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0.1. General properties. We employ the usual definition

Ff=1f= \/12?/_ f(x)e™ " d

Proposition 1.

fo==F*i == [, [(5)§(& — s)ds

Many of the proofs we have done them already. The rest are simple
exercises, except perhaps for the last one, which we show by taking

- /:ﬂs)g(g L / e / F()3(€ — s)dsde

/ Ton )e””f g(u)dudt = fg

where we made the change of variables s =t,{ —s=u
Let S(R) be the Schwarz space.

Proposition 2. If f € S(R) then f € S(R).

We have shown this before as well.
An important invariance property is the following.

Theorem 3. Let f(x) = exp(—22/2). Then f(€) = exp(—£2/2).

In other words exp(—22/2) is an eigenfunction of F corresponding to the
eigenvalue 1. What other eigenvalues are possible?

Proof. Let f(x) = e~2°/2, Then,

F(¢) e 2 gy

vl

Then,
V2rF(§) = / (—iz)e ™ P " dy = i / f(@)e= "y

On the other hand,
F'(€) = £f(¢) = —¢F ()
(why?) It follows that
F(§) = Ce™/?



MORE ON THE FOURIER TRANSFORM 3
Now, F'(0) =1 (why?). Thus

F(g)=e ™/

Using Proposition 1 (3) we see that

Flet) = | [5e

1. SoLviING PDES BY FOURIER TRANSFORM

1.1. The heat equation. Consider again the heat equation in one dimen-
sion

U = Ugp; u(t=0,2) = f(z) € L?
By taking the Fourier transform in x we get
iy = —€%0 = a(t, &) = C(t)e &

and imposing the boundary condition, we must have

alt, &) = f(©)e
and by taking F~! we get

1
VAt

u(z,t) = ]:_l(e_mQ/(“)) x f = ! / e_“Q/(4t)f($ —u)du

VAt

1.2. The Laplace equation in the upper half plane. Consider the equa-
tion

0*u  0%u 9

Taking the Fourier transform in x we get
—&%0+ Uy = 0

with the only admissible solution (one which is not growing as £ — oo and
imposing the boundary condition we get

a€) = f(e)e sl

and it follows that
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2. THE FOURIER TRANSFORM IN R? (BASED ON [1])

2.1. Notations. Given (x1,...,z4) € R? one writes
x| = /ot + -+ 2

and we often abbreviate (z,y) =z -y. Also, for x € R% m € Z% we write

m o _ ml... mq
T =T IL’d

o\™ o \™ o \™ ol
(@) =Ga) (o) = o

where (there is some some ambiguity of notation) |m| =mj + -+ + mg.

Symmetries play an important role in the analysis of PDEs and in other
problems as well. These symmetries are: translations, dilations, and rota-
tions. The translation by h is simply « +— = + h, dilations are z — ax with
a > 0 and rotations are linear orthogonal transformations, represented by
matrices with real valued entries, s.t. (Rz, Ry) = (z,y). As matrices, these
are unitary matrices with real entries, and preservation of scalar product
simply means RR* = R*R = I where R* is the adjoint of R, and since
R is real-valued, R* = R'. We have det(R) = +1. In particular —1I is
a rotation, but an improper one: det(I) = —1. It represents a reflection
(symmetry) about the origin. Rotations with det(R) = 1 are called proper
rotations. General rotations are then proper rotations composed with a
symmetry w.r.t. 0.

In R3 the description of all possible rotations was provided by Euler. For
any proper rotation, there is an axis of rotation d: R(d) = d; If P is the
plane through 0 L to d, then R(P) = P and on P, which is isomorphic to
R2, R is a two-dimensional rotation matrix Ra:

cos —sinf
sinf cosf

2.2. Functions with rapid decrease in R?. By definition, these are func-
tions with the property

and also

sup |z¥||f(z) < oo Vk € N
z€RL
Integrals over the whole of R? are defined in particular on functions of rapid
decrease. They are improper integrals, defined as
f(z)dz = lim f(z)dzx
Rd R—oo Br
where Bp is the ball of radius R. Instead of Br we could take, with the

same result, Qg, the (hyper)cube of side R. In the latter interpretation, this
is an iterated improper integral.
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You can convince yourself that the limit exists if

sup 28| f(z)| < oo for some € > 0
z€RY

Functions with moderate decrease are defined as above, with € = 1.

2.2.1. Properties.

(1)

flz+ h)dx = f(z)dx
Rd Ré

(2)

ad [ flax)de = f(z)dz
R4 R4
(3) For any rotation R,

f(Rx)dx = f(z)dzx
R4 Rd

2.3. (Hyper)Spherical coordinates. Recall that polar coordinates in R?
are defined by (r,6) where r is the distance to the origin and 6 € [0,27) is
the angle with the x axis, and we have

2 00
f(x)dx = / / f(rcosf,rsinf)rdrdd
R2 o Jo

In R? we similarly have
x1 = rsinfcos ¢
o = rsinfsin ¢
T3 = rcos b

and
2 pm 00
flx)dx = / / / f(rsin 6 cos ¢, r sin @ sin ¢, r cos 8) 72 sin OdOdpdr
R3 o Jo Jo

This is generalized as follows: We write a point on the hypersphere S of
radius 1 as vy and write

fwys = [ [ pnrttaot
R4 sd—1 Jo
where do(7) is the surface element on S9!

2.4. The Schwarz space in R%. The Schwarz space in R? S(R%) consists
of all indefinitely differentiable functions on R? with the property

o () st

sup < 00

z€R4

for all multi-indices m, n.
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2.5. The Fourier transform on S(R?). If f € S(R?) we define, for ¢ € R?,
in one convention

f&) =@m)~ | fa)e " ida
Rd
and in a notation often used in PDEs,
F&) = | fla)e ™ da
R4

From this point on, we will use the latter definition.
Some properties of the Fourier transform in R? are listed below. We write

F(f) = f as fa) = f(9).
Proposition 4. (1)
f(x+h)— f(6)e* €, heRY

Fl@)e ™M o f(€+h); heR

flaz) = a~f(af); a€R*

(i)m f(z) — 2mie)™f(€)

)
(-2mia" 1) > (5¢) 1©
(6) If R is a rotation, then
f(Rz) ~ f(Rz)

Proof. Only the last property requires a proof, as the proof of the others
is similar to the one-dimensional case. For the last property, we make the
change of variable t = Rz and remember that (R~ 'z, R71¢) = (z,¢) and
that |det(R)| = 1.

O

Proposition 5. The Fourier transform maps S(R?) into itself.
Proof. The proof is similar to the one-dimensional one. O
Definition 6. A function is radial if f(x) = f.(|z|) for some f,.

Proposition 7. A function is radial if and only if it has radial symmetry,
that is f(Rz) = f(z) for all x.
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Proof. Indeed, if f(z) = f.(|z|), then f(Rx) = f.(|Rx|) = f-(|z]) = f(x).
In the opposite direction let z and 2’ be s.t. = # 2/, |z| = |2/| and let’s
for now prove the statement for R3. The general proof is not much more
difficult. Taking the II plane generated by z, ', there is a 2-d rotation Rs
s.t. Rox' = 2. A 3-d rotation that does the same is Ry about the normal to
II. Then f(xz) = f(Rz) = f(2') and thus f only depends on |z|.

