349

34.13

Solutions to Sefectec

ATy = xTPVy = xT(Py MTNIE R TR ING )
Q) P = P = (Po)Ty=x"Ply=x"(Py)._(b) No: V181

((c: Pt = P = (Px)[Py = X' PTPy = xP2y = X'(Py), 0" or 180
2, (18 = 33 + (5 — 40 (4 =03 =0.

[

6 + (5/1:(7/2,6,17/2).
ATA =1, AT =00

h-p=

P e P

[

338 column space S: rank k.

Lyod

3o 00

@ (=1 1.0.0.(-1.0,01) B o | o ©©@0.00
VLo

61/35 — (36/35); (133/35, 95/35.61/35, — 11/35).
Hz=(;_2p)==l—4l’+4l"=l—4!’+4P=L
(l)C+D+E=3.C+3£=6,C+ZD+E=5.C=0(N0
4 3 51|C 14
@3 5 3p|of=113}
L

503 11 26
C e, —~al s U @
ANAADA 3321 [—u{az u{u;][.\':]—[—ug
b]
1\ (‘) (‘) ¢ 0
—3/10 — (12/5). 3.3.28 i | y | D. o
Y S I

(@) ~4=C=2D, =3=C=-D. -1 =C+D.0=C+2D
(c) b is in the column space; b itself.

(—2/3, 1/3, ~2/3) the sum is b itsell: notice that .u.u_{. I
onto three orthogonal dircctions. Their sum is projection on
should be the identity.

(- 2u™() = 2wy =1 — qui® + 4wt =1 Q=

O N e o

(xyq, + + XNy T Nada) = N + X5 =

X4 N )
L2 l/ﬁ][ﬁ 2\/%]

0(“4‘0(]2. 3.4.12 -Z[l/ﬁ _”\/2" 0 22

001 o 0o 17{1 1 1

o 1 tl=1o 1 oljo 1 1y

I T 1 0o ollo 01



