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Chapter 1

Introduction

1.1 Expansions and approximations

Classical asymptotic analysis is a set of mathematical results and methods
to find the limiting behavior of functions, near a point, most often a singular
point. It is particularly efficient in the context of differential or difference
equations when the function has no simple representation that immediately
conveys the desired limiting behavior.

Asymptotic analysis may involve several variables; however, in this book,
we will be mostly concerned with limiting behavior in one scalar variable; in
the context of differential or difference equations, this can be the independent
variable or a parameter.

1.1a Notation

Let the special point of analysis be tg € C.

Some common notations are: f = O(1) if f is bounded near ty and f = o(1)
if f — 0ast— tg. More generally f = O(g) if f/g = O(1) and similarly
f =o0(g9) if f/g = o(1). This requires g(t) # 0 near ty. Whenever similar
divisions occur, this condition is tacitly assumed.

We also write f < ¢ if f = o(g). It is understood that g cannot vanish close
to to. The notation |f| < |g| is used to represent |f| < Clg| in the domain of
interest, where C' is a constant whose value is immaterial. Clearly |f| < |g]
in a small neighborhood of ¢ is the same as f = O(g). We write f = O4(g);
when both f = O(g) and g = O(f) near %,.

The point t; may be approached only from one direction, along a curve
in C or even along a given sequence of points tending to ¢y and when such
further restrictions are needed, they will be specified. For instance if tg = 0,
then t = o(1) as t — 0 and e~ '/* = o(t™) for any m as ¢t | 0 (¢ € Rt decreases
towards 0), but the opposite holds, t™ = o(e~/*), as t 1 0.
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1.1b Asymptotic expansions

A sequence of functions {fi}ren such that f, < fp, if n > m is called an
asymptotic scale at t = ty. In terms of it we can write the leading order
behavior of a function, f = fo + o(fo) and also successively higher order
corrections: f = fo+ f1+ -+ fn + o(fn) etc. This process can continue for
finitely many n or for all n € N. In a compact form, we write an asymptotic
expansion as a formal sum,

oo N
S f)=f, or > fult)=:fx (1.1)
k=0 k=0

where no convergence condition is imposed, and define asymptoticity by the
following.

Definition 1.2 A function f is asymptotic to the formal series f as t — tg
(once more, the approach of ty may have to be restricted to a generally complex
curve) if

M

F&) =D felt) = o(fu(t)) (VM €N or VM < My € N) (1.3)
k=0

We shall assume, without any serious loss of generality that fi exist for all

k € N.

Condition (1.3) can be written in a number of equivalent ways, useful in
applications, as the following result shows.

Proposition 1.4 If f = > e fr(t) is an asymptotic series as t — to and f
s a function asymptotic to it, then the following characterizations are equiv-
alent to each other and to (1.3).

()

N
f£) =Y fu() = O(fy11(t)) (YN €N) (1.5)
k=0
(i)
N
F) =Y fult) = fnn(®)(1+0(1)) (YN €N) (1.6)
k=0
(i4i) There is function v : N +— N, such that v(N) > N and
v(N)
F@&) = > fr(t) = O(fnia(t)) (VN €N) (1.7)
k=0

Condition (iii) seems strictly weaker, but it is not. It allows us to use less
accurate estimates of remainders, provided we can do so to all orders.
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PROOF We only show that (iii) implies f is asymptotic to f since the
other statements immediately follow from the definition. We may assume
v(N) > N, as otherwise there is nothing to prove. Let N € N. We have

N v(N) v(N)
F@&) =D felt) = £ = D )+ D f1) = O(fwa(t) (1.8)
k=0 k=0 j=N+1

since in the sum Z;(:]}/V)H in (1.8), each term is O(fy+1) while the number of

terms is fixed, and thus the sum remains O (fy11) as t — to. I

Of course, in practice the asymptotic scale is chosen to consist of simple
functions, such as powers, logs and exponentials, the behavior of which is man-
ifest. Taylor series are perhaps the simplest nontrivial asymptotic expansions.
The following is a way of restating Taylor’s theorem with remainder.

Proposition 1.9 Assume [ is C™ in an interval containing to. Then

— [P (to)
k!

ft) ~ (t —to)* ast — to (1.10)

k=0

Clearly, the asymptotic series of a function f converges to f iff f is analytic
at tg. Otherwise, the series is not convergent, or it converges to a function
other than f (see Example 1.16).

Note 1.11 As mentioned in Definition 1.2 none of the fj is allowed to vanish.
For instance, although the function ¢ = 2 — e~ /%" for z # 0 and ©(0) =0
is in C°°(R) and we have (Vn) (o™ (0) = 0), we cannot write ¢ ~ 0 as z — 0.
This is a natural restriction since all the derivatives vanish at zero for many
other functions, for instance ¢ =  — Sin(l/:lc)e_l/\/m for x # 0and ¥(0) =0
has the same property; yet 1) has a quite different behavior from ¢ as x — 0.
We will also define asymptotic power series, a weaker notion in which sense ¢
and v above will be represented by the same series.

Example 1.12 (A divergent asymptotic series) A simple example of a
divergent asymptotic expansion is obtained by calculating the Taylor series of

the function
11/ . 1 > €7t
= _Zel/2Ri [ -2 ) = dt: 0 1.13
10 =—germi(-1) = [T e (113)

where Ei(1) = fzoo t~letdt, (r < 0) is the exponential integral. The expo-
nential decay of the integrand and elementary analysis show that f is C*° at
zero from the right (in the sense of right derivatives [73]) and the derivatives
are

e} —t ke—t > t 2
M (z) =k!/0 (1(+)2t)k+1dt = f0(0) = k!(—l)’“/o the™'dt = <—1()k(‘“))
1.14
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and thus

o0
f(z) ~ Z(—l)kk!zk, 210 (1.15)
k=0
a series with zero radius of convergence, or in short a divergent series.

Example 1.16 (A convergent asymptotic series) Since all derivatives of
e~ 1/# vanish as z | 0 we have

SR EINNRETANNE « WS O -
T te >z = 20 (1.17)
Convergence of an asymptotic series does not thus imply that the function
equals the sum of the series. Note also that here, as it is often done in practice,
we have used the same notation Y -, 2" to mean two different things: an
asymptotic series simply displaying the asymptotic scale involved, which is a
formal object, and its sum, an actual function.

Example 1.18 (A convergent but antiasymptotic series) The following
Laurent series converges in C \ {0}:

© ok
Z(kél =e1/? (1.19)

k=0

Eq. (1.19) is not an asymptotic expansion as z — 0. In (1.19), the functions
fr = (=1)*27%/k! satisfy fr, < fry1 as z — 0 the opposite of what is
required from an asymptotic series. We have |e~1/* — Zﬁio(fl)k/(k!zkﬂ 2
|z=M=1| as z — 0 which means that keeping the same number of terms, the
approximation deteriorates as z — 0.

In general, for understanding the behavior of a function near a point, an
antiasymptotic series, even if convergent, is not very useful. We can see that
if we try to determine whether

1.2
kz k:'—l—smk; (1.20)

tends zero or not, as z — 0 (note that for large k the Laurent coefficients of
f in (1.20) are close to those in (1.19)).

By contrast, although (1.15) is divergent, by the definition of an asymptotic
series, in (1.13) we see that f(z) — 1 as z | 0, and that f(2)—1 = —z(14o0(1))
and so on.

Stirling’s formula for I'(z) = [;° t*~'e~'dt, which will be derived in §2.4d,
is an example of a dlvergent asymptotic expansion, where the scales involve
powers of 1/z and logs:

In(T'(z)) ~ (= 1/2)Inz —x + %1n(27r) + chx_2j+17 xr — +oo (1.21)
j=1
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where 2j(2j — 1)¢; = Byj and {Bs;};>1 = {1/6,—1/30,1/42...} are Bernoulli
numbers, [1], eq. 6.140. This expansion is asymptotic as 2 — oo: successive
terms get smaller and smaller. For z = 6, truncating (1.21) at j = 3 we get
T'(6) ~ 120.0000002 (while T'(6) = 5! = 120). Here, j = 3 was chosen using
summation to the least term, a technique we will later explain (see Note 2.302
in §2.11); rigorous error bounds can be obtained using a form of alternating
series criterion, see §2.11. Stirling’s expansion converges for no z, since I'(x)
has poles at all z € —N (why is this an obstruction to convergence?).