How would you generalize this argument to R%? O
Corollary 8. The Fourier transform of a radial function is radial.

Proof. This follows from Proposition 4 (6), since f(RE) = f(€) O

7(17‘2

The d—dimensional Gaussian f(z) = e~*",r = |z| is an example of a

radial function.

Proposition 9 (The inversion formula). If f € S(RY) and f = F(f), then
[@)=F1 )= [ J©eds
Proposition 10 (Plancherel formula in R9).

[ \opde= [ 1sPas

Definition 11. Conwolution of two functions, say in S(R?) is defined in a
way similar to convolution in R:

(f * 9)a /f (x— t)d

fxg=1719 fg=1T*g
Proof. The proofs can be obtained from the fact that the R? Fourier trans-
form in R? is an iterated 1d Fourier transform. O

Proposition 12.

2.6. The wave equation in R x R?. The homogeneous wave equation with
initial condition u(t = 0,z) = f(z), or the Cauchy problem for the wave
equation is similar to the 1d one:

1 0%u
() o= du ult=0.2)= f); wt=0)=qg)

where

Au = Z@xk

The strategy for solving this equation is similar to the one used in 1d initial
value problems: We Fourier transform the problem w.r.t. the space variable,
after which we end up with an ODE.
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In (2) we remember that differentiation with respect to zj, is transformed
into multiplication by 27i&y, and the time derivative of the Fourier transform
is the Fourier transform of the time derivative. Thus

1 9% - . .
(3) S5 = 4 (; g,%) R
This is indeed an ODE, with general solution
(4) a(t, &) = A(§) cos(2m[¢]t) + B(€) sin(2[¢]t)
We now note that on the one hand
(5) it =0,6) = f(&); wu(t=0,&)=3g(&);
and on the other hand
(6) a(t =0,8) = A(§); (t =0,8) = 27[¢| B(€)

Combining (5) and (6) we get

Theorem 13. The solution of the Cauchy problem for the d-dimensional
wave equation 1S

M )= [ 7€ costaalele + a0 s ] emsag

R 2m¢]
Proof. This does require a proof since we only derived the solution formally,
assuming it exists, assuming we can take the Fourier transform etc. Part of
this proof is relatively straightforward: we should check that (7) is a solution
of (2). The more difficult part is to show uniqueness of this solution, which
is done by energy arguments, see [1] p. 187. O

What does this give in one dimension?
For this, we use Euler’s formulas:

cos(2m|¢]) = 1 (e%ilﬁl + e*mlﬁ\) sin(27¢]) = & <e2m‘|£| _ e—zmm)

and get d’Alembert’s formula,

t — ¢t 1 T+t
2 2/,
Check the formula above, both in terms of it solving the Cauchy problem,

and also by deriving it from (7)!

2.7. The heat equation in R?. This is the equation

= Au=Y o ult=0.) = f(a) € SR

Taking the Fourier transform in z, we get

d
iy = (2mi)* ) & = —ar?[¢)?

k=1
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and thus
it = C(g)e P

The initial condition implies that
. A 421412
@ = f(§em "
Now,

> 242 ; 1 1%
/ e—47r it +2milpry et
—00

and thus

d | 2
.7:_16_4”25'2—( ! )elilt
4rt

and therefore, by Proposition 12 we have

_Jz—y|?
4t

(8) u(z,t) = (47Tt)_d/2/ e

R4

fy)dy
The condition that f € S(R?) is not needed, provided (8) can be justified.

2.8. The Poisson summation formula. Let f € S(R). Note first that

> fle+n)

n=—oo
is convergent and periodic with period one.

Theorem 14 (Poisson summation formula). Under the assumptions above,

(9) Yo flatn)= Y flm)em

n=—oo n=—oo

and in particular we have the symmetric formula

(10) S im= Y i)

n=—oo n=—oo

Proof. On the left side of the identity we have, as mentioned, a smooth peri-
odic function of period one. It suffices to check that the Fourier coefficients
of both sides of the equation coincide. The series on the right side of (9)
converges pointwise and rapidly so (why?).

The k—th coefficient on the right side of (9), calculated now with the
definition

1
?}k — / g(s)e—Qm,ksds
0
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is clearly f(k). For the left side we have

1 o
(11) /0 Z F(s +n)e2miksgs = Z /0 (5 4+ n)e 2 g

n=—oo n=—oo

— i /n+1 f(t)e 2k gs = /Oo ft)e 2 kgt = f(k)

n=—oo

The formula extends to the case when f is smooth and decays fast enough,
for instance

for some C. Recall that, for a > 0,

oo
omizg ,—2malz| _ @ 1

(& (& =—- 2

e ma?+¢&

Thus,

e ¢} o0

1 m ox T
> s R Y. e 7= = coth(ra)

n=—oo n=—oo

This identity is the Mittag Leffler decomposition of = coth(ma), a general-
ization of the decomposition by partial fractions to meromorphic functions
(analytic except for poles).

By taking limits carefully, we get

2T
=n 6
(How?)
Exercise: Show that

(V5 (—2emalkl — je—ialkl 4 jetalkl) 1
7 T A _ga

4a3

Assuming that a* ¢ Z calculate

and show that
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2.9. The Laplace transform. Consider the differential equation
y// _ y — 0

. We can attempt to solve it by Fourier transform. What do we get?

(&2 =1)g(&) =0
thus y = 0.

Why did we fail to obtain any interesting solution? Because neither of
the two solutions of the equation, e is Fourier transformable.

There are other ways in which d/dx can be diagonalized.

Assume f is analytic in the upper half plane and decays faster than
1/|z|**e, for some a > 0, as z — oo in the upper half plane. Then, the
integral

i) = L [ e f(a)dn = o it)dt
fo) = 5 | e mpn = oo [ erp-i
is zero for all p < 0.
Indeed, the integral is the limit as N — oo of
1 N —ixp d
o 7Ne f(x)dx
and it is also, for p < 0, the limit of
i N+ia efizpf(x)dx
27 J _Niia
(Why)? Tt is easy to see that, if we take the limit a — oo, the limit is zero.
Thus, under these assumptions,

o0

f(p) 1 / e P f(z)dx = 0 for p < 0

Then, the inverse transform is

S . ~ 0 . ~
(12 | i = [ e fan

—0o0 0
Note now that this integral makes sense for x = x1 + izy provided that
xo > 0. In fact, the integral is analytic in « in the upper half plane: the
value of the integral for x = x1 4 ix2 is the analytic continuation of (12) to
the upper half plane.

