5101 (AU 2013) Homework 4 Name(s):

1. a) For the basis dual to the standard basis {e;, ez, e3} give explicit
formulas for €] (z1, z2,x3), €5(x1,x2, x3), €4(x1,x2, 23).
b) Write the linear functional f : R® — R defined by

(1) f(z1, 22, 23) = a1x1 + asza + azxs

as a linear combination of e, €}, ef.

2. Consider the basis for R3: B = {vy, vy, v3} where

1 1 2
Vi = 0 , Vo = 1 , Vo = 2
1 1 0

a) Find the dual basis, giving formulas in the form (1).
b) Find the row vector representation of the dual basis in the standard
basis of R3.

Hint: you can do calculations based on definitions, or you can use the
result of Section 1.4.1 of the notes on The Dual Space.

3. Numerical quadrature. Numerical integration of functions uses only the
values of functions at certain sample points. In the space P, of polynomials
of degree at most n there is an exact numerical quadrature: show that if
50, 81, - - - , S, are some sample points in an interval [a, b] then there are some
numbers cg, c1,...,c, so that

b
/ p(z) dx = cop(so) + a1p(si) + ...+ cpp(sn) for all polynomials p € P,

Specify a way to calculate the numbers cg, ¢y, ..., c,, but do not calculate
them.

(continued on next page)



4. Consider the function L : M2 2(R) — R? given by the formula

f([ea]) =[5

a) Show that L is a linear transformation.

b) Give formulas for all the matrices in N'(L).
¢) Find a basis for N'(L).

d) Determine the nullity and the rank of L.

a) Show that 1, z—a, (z—a)? is a basis for Py and that E,, & pr=d IR ; d‘fg
is the dual basis; the notation is the usual one:

o=

(Ber) =2(@). (o]0 =@, Gyl p) = W@
b) Let T : Po — P4 be a linear transformation such that
T) =z T(x+1) =232z, T((z+1)*) ==z
Find T'(p) and T(g) where p = 2? + 52 — 1 and q = ag + a1z + az2>.

6. Let T : Py — P3 be given by
(2) T(ap+ a1z + asx® + asz® + a41:4) = (ap — a1 + 2a3 — az + ay4)
+ (—ag + 3a1 — 2ay + 3ag — ay)x
+ (2ap — 3a1 + Haz —asz + a4)x2
+ (3ag — a1 + Tag + 2a3 + 2a4)x>

a) Find a basis for R(T').
b) Show that 7" is not one-to-one.