Remark 1.22 Asymptotic expansions cannot be added (or subtracted), in
general. Indeed, we note that 1/(1 — z) has the same expansion (1.17) as
—e Y* £ 1/(1 - 2), as z | 0. Subtracting these would give e='/* ~ 0, which
is not a valid asymptotic expansion, see Note 1.11. This is one reason for
considering, for restricted expansions, a weaker asymptoticity condition; see
§1.1c.

Remark 1.23 Sometimes we encounter oscillatory expansions such as

sinz(1+ a2~ +agz~2 +--+) () for large o, which, while very useful, have
to be understood differently. They are not asymptotic expansions, as we saw
in Note 1.11. Furthermore, usually the approximation itself is expected to
fail near zeros of sin. However, if small neighborhoods of the zeros of sin are
excluded, the expansion remains valid in the sense defined. Also, usually there
are ways to present the asymptotics in a way that avoids these exclusions,(see

§27).

1.1c Asymptotic power series

A special role is played by series in powers of a small variable, such as
S = chzk, z— 0" (1.24)
k=0

With the transformation z = ¢ — ¢y, a series in powers of ¢t — ¢y can be trans-
formed into (1.24). With transformation z = 1/z, (1.24) may be transformed
into a 1/z-series or wviceversa.

Definition 1.25 (Asymptotic power series) A function is asymptotic to
a series as z — 0, in the sense of power series if

N
f(z) — chzk =O0(zN*tY) (VN eN) asz— 0, (1.26)
k=0

where, as for general asymptotic expansions, it may be necessary to restrict
the approach z — 0 to a particular set of curves.
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Remark 1.27 If f has an asymptotic expansion ( in the sense of Definition
1.2) that happens to be a power series, it is asymptotic to it in the sense of
power series as well.

However, the converse is not true, unless all ¢ are nonzero, i.e. it is possible
that f ~ Zk:o cxz® in the power series sense, without f being the
asymptotic expansion in the sense of Definition 1.2.

For now, whenever confusions are possible, we will use a different symbol,

~p , for asymptoticity in the sense of power series.

Remark 1.28 Noninteger asymptotic power series, e.g., series of the form
o0
2% chzkﬁ, Re(8) >0 (1.29)

as well as asymptoticity of a function to (1.29) can be defined by easily adapt-
ing Definition 1.25, and replacing O(2"V) by O(2V8%%) which is the same as
O(zReatNRe(B)) More generally, in (1.29), instead of 2, we could have other
simple functions such as exponentials or logs.

The asymptotic power series at zero in R of e~/ # i the zero series, which
is not its asymptotic expansion in the sense of Definition 1.2, see again Note
1.11. The advantage of asymptotic power series however is the fact that they
form a commutative algebra, with restricted inversion (if the constant term
of g is nonzero, then 1/ is also a power series).

1.1d Operations with asymptotic power series

Addition and multiplication of asymptotic power series are defined as in the
convergent case:

Aickzk+3§:dkzk :i Acy, + Bdy,)z
k=0 k=0 k=0
0o (o'} 0o k
(chzk> <de2k> = Z chdk,j P
k=0 k=0

k=0 \j=0

Remark 1.30 If the series f is convergent and f is its sum, f = Yorco cp”,
(note the ambiguity of the sum notation), then f ~, f.

The proof follows directly from the definition of convergence.
The proof of the following lemma is immediate:

Lemma 1.31 (Algebraic properties of asymptoticity to a power series)
If fo~p [ = pegckz™ and g ~p § =10 diz", then

(i) Af + Bg ~, Af + B§

(“) fg ~p fg

(iii) f/g~p /g if do #0
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Corollary 1.32 (Uniqueness of the asymptotic series to a function)
If f(2) ~p Yoneockzt as z— 0, then the cj, are unique.

PROOF  Indeed, if f ~, Y22 cx2” and f ~, S 70 di2®, then, by
Lemma 1.31 we have 0 ~,, > 72 (ck — di)z" which implies, inductively, that
cx = dy, for all k. [

Of course, the asymptotic behavior of many functions, such as e'/ = nhear
z = 0, cannot be described by power series. Also, asymptotic power series
cannot distinguish between functions differing by a quantity which is o(2™)
for all m > 0 as z — 0. Indeed, we have the following result (see also Example
1.16)

Proposition 1.33 Assume f and g have nonzero asymptotic power series as
z— 0 and f —g = h where h = o(z™) for all m > 0 as z — 0. Then the
asymptotic series of f and g coincide.

PROOF  This follows straightforwardly from Definition 1.26 and the
assumption on A.

1.1d.1 Integration and differentiation of asymptotic power series

Asymptotic relations can be integrated termwise as Proposition 1.34 below
shows.

Proposition 1.34 Assume that

f(z) ~ f(2) :ickzk as z — 07"

Then

X o zhHl
/f dSN/f :Zk+1 as z — 0"
— 0t

The direction z — 01 can be replaced by ze™®
properties of f.

, @ fized depending on the

PROOF  This follows from the fact that for n > 0, folzl Cls|™d|s| <
Clz|"*L.

Differentiation is a different issue. Many simple examples show that asymp-
totic series cannot be unrestrictedly differentiated. For instance
e~/ gin el/*" ~p 0 as z — 0 on R, but the derivative is unbounded and
thus it is not asymptotic to the zero series at zero.
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1.1d.2 Asymptotics in regions in C

Asymptotic power series of analytic functions can be differentiated if they
hold in a region which is not too rapidly shrinking as z — 0. This is so,
since the derivative is expressible as an integral by Cauchy’s formula. Such a
region is often a sector or strip in C, but can be allowed to be thinner. In the
folowing, we formulate this condition in the variable z = 1/z:

Proposition 1.35 Let M >0, a > 0. Denote
Se={z: |z[>R, [z|"m(z)| <a}

Assume f is continuous in S, and analytic in its interior, and
o0
flz) ~ E ckr ® asz— o0 in S,
P
k=0

Then, for all a’ € (0,a) we have

o0

f(x) ~ Z(—kck)x*kfl as © — 00 in Sy
k=0

PROOF Here, Proposition 1.4 (iii) will come in handy. Let v(N) = N+M.
By the asymptoticity assumptions, for any N there is some constant C(N)

such that |f(z) — Z(:Aé) crr™F < C(N)|z|77MN)=1 (%) in S,,.
Let o/ < a, take z large enough, and let p = 3(a — a’)|z|™"; then check
that D, = {2 : |v — 2’| < p} C S,. We have, by Cauchy’s formula and (*),

v(N) 1 v(N) ds
N _ —k—1| _ | L _ _k
fa) = Y (ke b [F0-Y et
k=0 P k=0
C(N) 1 d|s| 2C(N) 4C(N), _n_1
< - < < 1.36
(2] = )"+ 2x fop Js— a2 S 2t S a—a || (1.36)
and the result follows. I

Note 1.37 Usually, we can determine from the context whether ~ or ~,
should be used. Often in the literature, it is left to the reader to decide which
notion is in use. After we have explained the distinction, we will do the same,
so as not to complicate notation.
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1.2 Asymptotics of integrals

Often when differential equations have closed form solutions, these can be
expressed in terms of elementary functions or integral transforms of elemen-
tary functions. These integral representations allow for asymptotic analysis
and more generally, global analysis of solutions, and, for this reason they are
very important. Most “named” special functions have integral representa-
tions. For o = +1, the equation

22y +ay +o(@® o)y =0, o==+1 (1.38)
is the Bessel equation [1]; if o = 1, the solution which is regular at the origin
is J,,(x) — the Bessel function of the first kind and a linearly independent one
is Y, () — the Bessel function of the second kind. For ¢ = —1 (1.38) is the
modified Bessel equation; the solution which is regular at the origin is I, (x) —
the modified Bessel function of the first kind and a linearly independent one is
K, (z) — the modified Bessel function of the second kind. The Airy equation

y' —xy=0 (1.39)

has solutions Ai(x) and Bi(z), the Airy functions. The hypergeometric equa-
tion
2 —1)y" +(a+b+1)x—cy +aby =0 (1.40)

has linearly independent solutions o F (a, b; ¢; z) and #1=¢ o Fy(a—c+1,b—c+
1;2 — ¢;x) where o F) is a hypergeometric function. All these functions have
integral representations, in fact a good number of representations suitable
for different asymptotic regimes. For instance, see [27] 10.9.17, [8] (Equation
6.6.30, page 298),

1 oo+
Ju(z) = Tm/ exp(zsinht — vt)dt; Re z > 0 (1.41)

cO—T%

and [27] 9.5.4, and [8] (p. 313, Problem 6.75, with the change of integration
variable t — —t).