We can take z; = 0 and the inverse Fourier transform becomes (the
analytic continuation of)

(13) | emrw
0
The formula

(14) o(z) = /O G (p)dp
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is called the Laplace transform. By the calculations above, the inverse of
the Laplace transform is

1 100
G(p) = =— Prg(x)d
W) =g [ eola)da
Note that this transform exists if F'(p) does not grow faster than e*?
provided that z > v (or f(x) > v more generally). In this case, the inversion

formula becomes ,
1 v+100

Go) =5 [ ealois
Note also that

(15)
Fip) = /0 P F (p)dp = p = /0 e~ F(p)dp — F(0) = F(p) — F(0)

Similarly,
(16) F"(p) = / e "PF (p)dp = p = / e "PF(p)dp — F'(0) — pF(0)
0 0

= F(p) = F'(0) = pF(0)
Now, the Laplace transform of our toy model 4" —y =0 is
(»* = 1)9(p) = py(0) + 3/ (0)
with solution
X py(0) + (0
Yypr)=—F5 1
(®) (p* —1)
We can now easily solve the forced pendulum equation,

= y(z) = y(0) cosh(z) + y/(0) sinh(x)

y" 4+ y = cos(wz)
Indeed, the Laplace transformed equation is
P+ py(0) 9/ (0) — 5Ty =0
with inverse Laplace transform
cos(z) — cos(wz)
w2 —1

or, similarly, the damped forced pendulum and so on.

y(z) = y(0) cos(x) + v/ (0) sin(z) +

2.10. An application to Laplace transforms. For now let F € L!(R).
The Laplace transform

(17) LF := /000 e P*F(p)dp

is well defined and continuous in x in the closed H™ and analytic in the
open RHP (the open HT). (Obviously, we could allow Fe~l®lP ¢ L' and
then LF would be defined for Rax > |a|.) F is uniquely defined by its
Laplace transform, as seen below.
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Lemma 15 (Uniqueness). Assume F € LY(R") and LF =0 for a set of ©
with an accumulation point in HT. Then F =0 a.e.

We will from now on write /' = 0 on a set to mean I’ = 0 a.e. on that
set.

Proof. By analyticity, LF = 0 in the open RHP and by continuity, for s € R,
LF(is) = 0 = FF where FF is the Fourier transform of F (extended by
zero for negative values of p). Since F € L' and 0 = FF e LY, by the
known Fourier inversion formula, F' = 0. ([

More however can be said. We can draw interesting conclusions about F'
just from the rate of decay of LF.

2.11. A Laplace inversion formula.

Theorem 16. Assume ¢ > 0, f(z) is analytic in the closed half plane
He := {z : Rz > c}. Assume further that supys.|f(c +it)| < g(t) with
g(t) € LY(R). Let

c+100
(18) F(p) = —— / 7" f(x)dz = (£ F)(p)

211 — 00

Then for any x € {z: Rz > ¢} we have
(19) £F = [ e Fp)p =
0

Proof. Note that for any o/ = 2} + iy} € {z: Rz > ¢}

o] c+100 00
(20) / dp/ ]eP<S*x>f(s)\d|s| g/ dpe?©D g|, < Ijglll
0 c—100 0

xry —C

and thus, by Fubini we can interchange the orders of integration:

o c+ioco
(21) U(w’):/0 efpx% el f(x)dx

c—100

c+100 00 c+ioo
_ b dxf(x)/ dpe P HPT — 1/ /(@) dx
0 c

- . . /
27 2T Jo—ing ' —

c—100
Since g € L' there must exist subsequences 7,,, —7/, tending to oo such that

lg(7n)] — 0. Let 2’ > Rz = x; and consider the box B, = {z : Rz €
[z1,2'], 32 € [—7]), 7]} with positive orientation. We have

(22) () ds = —f(z')

r_
Bn X S
while, by construction,

23  im [ L8 g / N (O / I g,

n—oco Jp x' — s oo T — S x'—s

—100
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On the other hand, by dominated convergence, we have

z’'+ico
(24) / J:(S) ds =0 as ' — o

oo L — S

3. ASYMPTOTIC SERIES

A simple example of an asymptotic series is the Taylor series of a C'
function.

Remark 1. The Taylor series of a function f at a point a converges to f
in an open interval around a iff f is analytic at a. This is a pretty strong
requirement!

Example 2. What can happen at a point of nonanalyticity? Take f(x) =
e~ 1/ for x #0 and zero at x = 0. You can check that all derivatives of f
at zero exist, and they are zero. Thus the Taylor series of f at zero exists
and it is the zero series. Which, of course, converges to the zero function,

7 f(x).

Based on the integral of e~/ IQ, in the next example we define a function
which, while still nonanalytic, has a nonzero Taylor series. Consider

df _1/ 2
1 e
(1) 15 = ¢

To simplify the terms of the ODE, write f(z) = e~ /" g(z):
(2) g +2g = 2

The fact that the coefficient of ¢’ vanishes at third order is responsible for
very singular behavior at zero. There are various ways to find a power
series solution for this equation, which will turn out to be nothing else but
the Taylor series of g. One is to substitute a power series with unkown
coefficients into (2), form a recurrence relation for the coefficients and solve
for them. We get

5 2% 32 1527 105z% 945!t
®) 9@ =5 - T3 6 32
3.0.1. The method of dominant balance. We aim at understanding the small
solutions g of our ODE, for small x. Generally, the various terms in an
equation such as 23¢’ + 2g — 23 = 0 do not go to zero at the same rate,
and in a first approximation we want to identify the largest. Of course we
cannot have a single largest term, or else equality to zero is impossible. In
absence of a more systematic method, one takes all possible pairs of terms,
assuming they are the largest, and then check for consistency.

If 23¢' > 2¢ and 2% > g we get 23¢' ~ 23, ¢ ~ 1 thus g ~ C + z, which
means 2¢g >> 3 again invalidating our assumption.
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If the largest terms are z3¢’ and 2¢, then z3¢’ > 23 and 2¢g > 2*® and
23g' +29~0or g~ Cel/**. This is consistent, as in this case 23 < C’el/’”Q,
and is a possible dominant balance. It does not give us small solutions
though.

We are left with one case: 2g > 23¢', 23 > 139’ 2g ~ 23 giving g ~ 23/2.
Now, 23¢' ~ 32°/2, and since 2° < min(2?, g), another consistent balance.

However, g ~ x3/2 is just the leading approximation. To obtain more
accuracy, we use the method of successive approximations:

a3 3 1 3 3z
g[O} ~ 1] ~ 3 [0])/

B )

and in general

which is easy to automatize, and gives again (3). Examining the coefficients
of this series, we see that they are of the form ¢, = a, /b, where b, = 2"
and a, = (—1)""11.3.5... = (—=1)""(2n — 1)!!. The ratio test shows that
the radius of convergence of this series is zero, and the series is asymptotic.
What does this mean?

3.1. The asymptotic series (3), cont. Going back to the ODE and using
the method of integrating factors, or equivalently of variation of parameters,
we get

1

(4) g(a:):e#/ e~ Fds + Cer?
0

1 T

1
Let us try to understand the behavior of the term J = ea? / e s2ds for

0
small z. Given all these fractions, we are better of substituting z = 1/t
where now t — oc:

3.2. The method of integration by parts. In order to obtain the be-
havior of integrals such as J, which contain both exponentials and powers,
a simple method is to integrate by parts, at each step aiming at making the
power smaller, and this means differentiating the power, in our case:

(5) J=e" /t h s72(2s¢7%")/(2s)ds = "’ /t h s72(—e=%") /(25)ds

1 3t2 0074,2
:ﬁ_ie /t s %e % ds
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Continuing integration by parts, we get

2
e’ 0 o8

1 3 15 (2”—1)” t2 o0 —(2n—1 2
=g o g b D e [ e

We note that the successive terms that we get in this way correspond exactly
to (3), while this procedure gives us an identity at each order, and thus a
way to control the error in the approximations. The error is given by

— 1\ 00
(7) (_1)71(27;n11)“6t2/ 8—(2n—1)6—52d8
t

and we see that the integrand gets smaller and smaller as n becomes large.
We also see that this error term is alternating in sign, and thus J itself
always fits between two successive terms of the asymptotic series

1 1 3 1 3 15

J<— J>—0——%; J<—7—+——
2t37 213 2t57 2t3 2t5 + 8t7

etc. The error itself is of the same order as the next term of the asymptotic
expansion. Indeed, by L’Hospital,

2

0 o=
/t = ds
(8) S = —ast—
et 2
t?m-‘rl

How can we evaluate J when t is large? The series still does not converge.
But it provides successive approximations of J.

.
.

. .

--------

...........

s PR L " P " P
10 20 30 40

FIGURE 1. The size of the error as a function of n for two
values of t.
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3.3. More general asymptotic series. Classical asymptotic analysis typ-
ically deals with the qualitative and quantitative description of the behavior
of a function close to a point, usually a singular point of the function. This
description is provided in the form of an asymptotic expansion. The expan-
sion certainly depends on the point studied and, as we have noted, often
on the direction along which the point is approached (in the case of several
variables, it also depends on the relation between the variables as the point
is approached). If the direction matters, it is often convenient to change
variables to place the special point at infinity.

Asymptotic expansions are formal series! of simpler functions f,

(9) F=> R
k=0

in which each successive term is much smaller than its predecessors (one
variable is assumed for clarity). For instance if the limiting point is ¢
approached from above along the real line this requirement is written

(10) fea1(t) = o(fr(t)) or fry1(t) < fu(t) as tlto
denoting
(11) tlifg fer1(®)/ fe(®) =0

We will often use the variable x when the limiting point is +00 and z when
the limiting point is zero. Simple examples are the Taylor series, e.g.

1 23
sinz+e = NZ_E_F"' (z—0™)

and the expansion in the Stirling formula

oo

1 1 Boy,
lnF(w)len:U—x—2lnw+21n(27r)+nz_:l2n 2

(@n — D)2 1 T — 400

where By, are the Bernoulli numbers.
(The asymptotic expansions in the examples above are the formal sums

following the “~” sign, the meaning of which will be explained shortly.)
Examples of expansions that are not asymptotic expansions are

Z—' (x = +00)

k=0

IThat is, there are no convergence requirements. More precisely, they are defined as
sequences { fi. } renu{o}, the operations being defined in the same way as if they represented
convergent series; see also §3.4.
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which converges to exp(z), but it is not an asymptotic series for large x since
it fails (10); another example is the series

© Kk
(12) xil +e* (v — +00)

— k!
(because of the exponential terms, this is not an ordered simple series satis-
fying (10)). Note however expansion (12), does satisfies all requirements in
the left half plane, if we write e™ in the first position.

We also note that in this particular case the first series is convergent, and

if we replace (12) by

(13) el/T 4 e®

then (13) is a valid asymptotic expansion, of a very simple kind, with two
nonzero terms. Since convergence is relative to a topology, this elementary
remark will play a crucial role when we will speak of Borel summation.
Functions asymptotic to a series, in the sense of Poincaré. The

relation f ~ f between an actual function and a formal expansion is defined
as a sequence of limits:

Definition 3. A function f is asymptotic to the formal series f as t — tg

if
N

(1) FO) = il = £ = @) = o(fw(t) (VN €N)
k=0

We note that condition (14) can then be also written as

N
(15) F() =D fu(t) = O(fn+1(t)) (YN €N)
k=0

where g(t) = O(h(t)) means limsupt_%r lg(t)/h(t)] < co. Indeed, this fol-
lows from (14) and the fact that f(¢) — Zi\g}l fe(®) = o(fns1(t)).

3.4. Asymptotic power series. In many instances the functions fi are
exponentials, powers and logarithms. This is not simply a matter of choice
or an accident, but reflects some important fact about the relation between
asymptotic expansions and functions which will be clarified later.

A special role is played by power series which are series of the form

oo
(16) S = Z 2t 2= 0t

k=0
With the transformation z =t — to (or z = x~!) the series can be centered
at to (or +oo, respectively).
Remark. If a ¢ is zero then Definition 3 fails trivially in which case (16)
is not an asymptotic series. This motivates the following definition.
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Definition 4 (Asymptotic power series). A function possesses an asymp-
totic power series if

N
(17) f(z) =) i =0(EN) (YN eN)
k=0

We use the boldface notation ~ for the stronger asymptoticity condition
in (14) when confusion is possible.

Example Check that the Taylor series of an analytic function at zero is its
asymptotic series there.

In the sense of (17), the asymptotic power series at zero of e~1/2* is the
~1/2% hehaves like zero
as ¢ — 0 on R. Rather, in this case, the asymptotic behavior of e~1/2 ig
e~ /% itself (only exponentials and powers involved).

Asymptotic power series form an algebra; addition of asymptotic power
series is defined in the usual way:

zero series. It is however surely not the case that e

o oo o
AZ 2"+ B Z &2t = Z(Ac;€ + Bd,) 2"
k=0 k=0 k=0

while multiplication is defined as in the convergent case

<i> <i>=i e |

k=0 k=0 k=0 \j=0

Remark 5. If the series f is convergent and f is its sum (note the ambiguity
of the “sum” notation) f = > 7o, ck2® then f ~ f.

The proof of this remark follows directly from the definition of conver-
gence.

Lemma 6. (Uniqueness of the asymptotic series to a function) If f(z) ~
F=>r frz¥ as z — 0 then the f, are unique.

Proof. Assume that we also have f(z) ~ F = 3°7° ) F}.zF. We then have (cf.
(14))
FNI(z) = fN(z) = o(z")

which is impossible unless gn(z) = FINI(2) — fIN(2) = 0, since gy is a
polynomial of degree N in z. (]

Corollary 7. The asymptotic series at the origin of an analytic function is
its Taylor series at zero. More generally, if F' has a Taylor series at 0 then
that series is its asymptotic series as well.