1 coe™i/3

Ai(z) = 2—m/ L, P (t%/3 — 2t) dt, (1.42)

Finally, for |z| < 1 we have, [27] 15.1.2 and 15.6.1,

I'(c)

gFl(a,b;c;z) = m

/1 = (1 —)e7 " (1 —2t) " dt Re(c) > Re(b) > 0
’ (1.43)



10 Course notes

1.2a The Laplace transform and its properties.

The Laplace transform of a function F', denoted by LF, is defined by
f(z) = / e F(p)dp, Re(z)>v >0 (1.44)
0

Here it is assumed that F is locally integrable in [0,00) and does not grow
faster than exponentially, for instance

(o)
|1 Flloo,w = Sli[O)|F(p)|e_”p < 00 or ||F||L}, = / |F(p)le™"Pdp < oo (1.45)
p> 0

(see §2.13a) for some v € R. Both ensure the existence of Lf if Rex > v.

As will be seen in the sequel, solutions of linear or nonlinear differential
equations, including (1.42) and (1.41) above, can often be written as Laplace
transforms of simpler functions. It is then important to understand the asymp-
totic behavior of Laplace transforms. A general asymptotic result is the fol-
lowing:

Lemma 1.46 Under the assumption in (1.45), we have

/ e "PF(p)dp — 0 as Re(z) = o0 (1.47)
0

PROOF This follows from the dominated convergence theorem, see §2.13a.
Indeed, [ |e*PF(p)|dp < [, |e=™PF(p)|dp < oo for Re (z) > ¢ > v, and
e *PF(p) — 0 as Re (z) — oo for all p € (0, 00).

Furthermore, convergence is exponentially fast iff F' is identically zero on
some interval [0,¢), where € > 0 is independent of = as shown in the following
proposition. For the notation, see §2.13a.

Proposition 1.48 Assume that F' is exponentially bounded in the sense of

(1.45); let z1 = Re(x). Then

/ e P F(p)dp = o(e"™¢) asx; — o0 iff F=0 a.e. on[0,¢] as z; — o0
0

(1.49)
Also, fooo e " F(p)dp = O(e *'¢) & fooo e F(p)dp = o(e™*1¢), implying
F =0 a.e. on[0,¢].

PROOF (i) Assume that F =0 a.e. on [0,£). This implies that

/ e *PF(p)dp = / e *PF(p)dp = e~ *¢ / e "PF(p+e)dp=e " 0(1)
0 0
) (1.50)
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as 1 — oo by Lemma 1.46.
(ii) For the converse, assume that fooo e "PF(p)dp = O(e~*1¢). We write

/OOO e "PF(p)dp = /OE e P F(p)dp + /:O ¢~ F(p)dp. (151)

The rightmost integral in (1.51) is shown to be o(e™*1¢) by using the change
variable p — p 4+ ¢ and using Lemma 1.46. Thus

g(x) = em/ e PF(p)dp=0(1) as x1 = Re © — +o0 (1.52)
0

It is easy to see that g is entire. Furthermore, it is bounded for x € Rt
by (1.52) and also manifestly bounded for z € iR, and x € R™. Since g is
of exponential order 1, using the Phragmén-Lindel6ff theorem in all of the
four quadrants (see [21] pp. 19 and 23 for more details) shows ¢ is bounded.
From Liouville’s theorem, g is a constant. The Riemann-Lebesgue lemma
implies that ¢ goes to zero as * — oo along the imaginary line. Thus g = 0,
implying foa F(p)e P*dp = 0, Vo € C implying that the Fourier transform
ffooo e_”PX[O,E] (p)F(p)dp = 0 ¥Vt € R and thus, by inverse Fourier transform,
F(p) =0 a.e. on (0,¢). Now, (i) implies that [, F(p)e P"dp = o (e~=*1). I

Corollary 1.53 (Injectivity of the Laplace transform) Under the con-
dition (1.45), if LF =0 for all > 0, then F =0 a.e. on RT.

PROOF  Since, in particular, LF = O(e~**) for any a > 0, from Propo-
sition 1.48, F' =0 a.e. on R™T.

First inversion formula

Let H denote the space of analytic functions in the right half complex plane.

Proposition 1.54 (i) £: L'(R") — H and ||LF|e < ||F||1-
(ii) £ : LY(RY) — L(LY(RT)) C H is invertible, and the inverse is given by

F=FYLF(@)} (1.55)
on Rt where F is the Fourier transform (in distributions if LF ¢ L*(iR)).
In the following, H will denote the open right half plane.

PROOF (i) The fact that LF is analytic in H follows from the exponential
decay of the integrand: by dominated convergence we can differentiate in
z under the integral sign. The estimate follows simply from the fact that
le=*P| < 1.

(i) We note that (LF)(it) exists since F' € L', and it is, by definition the
Fourier transform of F' extended by F(p) = 0 for p < 0. The rest is just Fourier
inversion, in the in a generalized sense —in distributions-if LF ¢ L'(iR). [
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Second inversion formula

Proposition 1.56 (i) Assume [ is analytic in an open sector Hs := {x :
|arg(z)| < 7/2 + 6}, 6 = 0 and is continuous on OHs, and that for some
K >0 and any = € Hy we have

[f(@)] < K(l2 +1)7 (1.57)

Then L7 f is well defined by

+ioc0
F=L'f= %i/_m dteP f(t) (1.58)
and -
A dpe P F(p) = LLf = f(x) (1.59)

We have ||[L7H{f}oo < K/2 and L7{f} — 0 as p — <.

(ii) If § > 0, then F = L71f is analytic in the sector Ss = {p # 0 :
|arg(p)| < &}. In addition, supg, |F| < K/2 and F(p) — 0 as p — oo along
rays in Sg.

(i11) If L~ is taken on a vertical line through x = ¢ > 0, then F(p)e”* — 0
as p — oo along rays in Ss.

Note 1.60 We have assumed (1.57) for simplicity; however, it can be replaced
by any bound that would allow for applying Jordan’s lemma to deform the
contour as in the proof below.

Note 1.61 One can easily adapt these results for Laplace/inverse Laplace
transforms along other directions in C. Assume that f(ze?) is analytic in
an open sector of opening 7/2 + ¢ centered along the real line, and that the
bound (1.57) holds in the closure of this sector. Then, check that

- 21

F@') = (£ (D) iﬁmmm (1.62)

where T is a line from (c —ioo)e’® to (c+ ico)e?, exists and satisfies (ii), (iii)
above, if p’ = pe™"%.

PROOF Clearly, F in (1.58) is well-defined since f(is) € L}(R). (i) We
have

o0

2mil [ f] (z) = /O h dpe P / ids e f(is) (1.63)

— 00

= /00 ids f(is) /000 dpe PTe?s = - (2)(z — 2)7'dz = 2mif(x) (1.64)

—o0 —100
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where we applied Fubini’s theorem? and then pushed the contour of integra-
tion past x to infinity. The norm of £~! is obtained by majorizing | f(x)eP*| by
K(|2?|+ 1), The behavior [£L7!f] (p) — 0 as p — +oo follows by applying
Riemann-Lebesgue Lemma to (1.58).

(ii) For any ¢’ < § we have, by (1.57),

[ e = ([ [ aseses

Take any p € S5. Choose ¢’ < ¢ so that p € S§. Analyticity of (1.65) in p € S
is manifest, given the analyticity and exponential decay of the integrand. For
the estimates on F(p), we note that (i) applies to f(ze'?) if |p| < 4.
(iii) This follows simply by changing the integration variable to p’ = p + c.
Many cases can be reduced to (1.57) after transformations. For instance
if f1 = Zjvzl a;j(1+ x)7% + f(z), **where k; > 0 and f satisfies the as-
sumptions above, then (1.58) and (1.59) apply to f1, since they do apply, by
straightforward verification, to the finite sum.
[

Proposition 1.66 Let F' be analytic in the open sector S, = {e*RT : p €
(—=6,6)} and such that |F(|ple’?)| < g(|p]) € L'[0,00). Then f = LF is
analytic in the sector S, = {x : |arg(z)] < w/2 + d} and f(x) — 0 as
|z| = oo, arg(z) =0 € (—7/2 —0,7/2 +9).

PROOF Because of the analyticity of F' and the decay conditions for large
p, the path of Laplace integration can be rotated by any angle ¢ in (—4,9)
without changing® (LF)(x). The fact thatg € L' also implies that The decay
of (LF)(z) in z follows from Lemma 1.46 with x replaced by xe~*¥ and ¢
chosen arg (:ce_w) € (—% %)

Note F need not be analytic at p = 0 for Proposition 1.66 to apply.

2This theorem addresses the permutation of the order of integration; see [74]. Essentially,
if fe L' (AxB),then [, pf=[,[gf= /5 sf

3The fact that g € L' implies that liminfr_, o Rg(R) = 0; thus there is a subsequence Ry,
s.t. Rng(Rn) — 0. By straightforward estimates, or by Jordan’s lemma, we see that the
integral of Fe™P* along an arc of a circle of radius R, goes to zero with n.
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1.2b Watson’s Lemma

Heuristics. Consider the following asymptotic problem: what is the be-
havior of

/ emG(p)h(p)dp, T — +00

where a > 0, G is real valued, smooth enough, and has a unique maximum
point p,, € [—a,al]. Intuitively, it is clear that, as x — oo most the contribu-
tion to the integral will come from an increasingly narrow region around p,,,
since for fixed p # pm, as © — 0o, e*CWP) & #CG(@Pm)

Watson’s lemma is a very useful tool to transform this intuition into proofs,
as well as to deal with the asymptotics of a large class of other integrals arising
in applications, which often can be transformed so that Watson’s Lemma is
applicable.

Before stating the theorem let us look at the following example, the asymp-
totics of the incomplete Gamma function which we will need later.

Lemma 1.67 Let F € LYR"), z = pe®?, p > 0, p € (—7/2,7/2) and
assume

F(p)~p® asp—0T
with Re (8) > —1. Then

| Fwe T30 (o o)
0
Proof. By definition F(p) ~ p® means p~?F(p) — 1 as p — 0. We have
R 1 © F(t/z) _ rg+1)
xp — — B T o= tBp o N T
/0 e "PF(p)dp = e /0 (t/m)56 t7dt g (x — o00) (1.68)
where we used dominated convergence.

Corollary 1.69 If x® fooo e *PF(p)dp has an asymptotic power series in z =
x=P for some B with Re8 > 0 as Rex — oo, then for any fixed ¢ > 0,
z® foe e *PF(p)dp has an asymptotic power series as well, and the two power
series agree.

PROOF This is an immediate consequence of Propositions 1.48 and 1.33.

Watson’s lemma allows us to integrate power series term by term as stated
below.

Lemma 1.70 (Watson’s lemma) (i) Assume that ||F| 1 < oo (cf. (1.45))
and

m
F(p) =p* " Y exp™ + 0 ") as p— 0F for all m <mo € NUoo
k=0

(1.71)
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for some a and 3, with Rea,Re > 0. Then as © — oo along an arbitrary
ray in H, we have

f(iﬁ) = ([:F)(x) _ [)OO 7zpF dp chr k/BJra —a—kf 4o (Ifafmﬁ) )
k=0

(1.72)
for any m < myg.
(1) If F € Ll(O a) and (1.71) holds, then the asymptotic expansion (1.72)
holds for f(x fo e P*dp (a independent of x).

PROOF  The proof is straightforward from Lemma 1.67, Corollary 1.69
applied to (F(p) —p*~! z;n:_ol cxp*?)/cm, and Laplace transforming explicitly
the finite sum of powers. I

Note 1.73 (i) Intuitively, we see that, for a fixed F, the larger Rex is, the
more damped is the contribution of any region that is not very close to zero.
The behavior of a Laplace transform is gotten from the immediate neighbor-
hood of zero.

(ii) We see that the power series of F' at zero can be Laplace transformed
term by term to obtain the asymptotic expansion of f(x) as x — oo along
a ray in HT. From the proof we see that the same conclusion would hold if
instead of p*? we had other asymptotic representations of F' for small p, for
instance in terms of p*3(log p)™

Note 1.74 Watson’s lemma holds for foaew F(p)e P*dp as |x| — oo if the
asymptotic behavior (1.71) is valid along a ray arg p = 0, where F' € L(0, ae®)
arg(z) satlbﬁeb 0 +argz € (—%,%). The proof is manifest by changing vari-
ables p — pe'?, x — ze~*% and applying Lemma 1.70.

Exercise 1.75 (A generalization of Watson’s Lemma) Assume that for
some € > 0, we have supy,. [|[F'(:;2)[|ry = C' < oo and that

F(p’ Z) = pa—l Z Ck.1 pk?ﬁl 2132 + O(pa—1+m31 Z’ﬂﬁz)

o<k<m
o<i<n

as (p,z) — (07,0) for all (m,n) < (mg,no) € (NU0)? (1.76)

where Re a, Re 1 and Re 5 are positive. Then, show that

° —x 1 Cklr(kﬂl +OZ) —a—mfB1—n
/0 e PF(p,x>dp: Z W—l—o(aj PrmmBa) - (1.77)

0<k<m
0<I<n
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1.2¢ Laplace’s method

1.2c.1 Laplace asymptotics, minimum of the exponential at an
endpoint

Corollary 1.78 Assume that F is continuously differentiable on [0,a) (as
usual when we close the interval we mean right derivative) and F' > 0 and g
s continuous. Then

¢ P de ~ —vr©)_90) 1.79
/O e g(x) T~ e ) as v — Q0 ( )

PROOF By choosing F = F(z) — F(0) we reduce to the case F(0) = 0.
Since F’ > 0, F is invertible near zero and, with h(x) = F~!(z), we have

a F(a)
| et = [ e gt )i (1.80)

By continuity g(h(p))h'(p) = g(0)R'(0) +0(1) as p — 0T. Noting that i’(0)
1/F’(0), the rest follows from Watson’s lemma.

=l

Exercise 1.81 Assuming F'(0) = 0 and g = 1, we could use the fact that

a
VILH;OV/O e VF@ g(z)dr = F7(0) as v — 0o (1.82)
as a definition of F'(0), namely,
1
F'(0) == (1.83)

Climy e I/foa e~vF@) dg

Clearly, when F' € C'[0,1) and F’(0) # 0, the limit exists. Show that the
limit exists and it is zero even when F’(0) = 0, provided F € C*[0,1) and
F’>0on (0,1).

Challenge: Let F' € C(0,a). Does the existence of a nonzero limit in
(1.83) imply that F’(z) has a limit when z — 07?

1.2c.2 Laplace asymptotics, minimum of the exponential at an in-
ner point

Corollary 1.84 Assume that a > 0, F is twice continuously differentiable
on (—a,a) F'(0) = 0 and F"(x) > 0 on (—a,a), and that g is continuous.