The proof of the following lemma is immediate:
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Lemma 8. (Algebmzc properties of asymptoticity to a power series) If f ~
f= pyad OCkZ and g~ g=> p Ode then

(i) Af+B~g~Af+Bg

(it) fg~ fg
Sometimes it is convenient to check a formally weaker condition of asymp-

toticity:

Lemma 9. Let f = Yol ganz™. If f is such that there exists a sequence
Pn — 00 such that

(Vnﬂpn) st f(z)— fPrl(z) = o(z") as z—0

then f ~ f.

Proof. We let m be arbitrary and choose n > m such that p, > m. We have

F(z) = frm = (f(2) = flordy 4 (] — fImy = 0(2™) (2 = 0)

by assumption and since f flon] fIm is a polynomial for which the smallest
power is 2™T! (we are dealing with truncates of the same series). O

3.5. Integration and differentiation of asymptotic power series. While
asymptotic power series can be safely integrated term by term as the next
proposition shows, differentiation is more delicate. In suitable spaces of
functions and expansions, we will see the asymmetry largely disappears if
we are dealing with analytic functions in suitable regions.

Anyway, for the moment note that the function e=1/% sin(el/ 22) is asymp-
totic to the zero power series as z — 0 although the derivative is unbounded
and thus not asymptotic to the zero series.

Proposition 10. Assume f is integrable near z = 0 and that

f2) ~ F2) = fid

k=0
Then
/ f dS ~ /f k - 1Zk+1
Proof. This follows from the fact that fo ™")ds = o(z"t1) as can be seen
by immediate estimates. O

Asymptotic power series of analytic function, if they are valid in wide
enough regions can be differentiated.
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Asymptotics in a strip. Assume f(x) is analytic in the strip S, = {z :
|x| > R,|S(x)| < a}. Let a < a and and S, = {x : |z| > R, |S(z)| < a} and
assume that

(18) f@)~ f(z) =Y epr™ (|z| = o0,z € Sa)
k=0

It is assumed that that the limits implied in (18) hold uniformly in the given
strip.

Proposition 11. If (18) holds, then, for o' < o we have

_ >k
F@)~ Fla)=d" == (al = o0,z € Sar)
k=0

Proof. We have f(z) = fINl(z) 4 gn(z) where clearly g is analytic in S, and
lgn (z)| < Const.|z|~V~1 in S,. But then, for x € Sy and § = 3(a—a’) we

get
, 1 f gn(s)ds 1 Const.
= < Z
NN 5 | Jpes (= 22| = 5 (ol = o)1
=0V (2] = o0, € Sy)
By Lemma 9, the proof follows. O

3.6. Watson’s Lemma. In many instances integral representations of func-
tions are amenable to Laplace transforms

(19) (CF) (x) = /0 e E(p)dp

The behavior of LF for large x relates to the behavior for small p of F.

It is shown in the later parts of this book that solutions of generic analytic
differential equations, under mild assumptions can be conveniently expressed
in terms of Laplace transforms.

For the error function note that

/OO (3_52(18:]\7/0o e N gy = vee /OO ¢ dp;
N 1 2 o Vp+17

For the Gamma function, writing fooo = fol + floo in

xr = N?

(20) n! = / eittndt _ nnJrl/ en(ferlns)dS
0 0

we can make the substitution ¢ — Int¢ = p in each integral and obtain

o
n! = n"+1e_"/ e "PG(p)dp
0
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3.7. The Riemann-Lebesgue lemma.

Theorem 12. If f is in L'(R?) that is to say, if the integral of | f| is finite,
then the Fourier transform of f satisfies

~

f(z):= f(z)exp(—iz-x)dx — 0 as |z| = o0
Rd

Proof. We prove this in one dimension; the generalization is easy. Let first
¢ be a Schwarz function. Then, integrating by parts, we get
1
/ o(z) exp(—izx)dr = ——— [ ¢'(x) exp(—izz) — 0
R —tZ JRr

as z — 00. (]

Let now f € L' and recall that S is dense in L'. Take ¢ € S so that
|f = ¢lli <e. Then,

(21) lim ‘ /R (@) exp(—izz) dz

Z—00

< lim ( | 1@) = éta) exp(—iza) da

and since € is arbitrary, the result follows.

_|_

)<

3.8. The method of stationary phase. Let f be a smooth function and
Y be the set of critical points of f (i.e. points where Vf = 0. Assume g
is continuous and decays fast enough (e.g., exponentially or is compactly
supported). Further, assume that all critical points of f are nondegenerate
(i.e., the Hessian of f is nonzero at each point in ¥). Then,

/R 6(x) exp(—izz) dz

/ g(l,)eikf(x) _ Z eikf(:co)‘det(HeSS(f))‘—1/267ri/4sign(Hess(f))(QW/k)n/Qg(xo) + O(k—n/Q)
" ToEX
For n = 1, this reduces to:

. : : " ; 27 1/2
kf() g — ik f(xo)+sign(f” (zo))im /4 (> +o(k~ 12
g(x)e x E g(xo)e 0
/R ( ) 20EY ( 0) k‘J”(mO)‘ ( )

Here is a sketch of the proof, in one dimension. We assume that g is smooth
with compact support, say [—a, al.

The main statement is local, i.e., we can assume that there is only one z,
and without loss of generality we take xo = 0. We have f'(0) =0, f”(0) # 0.
Also without loss of generality we may assume f”(0) > 0. By symmetry, it
is enough to show that the contribution to the integral of the interval (0, co)
is half of the stated result.

Claim Under these assumptions, there is an interval, say (—e, €) s.t. f is
decreasing on (—¢,0) and on (0, €) and, since ' # 0 on [—a,0) U (0,a], f is
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increasing on (0,a]. Furthermore, the change of variables v = u(z) defined
by f(z) = f”(0)u?/2 is differentiable on (0,a] and dz/du =1 at u = = = 0.

Exercise 13. Prove this claim.
Now we can write

0 . V2
z)e* (@) gy =
@) [ et o

/ g(x(u))eik“2du (take now u® = v)
0

ezkvv—l/Zd,U

1 o0
- T /0 9(z(v/))

where g(z(y/v)) = h(v) is smooth, with compact support [—A, A] for some
A. Now we integrate by parts:

@) [ ot i
_ (h(v) /O: eik“ulﬂdu> | - /0 h ( /Oo e“%l/Qdu> 1 (v)dv
_ \}E (ﬁ\fm(m _ /0 ! ( /OO v eikttl/Qdu> h’(v)dv)

Since the last integral goes to zero, the result follows.

Proposition 14. Assume f € C" [a,b] and f™ € L'([a,b]). Then we
have

(24) / e (t)dt = e Z cprF 4 et Z drr™F 4 o(z™™)

k=1 k=1
b
f("‘”(t)>

(i)™

+..+(-1)

= eiot (‘f(t) _ [ +o(z™"),

iz (ir)?

a

where ¢, = —fFD(a)/i* and dy = FFV(b)/i*.