Then,
T

/U 67VF(I)g(I)d;r ~ eiVF(O)g(O) m as v — o0 (1'85)

4The function g may be complex valued.
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and

“ 27
—vF(x —vF(0
/ e VF@ g(z)dz ~ e VF 0 g(0) VF(0) as v — 0o (1.86)

—a

PROOF  As in Corollary 1.78 without loss of generality we may assume
F(0) = 0. Define h(z) = signum(z)+/F(z) and denote 3F"”(0) = A%. Clearly
h is continuously differentiable away from zero. For x close to zero, we have
F(z) = A22? + o(2?) and thus h(z) = Az + o(z) for small z. It is then easy to
show that h is continuously differentiable on (—a, a) and A’ > 0. We calculate
only the integral from 0 to a and prove the first part of the corollary. Indeed,
the integral from —a to 0 is treated similarly and has an equal contribution
to the final estimate in (1.86) . We make the change of variables h(z) = /u
and and note that by continuity g(v/u)/h’ (h='(y/u)) ~ g(0)/h(0) to obtain

a F(a) -1
e—uh2(w) 2)dx = e VU g(h‘ (\/E)) 1 W~ g(o)m
/o g(x)d / W) ava ™~ o om0

by Watson’s lemma and the fact that I'(1/2) = /7. I

Note: Only the leading order asymptotic calculations are given in Corollar-
ies 1.78 and 1.84. Watson’s Lemma can be used to determine higher order
corrections in the asymptotic expansion if F' and g are smooth enough near
0.

Exercise 1.88 Formulate and prove a generalization of Lemma 1.84 for the

case when F'(0) = --- = F™=1(0) = 0 and F*™)(0) > 0.

Example: Asymptotics of the I' function The Gamma function is defined
by

Mz+1) =2 = / e "T%dr = / e?lo8Te T dr (1.89)

0 0

for z > —1.° zlogT — 7 is maximal when 7 = x. This suggests rescaling
7 =x(1 +t). This leads to

Dz 41) = 27+l / exp [~ (£ — log(1 + £))] dt (1.90)

-1

with a maximum of the integrand at ¢ = 0. In this form, Corollary 1.84 applies

and we get Stirling’s formula,

D(z+1) ~ V21t 27 (1.91)

5This representation is valid for complex x as well in the domain Rez > —1.
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To get more terms in the asymptotic series, we introduce, in the spirit of the
proof of Corollary 1.84,

t —log(1+1)1"?
g= /1 —log(l+1) =1 {Ogtz(ﬂ} (1.92)
We extend the term in square brackets by 1 at the removable singularity ¢t = 0.
It is readily checked that ¢ — ¢(t) an analytic change of variable near ¢ = 0,
with ¢’(0) = 1/v/2. Further, t — ¢(t) is monotonic and maps the the real axis
interval (—1,00) to ¢ € (—o0,00). We define the unique inverse function to
be t = T(¢) and obtain
D(z+1)=2"Tle™ / e T'(q)dq (1.93)
We decompose the integral in (1.93) as fi)oo + fooo. We introduce change of
variable ¢ = —,/p in the first integral and ¢ = ,/p in the second to obtain

e P

1 z+1_—x * i / /
Dl +1) = ga*e /0 7 T T W) i (1.94)

Using Taylor series T'(q) = Z;’;l 29/2b;q7,

o0

1 . o
= (T'(=P)+T'(Vp) = > 2jb; (2p)’/*". (1.95)
2vp i=1,j=o0dd
j=1,j=o
It follows from Watson’s Lemma that
D(z+1) ~a™e™ Y 2/2T(j/2)jba/? (1.96)
j=1,7=o0dd

The first few b; are easily computed by substituting a truncation of ¢ =
biq + bag® + b3q® + .. into (1.92) and equating like powers of ¢ and solving
resulting equations. This gives by = 1, b = 3—16, bs = ﬁ, the even b;’s being
inconsequential in (1.96). Using I'(1/2) = /m, the first few nonzero terms are

1 1
D(z+1) = Vera™™/2e ™ (14 — 4+ —— +0(® 1.97
(@4 1) = V2™ e {1+ 350 + g8 T O (1.97)
The three term evaluation at x = 6 gives 720.0088692 versus the exact value
of 720. If the general term in the asymptotic expansion (1.96) is desired, we
can use Lagrange formula for inversion of a series:
1 T(Q) 1 2 -1 —j/2—1
bj = — ~dg = — P t°(1+t)" [2t —2log(1+¢)] /7 dt
= s §orda= 5 PR+ 2~ 2log(1 4 1)
2—j/2—1 (eu _ 1)2
= . d 1.98
2mi f{ (ev — 1 —w)i/zth (1.98)

where the closed loop contour integrals are assumed to circle the origin in the
respective variables in the positive sense.
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1.3 Oscillatory integrals and the stationary phase method

In this setting, an integral of a function against a rapidly oscillating expo-
nential becomes small as the frequency of oscillation increases. Again we first
look at the case where there is minimal regularity; the following is a version
of the Riemann-Lebesgue lemma.

Proposition 1.99 Assume f € L'[a,b]. Then f; et f(tydt — 0 as x —
+o0. The same is true if [*2_e™ f(t)dt for f € L'(R).

PROOF It is enough to show the result on a set which is dense® in
L'. Since trigonometric polynomials are dense in the continuous functions
on a compact set’, say in Cla,b] in the sup norm, and thus in L![a,b], while
continuous functions with compact support are dense in L!(R), it suffices to
look at trigonometric polynomials, thus (by linearity), at e*** for fixed k; for
the latter we just calculate explicitly the integral; we have

b
/ elrsotks g — O(m‘l) for large x. |
a

For the last statement, we can use the density of compactly supported
functions in L'(R), or a direct argument: for any € > 0 we can choose T'(¢)
large enough so that for all z € R,

0 T(e)
‘/ et f(t)dt —/ et f(t)dt| < e/2

—T(e)

and, by the first part of the theorem, we can choose X(g) so that for all
|z] > X (g), x € R, we have

T(e)
/ et f(t)dt| < g/2
—T(e)

6A set of functions f, which, collectively, are arbitrarily close to any function in L. Using
such a set we can write

/b eixtf(t)dt _ /b eiact(f(t) — fn(t))dt + /b eimtfn(t)dt

and the last two integrals can be made arbitrarily small.

7One can associate the density of trigonometric polynomials with approximation of func-
tions by Fourier series.
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No rate of decay of the integral in Proposition 1.99 follows without further

knowledge about the regularity of f. With some regularity we have the char-
acterization in Proposition 1.103 below. But first, we need a technical lemma.

Lemma 1.100 We have the following estimate

e’ —1

‘ < max{ef°® 1} (1.101)
x
PROOF Note that
e’ —1 ' xs ' sRex
= e®ds| < [ e*%ds (1.102)
95 0 0
and the last integral is < 1 if Re (z) < 0 and < e®¢? if Re (z) > 0. I

Proposition 1.103 For n € (0,1) let the C"[a,b] be the Holder continuous
functions of order n on [a,b], i.e., the functions with the property that there
is some constant ¢ > 0 such that for all x,2' € [a,b] we have |f(x) — f(z')] <
cle —2'|M.

(i) We have

(b—a)

<
2

feCa,b] = e’z + O0(z™Y) as x — 00

[ st

(1.104)

(ii) If f € LY(R) and |z|"f(x) € L*(R) with n € (0,1], then its Fourier
transform f = [7_ f(s)e”™*ds is in C"(R).

(iii) Let f € L*(R). If z"f € LY(R) with n € N then f is in C*(R). If
fe€C Y(R) and Vj < n, f9) € LY(R), then f(x) = o(z™") as x — oc.

(w) If for A > 0, ezl f € LY(R) then f extends analytically in a strip of
width A centered on R. If | f(iz+t)| < g(t) with g € LY(R) for any x € [—A, A]
and all t € R then, for some C > 0, |f| < Ce=A%.

PROOF (i) By rescaling, we can choose [a,b] = [0,1]. We have as © — oo
(| -] denotes the integer part)
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1
/ f(s)e*sds
0

la%—1] (2j+1)ma~? _ (2j+2)ma 1 '
/ f(s)e”sds—l—/ f(s)e™ds || +O(x™1)
2

jrar—1t (2j4+1)wz—1

Jj=0

Lz =1 (2j41)ma? '
- 2/2 (f(s)—f(s—l—ﬂ/x))emsds +0(z™)

=0 ot

n 1
< c (E) T< §c7r"x_" +0(z7)  (1.105)
x
=0

Exercise 1.106 Show that if f € L![a,b] then f: |f(z)—f(z+e)] > 0ase —
0 (where we extend f by zero where undefined). (The Lebesgue differentiation
theorem is one way.) Then, prove the Riemann-Lebesgue Lemma by adapting
the argument above.

(ii) We see that

. .y
—rs —rs

¢ (! oo —ixs _ ,—ixs’ [e%s) _
f(s) = f(s) _ / € € 2" f(z)dz| < / ¢ -° ‘x"f(a:)‘dx
(s —s")n oo XM(s =8 oo | (ms—xs')M
(1.107)
is bounded. Indeed, for |1 — 2| < 1 Lemma 1.100 implies
|exp(ip1) — exp(i2)| < o1 — 2| < lpr — 2" (1.108)
while for |p; — ¢2| > 1 we see that
|exp(ip1) — exp(iv2)] < 2 < 2|p1 — wa|” (1.109)
(iii) Let
N £ h) — ¢ ) —ths __ 1
[Dpfl(x) := —f(x—|— })L G = /R—isf(s)e_ms (e e >ds
and, by Lemma 1.100 we have
efihs -1
—— <1 1.110
—ihs ‘ ( )

Since s — —isf(s) € L1, differentiability follows by dominated convergence,
and we have

f(z) = —i/Rsf(s)e_msds (1.111)
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Again, since s — —isf(s) € L1, the first inequalities in (1.108) and (1.109),
and dominated convergence can be applied to the right side of (1.111) to show
continuity of the derivative. Higher order differentiation is shown inductively
in the same way.

The second part is also shown by induction. We show this for n = 1. If
f € L' then there exist sequences P; — oo and N; = —o0 as j — oo such
that f(P;) and f(N;) — 0 as j — co. On the other hand

00 P; —ixTs 4,
/ f(s)e™™*ds = lim f(s)e™™*ds = lim f(S)e - |§7

Jj—o0 N; j—o0 —1T
P;

+ lim L fl(s)e ™ds = 7/ f/(s)e™™ds  (1.112)

j—o0 1x N;

and, by the Riemann-Lebesgue lemma, the last integral goes to zero as x — oo.
(iv) Take any © € Sy := {# € C:|Imz| < A}. Choose A’ < A so that
x € Sar. Choose h € C so that |h| < A_2A/. Then

R —ihs __
Duf(x) = fath = f) h / F(s)e s <hl> ds

and by Lemma 1.100 and elementary estimates,

e~ TS g <e _”;;w 1) ‘ < CeAlsl

and by the dominating convergence theorem f'(z) = limu_ [Dnf] (z) =
Jz —isf(s)e”"*ds implying f is analytic in a strip of width A. The last
part is proved similarly. First we choose a set of points P;, N; as above but
now for g and estimate away the contribution of the integral outside [N}, P;].
Then we deform the contour of the integral on [N}, P;] into a vertical segment
from Nj to N; —iA, the horizontal line z = —iA + ¢, t € [N, P;] followed by
the segment from P; —iA to P; and take j — co. We leave the details as an
exercise. I

Note 1.113 In Laplace type integrals Watson’s lemma implies that it suffices
for a function to be continuous to ensure an O(z~!) decay of the integral,
whereas in Fourier-like integrals, the considerably weaker decay (1.104) is
optimal as seen in the exercise below.

Proposition 1.114 Assume f € C"'[a,b] and ™ € L'([a,b]). Then we
have

/ mtf — zxa chx + eixb idkm—k + 0($—n)
@ k=1
_ <f(t) S 1f("1)(t)> ’

where ¢ = —fFV(a)/i* and dy, = fFF=1(b)/i*

+..+ (1" +o(z™"), (1.115)

a
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PROOF  This follows by integration by parts and the Riemann-Lebesgue
lemma since

b

b ixt _ eia:t @ o f/(t) _1\n—1 f(nil)(t)
/a e f(t)dt = < - ——= + ...+ (—1) G )
(=1

()"

a

+

/bf(")(t)emdt (1.116)
I

Corollary 1.117 (1) Assume f € C°°[0, 27] is periodic with period 2m. Then
027'r ft)etdt = o(n=™) for any m >0 as n — +oo,n € Z.

(2) Assume f € C§°[a,b] vanishes at the endpoints together with all deriva-
tives; then f(z) = f: f(t)e®®t = o(z=™™) for any m >0 as x — Foo.

Exercise 1.118 Show that if f is analytic in ID; and continuous in Dy, and
for all a,b we have |f; e* f(e®)dx| > C(a,b)x™" for some 1 € (0,1) and
C(a,b) > 0, then 0Dy is a natural boundary for f.

Exercise 1.119 Show that if f is analytic in a neighborhood of [a, b] but not
entire, then both series multiplying the exponentials in (1.115), i.e.

@ '@ w1 SOV

iz (iz)? (iz)"

4o (-1) +o, z€{a,b}

have empty domain of convergence.

Exercise 1.120 In Corollary 1.117 (2) show that limsup,_,._ /"l f(z)| = co
for any € > 0 unless f = 0.

Exercise 1.121 For smooth f, the interior of the interval does not con-
tribute because of cancellations: rework the argument in the proof of Propo-
sition 1.103 under smoothness assumptions. If we write f(s+ 7/z) = f(s) +
f'(s)(m/x) + L f"(c)(m/x)?* cancellation is manifest.

Exercise 1.122 (*) (a) Counsider the function f given by the lacunary trigono-
metric series f(2) =31 _on nen k~e** n € (0,1). Show that f € C"[0,27].
We want to estimate f(¢1) — f(p2) in terms of |p; — ¢a|”, when o1 — 9 is
small. We can take o1 — @9 = 27Pb with |b] < 1. Use the first inequality in
(1.108) to estimate the terms in with n < p and the simple bound 2/k" for
n > p. Then it is seen that fOQTr e~ f(s)ds = 2mj~" (if j = 2™ and zero
otherwise) and the decay of the Fourier transform is exactly given by (1.104).

(b) Use Proposition 1.114 and the result in Exercise 1.122 to show that
the function f(t) = Zszn’neN k~"t*, analytic in the open unit disk, has no
analytic continuation across the unit circle, that is, the unit circle is a natural
boundary. For this, note that the lower bounds on the Fourier coefficients’
decay holds if the function is restricted to any interval.
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1.4 Steepest descent method

We seek to determine the asymptotic behavior of I(v) as v — +oo, where
I(v) = /g(z)e”f(z)dz (1.123)
c

for f and g that are analytic in some some region of the complex plane®, and
C is some simple curve that may be finite or infinite. Further, we may assume
f is not a constant, as otherwise the asymptotics is trivial. The problem is to
determine the asymptotics of I as v — +o00. More generally, if v — oo along
some complex ray arg v = ¢, we can replace v by |v| and f by €' f to obtain
asymptotics along complex rays.

The idea of the steepest descent method is to use the analyticity of the
integrand in (1.123) in 2z to deform C homotopically into one or more paths,
each of which characterized by Im f = C', a constant, and to which Laplace’s
method applies.

Typically, C is homotopic to a finite number of finite or infinite piece-
wise smooth curves of constant imaginary part, each with finitely many non-
differentiability points. As we will see in a moment, non-differentiable points
of the steepest descent decomposition correspond to singularities of f and
zeros?. We write

fz) = u(x y) +iv(x,y) (1.124)
and note that f/ = 0 implies that = g” = 87; = 7% = 0, and, since u
and v are harmonic, such points are saddle points.