Proof. This follows by integration by parts and the Riemann-Lebesgue lemma
since

B b
@ [ e (1)t = o (f O _1O ., (—mlf(”(t))

Gix (ix)? (iz)"
= /b (n) (47 it
n t 1T dt
oy ), 0
(]
Corollary 15. (1) Assume f € C*[0,2w] is periodic with period 2mw. Then

OQW ft)emtdt = o(n=™) for any m >0 as n — +oo,n € Z.
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(2) Assume f € Ci°la,b] vanishes at the endpoints together with all
deriatives; then f(x) = f; f(t)e™t = o(x™™) for any m > 0 as x — +oo0.
3.9. The WKB ansatz. This applies to linear equations (ODEs, PDEs

etc) at irregular singularities, where exponential behavior is expected. An
example is the Airy equation,

yl/ — xy

when x — co. You can convince yourselves that, as a power series in inverse
powers behavior of x, only the zero series works, and that corresponds to
the zero solution.

The WKB ansatz is: (1) look for exponential behavior, y = ¢V'(*). This
gives

w" + W/2 —

(2) Find the dominant balance as * — oo. The rule of thumb is that
W" <« W'?. The equation above becomes

W' = +vVo —W"
f=tVa-J

where f = W, to which we apply the method of successive approximations,

f[n+1] = 4+1/1 — f/[n]

2232 1 5<1>3/2 5

or

This gives

W(x) ~ =+ .

| 4+ 2 2
5 —gle@+C+Eg 6423

Formally for now, this shows that there are two linearly independent solu-
tions to the Airy equations (denoted Ai,Bi) whose behavior for large x is,

up to a constant
3/2
—-1/4 i% 1:|:£ 1
T e 8\ 7 +

3.10. Watson’s Lemma. This important result states that the asymptotic
series at infinity of (LF)(x) is obtained by formal term-by-term integration
of the asymptotic series of F'(p) for small p, provided F' has such a series.

Lemma 16. Let F' € LY(R") and assume F(p) ~ > 5o cxptP 271 as
p — 0 for some constants B; with R(3;) >0, i = 1,2. Then

(e}

LF ~ Y cxl(kfBy + Bo)a %
k=0
along any ray p in the open right half plane H.

Proof. Induction, using the simpler version, Lemma 17, proved below. O
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Lemma 17. Let F € L'RY), x = pe'®, p > 0, ¢ € (—7/2,7/2) and
assume

F(p) ~p” asp—0"
with R(B) > —1. Then

| e~ T 00 (o )

Proof. If Fi(p) = p~PF(p) we have lim,_,o Fi(p) = 1. Let X4 be the
characteristic function of the set A and ¢ = arg(z). For any a > 0 we have

(26)

o0
/ F(p)e_m?dp‘ < e—lx\aCOS¢HFH1 — O(‘x‘ﬂ+le—\z|ac0s¢) _ O(m_ﬂ_l)
a
Thus, we only need to show that

/Oa F(p)e P dp = /OOO P Fi(p)X (o, (p)dp ~T(B+ 1)z~ (p— o)

where X[ 4)(p) is the characteristic function of the interval [0,a]. After the
change of variable s = p|z|,

(27)
mﬂﬂ/o pﬂFl(p)e_WX[O,a](P)dpIei‘i’(ﬁ“)/o 5" Fy(s/|2])Xjo,q)(s/ | )e > ds

— ¢iP(B+1) / sBe%eds = rp+1)
0

as |x| — oo, where we took the limit inside the integral which is justified by
the exponential decay of the integrand.

4. EXAMPLE 1: THE GAMMA FUNCTION

One of the remarkable formulas for the Gamma function is
e 2) coth (p/2) — 1
(28) F({L‘) _ /QWxx—%e—x exp </ (p/ )CO 2(]?/ ) e—ocpdp>
0 p
We first note that the integrand in (28) is analytic. Indeed, at p =0,

2 4

_ p_r .
(p/2) coth(p/2) =1+ 5 70 +
In fact,
(20) @Reoth@)-1 ., 1 p  p
p? 12 720 30240 1209600

where the series has nonzero radius of convergence.

Exercise 18. What is the radius of convergence of the series above?
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Watson’s Lemma gives

(30)
< (p/2)coth (p/2) =1 __, 1 1 1 1
dp ~ —— _
/D 2 Sy 122 3602% | 126025 168027 |
In fact, essentially by definition, the coefficients of the series above are
BQn
2n(2n — 1)
where Bsy,, are the Bernoulli numbers. Hence,
Y *° (p/2) coth (p/2) 1 1 139
p/2)coth (p/2) -1 _

dp) ~1 —

P ( /0 P’ ¢ W)~ I 1o, T oge? T 5184047

Exercise 19. Justify this exponentiation.

(32)
. 1 1 139 571
D) ~ V2ma™ e ( T 12z T 28822 T 5184025 248332007 )

which is Stirling’s formula. The pattern of signs of the terms in Stirling’s
formula is + + — — 4+ 4+ — — ---. Can you explain why?

4.0.1. The Airy equation. Let us look again at the Airy equation,

(33) y'—xy=0

Here, the behavior of solutions at infinity, that we have already obtained by
WKB is

(34) Y~ Cap— e 37"

We use the transformation y(z) = g(% x%) to achieve the important nor-
malization where the asymptotic exponential has linear exponent,
that is (2/3)2%/? = t and get

1
35 4 0
(35) J" + Stg 9=

In view of (34) we have
(36) g(t) ~ Ct 5™t

To eliminate the exponential behavior of one solution, say of the decaying
one, we substitute g = he™t, and get

37 " 2—— K- —h =0

(37) -(2-3)

To obtain a second solution, we can resort to the substitution g = he’.
Taking inverse Laplace transform we get

5( Il+pH =0

(39) PR+ H + 2
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with the solution
(39) H=Cp6(2+p)”

Exercise 20. Use Watson’s Lemma to find 6 terms in the asymptotic ex-
pansion of h(t).

and thus
(40) wt) = £ (Cr i@ +p)7F)

and, comparing the asymptotic expansion obtained from (40) with that of
Airy functions we get

B 3*% exp(—%x?’ﬂ)

waT(3)
Exercise 21. Apply Watson’s Lemma to h(t) and find the asymptotic be-
havior of Ai(z) as x — oo.

[[s)}

3

*© 2.8 5 _5
/ e 3" PpT6(24p) 6dp
0

(e}

(41) Ai(z)

4.1. Laplace’s method.

Proposition 22. Assume f,g: [a,b] = R are smooth
(1) If f is strictly decreasing on |a,b], then, as x — oo,

b -1
[ st as = g(a)

a |f'(a)]

(2) If f has a unique nondegenerate mazximum at sg, as x — oo,then

b ~1/2
2
[ ats)er s = o0 g(s0) VI (14 0(1)
a [ f"(s0)]
Proof. Both follow from Watson’s lemma. Alternatively, for 1 change vari-
able f(s) = w and integrate by parts, and for 2 mimic the proof in the
section with the stationary phase method. ([l

(1+0(1))

Exercise 23. Prove the Proposition by the second method indicated.

5. REMINDER: ANALYTIC FUNCTIONS

A continuous function defined in some open disk D in C is called analytic
in D if for any zo € D f’(zp) exists (and then it follows that all derivatives
exist) where f’ is defined in the complex plane in the same way as you know

it from calculus: i B - £(2)
+n)— f(z
/! — 1 z
fz) = =

fz+h) = f(z) = f'(2)h + o(h)
A function which is analytic everywhere is called entire. Writing f = u+ v,
z=uz+1y, f'(2) =a+iband h = dz + idy we have
ou

ou .Ov ov
df = %dac + a—ydy + z%dx + 3y

or

dy = (a +ib)(dz + idy)
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and thus

(42) gz:d:r + g:dy = adx — bdy

(43) %dm + g:dy = ady + bdx
giving

(44) gzzgy (= a); gzz_g; (= -b)

These are the Cauchy-Riemann or CR equations.

Proposition 24. The field (u(a:,y),v(x,y)) is conservative. Furthermore,
w, v satisfy Laplace’s equation

AU
ox2 = oy?
Proof. The CR equations imply V x 4 = 0 = V X v. Using the infinite
differentiability of f and the CR equations, (45) merely states the equality
of mixed partial derivatives.

Given a curve v = (z(t), y(t), the complex integral of the analytic function
f along ~ is defined as follows

[yf(z)dz = /Y(u + i) (dx + idy) = /Y(uam —vdy) +1 /(udy + vdx)

v

(45) AV = 0

O

Note that the integral only depends on the endpoints, or if a
curve is closed, it is zero. This follows from the CR equations, or, which
is the same, from the fact that the field (u,v) is conservative.

6. STEEPEST DESCENT (SADDLE POINT) METHOD

6.1. Motivation: Fou1{ier coefficients of a periodic analytic func-
tion. Take f(z) = o T cos(@)
and is analytic at all points whose imaginary part is not large (how large
is too large?). For the sake of getting nice expressions for the Fourier co-
efficients fi, take a = cosh(1). If we apply Proposition 14 (the method of
integration by parts, really) we get that fi, = o(k™"), for any n € N. Which
means “very fast”. But this is not very precise. On the other hand, we
can calculate the Fourier coefficients in closed form, since we are dealing
with trigonometric integrals, of the kind studied in Calc 1. Here is an even
simpler method: write cosz = 1((+1/¢) (¢ = ¢'®) and cosh1 = (e +1/e)
and expand f by partial fractions in (:

2¢? 7 2e
(e2-1)(C(+e) (e2—1)(eC+1)

where a > 1. Then f is periodic of period 27

f=
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For the first term, we would expand in Taylor series in ¢, clearly convergent
for || < e which is the case when ¢ = €"*. Upon substituting ( = e'* the
expansion becomes exactly the Fourier series of the first term (why?). We
cannot do this for the second term, but we can rewrite it, and f, as

2¢? 2 1

f: (6—1)(1+€)(C+6) _Z(e—l)(l—{—e) (1_{_&)

and (1 + ?1() can also be expanded in geometric series. All in all, we get

f 2
k= OIR—1 _ glk[+L

and we see that the coefficients decrease exponentially in k, | fi,| = O(e™ /.
*

Proposition 25. Let f be periodic of period 27, analytic in a strip |Sz| < a
and continuous up to the boundary. Then, for large |k|, f = O(e~ @) .
Proof. Consider the path

v =10,27) U [27, 27 + ia] U 27 + ia,0 + ia] U [0 + ia, 0]

Since f is analytic inside this path and continuous to the boundary, we have
fv f(z)e"*2dz = 0. Note however that, by periodicity

Ry O
(27,27 +ia) [0,ia]
and thus,

/ f(z)e *2dz =0
[27,27+ia]+[ia,0]

hence, for k£ < 0,
(46)

/ Fz)e =y = / F(2)e"h*dz = / f(5+m)e—ik(s+ia)d8
[0,27] lia,27+ia] [0,27+id]

= eka/ f(s +ia)e " ds = O(e~ ko)
[0,2w+ia]

since
/ |f(s 4+ ia)e™™*|ds < 2 max |f(s+ ia)|
(0,27 +1ia] s€[0,2m]
For positive k, take similarly a box in the lower half plane. O

We say that we deformed the contour of integration homotopically, from
[0,27] to [ia,2m + ia]. For functions which are not periodic, or for more
complicated cases, we need to understand how to deform the contour to get
best estimates.
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. 24y
FIGURE 2. The function |e™* 1%

The next two examples reflect a common type of integral representations,

(47) Iv) = /_ T ()@ s

Take first a Fourier transform that we can calculate in closed form,

2

(o]

24 _2

I:/ e WAy = \fme”
—00

and assume we did not know how to calculate it, but we still want to deter-
mine the large v behavior. How should we change the contour? It is natural
to push the various parts of the contour in such a way that the integrand
becomes smaller in absolute value. Since the function is entire, it cannot
have any minima or maxima, only saddle points. That does not mean that
along the path we can’t have maxima or minima! We push the contour to go
over the saddle points along which, relative to the path, the absolute value
of the function is minimal.

We imagine that the path is made of infinitely stretchable rubber, and we
let the contour fall down under its own weight, until it stops, hanging over
some saddles.
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. 4y
FIGURE 3. The function |e™* 1|

6.2. Steepest descent method: an outline. We seek to determine the
asymptotic behavior of I(v) in (47) as v — +oo for f and g that are analytic
in some some region of the complex plane?, and C is some simple curve that
may be finite or infinite. The problem is to determine the asymptotics of I
as v — +o00.

The idea of the steepest descent method is to use the analyticity of the
integrand in (47) in z to deform C homotopically into one or more paths,
each of which characterized by v = Sf = C, a constant. Along such a path,
e™? is constant, it can be taken out of the integral, and inside the integral
we are left with e”* which is real-valued, and now we can apply Laplace’s
method.

6.3. An example. Typically, C is homotopic to a finite number of finite
or infinite piecewise smooth curves of constant imaginary part, each with
finitely many non-differentiability points. As we will see in a moment, non-
differentiable points of the steepest descent decomposition correspond to
singularities of f and zeros*. We write

(48) f(2) = u(z,y) +iv(z,y)

2The region of analyticity will be dictated by the need to deform C' into one or more
steepest descent paths and will depend on the specifics of the problem.

3More generally, if v — oo along some complex ray argv = ¢, we can replace v by |v|
and f by €'®f to obtain asymptotics along complex rays.

4 1t is understood that a zero of f is a point where f is analytic and f' = 0.
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and note that f/ = 0 implies that % = % = ‘g—;’“ = —% = 0, and, since u
and v are harmonic, such points are saddle points.