We define special points to be singularities of f, endpoints, saddle points
and the point at infinity. If f’ # 0, the path of constant imaginary part
(v = const) is a smooth curve (since Vv # 0). Let t — (t) = a(t) + i3(t) be
a parameterization one of these smooth pieces. We have

du  Ou Ou

— = —ad(t "t 1.125
it~ oz )+ Ox ®) ( )
and also, since v is constant,
ov v
0=1v"=—a'(t)+ -F4'(t 1.126
v = St + 5B (1.126)
At a point where, say u, := Ou/dx # 0 and o' # 0 we solve for o' from

(1.126), and use the Cauchy-Riemann equations to obtain

Oé/

dy = —(ug, uy) dt (1.127)

Uy

8The region of analyticity will be dictated by the need to deform C into one or more steepest
descent paths and will depend on the specifics of the problem.
9 It is understood that a zero of f is a point where f is analytic and f’ = 0.
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where u, = Ou/dy and thus dv is tangent at every point to the steepest
variation direction of u. If o'/u, > 0, it is a direction of steepest ascent
of u, and of steepest descent otherwise. Between every two special points
as defined above, we choose to traverse the curve in the steepest descent
direction, reversing the sign of the integral if needed; hence the name “steepest
descent” for the method. Note that the saddle points are of finite order since
(¥n)(f™(29) = 0) implies f = 0.

For simplicity we assume for now that the homotopic deformation of C does
not cross singularities of f. Between each two special points, the integral
becomes

1
e / @80 g (1)) (£)dt (1.128)
0

where C'is the constant value of v (v,,v,) = v, + 7, and similarly for g.
The integral (1.128) is one in which the exponent is monotonic and thus
one-to-one. and all conditions of Laplace’s method applies. In particular, we
can take as a new variable u(«a(t), 8(t)) and reduce the question to a Laplace
transform of the type [ e~ G(u)du for a € (0, 00] to which Watson’s lemma
applies. Generally, multiple steepest descent paths, each with a different
value of C, are involved in homotopic deformation of fc; these paths may
also join up at sinks where Re f — —oo such as oo or other singularities of
f. Multiple descent paths will definitely be needed when Im f is different at
the end points of C, as in the example in §1.4a. In such cases, the calculation
of I(v) generally requires adding up the contributions from each steepest
descent path fc in the manner outlined in the last paragraph. Therefore,
the only new element in the steepest descent method is to determine steepest
curves which are homotopically equivalent to the original path C. It should be
further noted that without homotopic deformation into descent paths, (1.123)
will typically be an oscillatory integral; asymptotics obtained through the
stationary phase method often leads to substantially weaker results, see note

1.113. The stationary phase method, however, does not require analyticity of
fand g.

Note 1.129 Also, it is important to note that Watson’s lemma applies in
a half plane, and the resulting asymptotic expansion depends only on the
behavior of the integrand near zero. If the curve of steepest descent starting
at some point zg is clumsy, it can be replaced with a segment of line in the
same direction, or even in the same open half-plane centered on the direction
of steepest descent at zg

1.4a Simple illustrative example

Consider

1 Jivz
e
I(v) = dz f — 1.130
(v) /0 Sy pdx forv +00 ( )
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This first example is taken to be as simple as possible, to the point of being
a bit oversimplified. In particular, the stationary phase method (most often
suboptimal in C) would apply with the same result, and in the deformation of
contour process we do not cross singularities of the integrand, nor do saddle
points interfere with the deformation. Indeed, the steepest descent line at the
saddle z = 0 is vertical, and, since each point on the curve is moved along
a steepest descent path z = 0 simply moves up too. However, for argv # 0
(more precisely, when Im» = 0) this situation changes. In the notation of
(1.123), f(2) = iz?, g(2) = z_lH. Steepest descent paths emanating at z = 0
are determined by

Imf=Imf(0) =0 implying Rez? =0, i.e. z=ref™* for r e (—oo,00)
(1.131)
However, since Re f — —oo, along the ray z = {e'™/* : € [0,00)} as r — oo,

it follows that ooe’™/* is a sink that is connected to z = 0 along the steepest
descent path z = re’™/4. The steepest descent path from the other end point

z =1 in the integral (1.130) is found by setting
Imf=1Imf(1) =1 implying Rez? =1, i.e. 2> —y*> =1 (1.132)

A simple way to determine the local descent direction at a point zy is to
analyze the differential df = f’(z9)dz and determine the direction of dz for
which df € R~ (note that df = du since dv = 0). In our example df =
2izdz = 2idz and df < 0 if de = 0,dy > 0. Since only one branch of the
hyperbola passes through (1, 0) and it asymptotes to y = x, i.e. approaches
the sink coe’™/%, by simple estimates a homotopic deformation of the fol may
be made to coincide with descent paths z = re’™/* 0 < r < oo followed by
integration along steepest descent path C' that connects coe?™4 to 1 along the
hyperbola!® 22 — 32 = 1. Therefore,

im/4 . 2

ocoe iz eiu22
I(v) = d dz=1 I 1.133
W= et [ = nw e ne) )

For I (v), using z = re'™/* for 0 < r < 0o, we obtain after change of variable
and application of Watson’s Lemma

00 —ur? 00 —v
— ¢im/4 _e o in/d e "Pdp
Li(v)=e /0 1+ rein/a dr=e /0 2p1/2[1 + pl/2¢im/4]

1 . > (i1 L
~ = im/4 _ J T2 ijmw/4 (74+1)/2
5 ZO( 1)J1“< 5 )eJ yU (1.134)
j=

10We do not have the option of going along re~"/4 0 < r < oo since Re f — 400 and so
contribution at coe™?"/4 cannot be ignored as it can be for a sink.
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For I(v), we know that —p = f(z) — f(1) = iz? — i is real valued and
monotonically decreasing on the parabolic path C from z = 1 to z = coe’™/4,
since f’ # 0 on this path. Therefore, solving for z, inversion leads to

z=Z(p) = (1 +ip)*/?, (1.135)
where we can readily check that for this branch of square-root, as p — 400,
z — 0oe'™* as required. Therefore,
L(v) = —e™ /m iZ’(p)dp (1.136)
? o 1+Z(p) - .

Taylor expansion gives

Z'(p) i L \—1/2 . N1/2 -1 S j
714_2( ] = i(l—Hp) [1+(1+zp) ] = E a;p’, (1.137)
p =
where the first few coefficents are: ag = i} a; = %7 as = —%, as = —%.

Applying Watson’s Lemma to (1.136), it follows

L) ~ =™ ap 7T + 1), (1.138)
j=0

The full asymptotic expansion of I(v) = I1(v) + Iz(v) is then obvious from
(1.134) and (1.138).

Note 1.139 (1) The Taylor expansion in (1.137) can be written explicitly,
and in a simple way, in terms of the binomial series by multiplying the nu-
merator and the denominator by [1 -1+ ip)l/ 2] and expanding it out.

ive
z+1
the upper-half plane region between e!™/*R*t and steepest descent contour
C connecting coe™* to 1, for e.g. zy = %, then the singulariy at z =
zo interferes with the homotopic deformation into steepest descent paths.
Nonetheless, since this singularity is a pole, after collecting residue at z = zq,
we can use the same descent paths as in Example 1.4a. Since Im 2 > 0, the
residue contribution will be exponentially small in v relative to (1.138) and
(1.134). If this zp were a branch point instead, in addition to the steepest
descent paths, the homotopically deformed path will include a contour that
wraps around zg. Nonetheless, as in the case of the pole, the contribution of

the branch point is exponentially small in v.

ivz?
in (1.130), by £<—, where zg is in

z—z0)

(2)If we replace the integrand

Note 1.140 The end result of this procedure, after changes of variables, is
indeed a sum of Laplace transforms on [0,a), a € [0, 0] to which Watson’s
lemma applies.
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1.4b Finding the steepest variation lines

As mentioned, the main challenge in evaluation of asymptotic behavior of

/Cg(z)exp(l/f(z))dz (1.141)

is the determination of steepest descent paths decomposition of C. We now
discuss how steepest descent paths may be found when f(z) is not as simple
as the one in Example 1.4a.