We define special points to be singularities of f, endpoints, saddle points
and the point at infinity. If f # 0, the path of constant imaginary part
(v = const) is a smooth curve (since Vv # 0). Let t — ~(t) = a(t) + i5(¢)
be a parameterization one of these smooth pieces. We have

du  Ou , ou ,
(49) PTR (t) + (‘Txﬂ (t)
and also, since v is constant,
v ov
_ %Y ov
(50) 0=2v = 8ma(t)+8yﬁ(t)

At a point where, say u, := du/dx # 0 and o # 0 we solve for o/ from (50),
and use the Cauchy-Riemann equations to obtain

a/
(51) dy = —(ug, uy) dt

Uy
where u, = Ou/0y and thus dv is tangent at every point to the steepest
variation direction of u. If o/ /u, > 0, it is a direction of steepest ascent of
u, and of steepest descent otherwise. Between every two special points as
defined above, we choose to traverse the curve in the steepest descent direc-
tion, reversing the sign of the integral if needed; hence the name “steepest
descent” for the method. Note that the saddle points are of finite order since
(¥n)(f"(20) = 0) implies f = 0.

For simplicity we assume for now that the homotopic deformation of C

does not cross singularities of f. Between each two special points, the inte-
gral becomes

1
(52) e /0 @080 g ( (1)) (1) dt

where C' is the constant value of v (v, 7,) = 7, + v, and similarly for g.
The integral (52) is one in which the exponent is monotonic and thus
one-to-one, and all conditions of Laplace’s method apply. In particular, we
can take as a new variable u(«a(t), 8(t)) and reduce the question to a Laplace
transform of the type [j e G (u)du for a € (0,00] to which Watson’s
lemma applies. Generally, multiple steepest descent paths, each with a
different value of C', are involved in homotopic deformation of fc; these paths
may also join up at sinks where Rf — —oo such as oo or other singularities
of f. Multiple descent paths will definitely be needed when 3 f is different at
the end points of C, as in the example in §6.4. In such cases, the calculation
of I(v) generally requires adding up the contributions from each steepest
descent path fcs in the manner outlined in the last paragraph. Therefore,
the only new element in the steepest descent method is to determine steepest
curves which are homotopically equivalent to the original path C. It should
be further noted that without homotopic deformation into descent paths,
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(47) will typically be an oscillatory integral; asymptotics obtained through
the stationary phase method often leads to substantially weaker results. The
stationary phase method, however, does not require analyticity of f and g.

Note 26. Also, it is important to note that Watson’s lemma applies in a half
plane, and the resulting asymptotic expansion depends only on the behavior
of the integrand near zero. If the curve of steepest descent starting at some
point zy is clumsy, it can be replaced with a segment of line in the same
direction, or even in the same open half-plane centered on the direction of
steepest descent at zg

6.4. Simple illustrative example. Consider

1 eil/z
(53) I(v) = / dz for v — +00
0o < +1

This first example is taken to be as simple as possible, to the point of being
a bit oversimplified. In particular, the stationary phase method (most often
suboptimal in C) would apply with the same result, and in the deformation
of contour process we do not cross singularities of the integrand, nor do
saddle points interfere with the deformation. Indeed, the steepest descent
line at the saddle z = 0 is vertical, and, since each point on the curve is
moved along a steepest descent path z = 0 simply moves up too. However,
for argv # 0 (more precisely, when Sv = 0) this situation changes. In the
notation of (47), f(z) = 2%, g(z2) = ﬁ Steepest descent paths emanating
at z = 0 are determined by

(54) Sf = Sf(0) = 0 implying Rz2 = 0, i.e. z = re™™/* for r € (—o0, )

However, since Rf — —oo, along the ray z = {e/™/*:r € [0,00)} as r — oo,
it follows that coe’/4 is a sink that is connected to z = 0 along the steepest
descent path z = re?™4. The steepest descent path from the other end point
z =1 in the integral (53) is found by setting

(55) Sf =Sf(1) = 1 implying R22 =1, ie. 2 —y? =1

A simple way to determine the local descent direction at a point 2y is to
analyze the differential df = f’(z9)dz and determine the direction of dz
for which df € R~ (note that df = du since dv = 0). In our example
df = 2izdz = 2idz and df < 0 if dr = 0,dy > 0. Since only one branch
of the hyperbola passes through (1, 0) and it asymptotes to y = z, i.e.
approaches the sink coe’™*, by simple estimates a homotopic deformation
of the fol may be made to coincide with descent paths z = re™*, 0 < r < 0o
followed by integration along steepest descent path C' that connects ooei™/*
to 1 along the hyperbola® 22 — y? = 1. Therefore,

coetm/4 eiyz
56 I =
66 = [

2

eZl/Z2
d dz=1T I
i+ [ fd=he) + )

5We do not have the option of going along re” /4 |0 < r < oo since Rf — 400 and

so contribution at coe™*"/* cannot be ignored as it can be for a sink.
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For I (v), using z = re’™* for 0 < r < 0o, we obtain after change of variable
and application of Watson’s Lemma

2
—vr
e

_ima [T _ i [T e "Pdp
(57) L(v)=e /0 1_|_Tei7r/4dr € /0 2pL2[1 + pl/2eim/4]

1i7r4oo in (T LN in/a —(j+1)/2
~ e / ZO(_l)JF ()ej /4,=(G+1)/
J:

2

For I(v), we know that —p := f(z) — f(1) = i2? — i is real valued and
monotonically decreasing on the parabolic path C from z =1 to z = coet™/4
since f’ # 0 on this path. Therefore, solving for z, inversion leads to

(58) z=Z(p) = (1 +ip)"/?,

where we can readily check that for this branch of square-root, as p — +o0,
2 — 0oe'™* ag required. Therefore,

(59) B = | N 1pr)Z’@o)dp.

Taylor expansion gives

60) 2B g - [1 +(1 +ip)1/2]_1 - ialpj
1+Z(p) 2 = T
where the first few coefficents are: ag = %, ap = %, as = —%, as = —%.
Applying Watson’s Lemma to (59), it follows
oo
(61) Lv) ~ =Y a7 + 1),
=0

The full asymptotic expansion of I(v) = I;(v) + I2(v) is then obvious from
(57) and (61).

Note 27. (1) The Taylor expansion in (60) can be written explicitly, and in
a simple way, in terms of the binomial series by multiplying the numerator
and the denominator by [1 — (1 + ip)/ ?] and expanding it out.

¢ in (53), by e
upper-half plane region between e™/4R*t and steepest descent contour C
connecting coe™* to 1, for e.q. z = %, then the singulariy at z =
zo interferes with the homotopic deformation into steepest descent paths.
Nonetheless, since this singularity is a pole, after collecting residue at z = zg,
we can use the same descent paths as in Example 6.4. Since 32(2) > 0, the
residue contribution will be exponentially small in v relative to (61) and
(57). 1If this zp were a branch point instead, in addition to the steepest
descent paths, the homotopically deformed path will include a contour that
wraps around zg. Nonetheless, as in the case of the pole, the contribution
of the branch point is exponentially small in v.

etvz

(2)If we replace the integrand where zg is in the
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Note 28. The end result of this procedure, after changes of variables, is
indeed a sum of Laplace transforms on [0,a), a € [0, 0] to which Watson’s
lemma applies.
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