In a nutshell, each point 2y on the initial curve C is moved along the steepest
descent curve «y passing through it, more precisely we look at the function
v(20,t) as t = oo. To simplify the discussion, we will assume that both f and
g are entire, and if parts of C extend to infinity, the integral along those parts
converges. If the functions are not entire, then the contours can be deformed
inside the domain of analyticity, and beyond that only in special cases, for
instance when the singularities of g are poles or simple branch points. If
an integral extends to infinity and the integral would not converge, then we
truncate the contour at some large enough z, (see Note 1.151) at the price of
introducing exponentially small relative errors in the estimates.

When v is very simple, as in 1.4a, one can just plot the curves v(z) = C.
If not, we can use tools from elementary ODE analysis to find the steepest
descent lines.

If along a curve y(t) = (z(t), y(t)) we have v(z) = C, then

(%dic Bv@_

dod oy =0 (1.142)

which happens along the solution curves of the system

dx _@ ou

5= 3 =5 = —Re (f'(2)) (1.143)
dy_av__@_ ,
= (f(2)

where we used v = Im f to write the system in terms of f’. We also chose the
sign so that the flow of ODEs system is antiparallel to Vu, thus along curves
of steepest descent.

Note 1.144 The system (1.143) is autonomous, and the task is to draw the
phase portrait. As a side remark, (1.143) is the characteristic system for the
PDE

dv v
— ' 4 Imf — = 1.14
Re f % +Im f 9y 0 (1.145)

The direction field is antiparallel with Vu, that is, it points toward steepest
descent directions of u and of e”*. To draw the phase portrait more easily we
note that:
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. Using the Cauchy-Riemann equations we see that Eq. (1.143) is at the
same time a Hamiltonian system as well as a gradient one.

. There are no closed trajectories since f, thus v, are not identically
constant. Indeed, v = Im f is harmonic, and a harmonic function in
a domain attains its maximum and minimum value on the boundary;
since we are dealing with a level set of v, call it ~, if v is closed then
max v = minv in the int(y) implying that v is constant in an open set,
thus constant everywhere, implying f is a constant.

. As discussed, all critical points of the field (' = ¢y’ = 0) are saddle
points, the points of interest for our analysis. Indeed, v cannot have, by
the maximum modulus principle already used in 2, any interior maxima
or minima. (If f is not entire, then of course singularities of f are also
singularities of the field.)

. At a critical point zy we have

F(20) =0 (1.146)
by (1.143) and (1.146), the local behavior of u near zg is
u(z) — u(z0) = %Re (F9o) = )) (L o()  (1147)

where k, generically k = 2, is the smallest such that f*)(zy) # 0. Eq.
(1.147) provides a simple way to plot the directions of steepest descent
of u at zg. These are the directions

F®) (20)(z — 20)F e R™ (1.148)

. Trajectories can only intersect at critical points of the field.

. The properties above, together with the behavior of f at infinity com-
pletely determine the topology of the direction field.

. To find the steepest descent line decomposition of a contour C we let
every point zg = xg+iyg € C flow along the steepest descent path passing
through zo. We write (zo,v0) — (z(t;20),y(t;y0)) and we denote the
set of such points by C(t). The connected components of the limiting
set:

{z: tlgrolo d(z,C(t)) =0}

represent the sought-for decomposition.

. By construction, on each C;, w is strictly monotonic and v, a constant,
thus f — f(z;), with z; an endpoint of C;, is one-to-one, and the change
of variable defined by ¢ = z — —(f(2) — f(z)) where Re f attains
a maximum, brings the integrals to a Watson’s lemma form, see Note
1.153.
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9. The asymptotic expansions are collected from the endpoints of the steep-
est descent lines from which u increases, since e™”* decreases rapidly
starting from such a point.

We illustrate this on a simple example: we start with the integral

in/4

ooe "
/ eV /A2y (1.149)

coebin/4

where v — +00.

Because of the rapid decay in z, the integral converges.
We want to find a curve homotopic to C that consists of paths of steepest
descent of e~ . In this example, (1.143) becomes

d

d—f =1— 2% + 3ay? (1.150)
dy Q.2 3

i 3x7y —y

The equilibria of (1.150) are, by (1.146) the solutions of 1—2% = 0 (2 = z+iy).
These are zj, = e2*™/3 k=0, ...,2 and near a critical point the directions of
descent are obtained from (1.147), 327(z — z;)? € R™.

For large t = |t|e??, we have f = —|t|*e*¥(1+0(1)), and thus asymptotically
there are, four curves of steepest descent, cos(4dp) = —1 + o(1) and four of
steepest ascent, cos(4d¢) = 14 o(1). All needed qualitative features of the
phase portrait, sketched in Fig. 1.1, follow from this information and the
fact that trajectories do not intersect except at critical points. In the phase
portrait, the arrows point towards steepest descent. We illustrate the detailed
arguments that leads one to Fig. 1.1 by showing how we can argue where
each of the two steepest descent and ascent lines emanating at the saddle
2o = e"™/3 must end up. First, note that each of the descent paths must end
up at sinks coe *™/* or coe3"/4 since the paths cannot cross the real axis
since y = 0 is an invariant set of the dynamical system (1.150). Each of the
two ascent paths at zo must end up at —oo or —ico, since they cannot cross
the real axis or approach +oo without crossing the lower-half plane descent
path emanating at the sadde zy = 1. Further, noting that the two ascent or
the two descent paths cannot approach the same sink or source at oo without
crossing each other, we are qualitatively led to Fig. 1.1.

Note 1.151 Note that if a path of integration starts at co in some direction
and ends at oo in some other direction, then for large ¢ on the curve the
arrows should point towards infinity to ensure convergence of the integral.
This is indeed the case for (1.149). The steepest descent line decomposition
for (1.149) consists of the curve L; joining o0e™/* to coe /4 passing through
the saddle zo = 1 together with the curve Ly connecting coe™ /4 to coe?™/4
passing through the saddle zo = e*"/3, as shown in Fig 1.1.
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FIGURE 1.1: Phase portrait of (1.150). The dotted line Cy is the initial
contour of integration, and the two curves L; and Ly through the saddle
points 1 and e*™/3 are its steepest descent decomposition. The light vectors
point in steepest descent directions and the black curves are some trajectories
of the system (1.150). See also Fig. 1.2.

Note 1.152 If the example above were modified to f;o:;’;//t g(z)eV(z—z4/4)dz,
where g(z) grows too fast along ooe /4 to allow meaningful homotopic defor-
mation as shown in Fig 1.1, for e.g. g(z) = exp [e‘i”/6z6], then g participates
in shaping the steepest descent lines for large z, and the saddle points for large
z are calculated using v f + log g instead!! of v f. This is similar to a steepest
descent problem in which singularities are present, such as the one outlined in
the next section. If only leading order asymptotics is needed, one can simply
the paths L; and Ly at some large enough zr,, 21, independent of v. With
such a choice, it is easily seen that the straight line path connecting the two
points is exponentially small relative to the saddle point contributions.

Note 1.153 (Connection with Watson’s Lemma) For a general entire
f, the set of saddle points through which the steepest variation curve passes
cannot have accumulation points, because of the assumed analyticity of f.
Then along any steepest descent line, the equation u(x(t),y(t)) = T has a
unique solution, and T'(u) is smooth except at the saddle points where it has
algebraic singularities. Furthermore, by construction, exp(iv(z(t),y(t)) =

11Sometimes, it is possible to rewrite vf + log g in the form l/f by rescaling z.
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FIGURE 1.2: The original integration path in (1.149) is Cyp. The light
arrows represent the vector field of steepest descent. Trajectories of the points
of Cy are shown in black. The four curves emanating from the saddle points
in quadrants I and IV are the limiting curves, which are lines of steepest
descent. Note that the partition of Cy occurs along the unstable manifolds at
the saddles. The lower picture shows the flow of the curve y = z at various
time intervals, as each point on the curve is moved along the steepest descent
line through that point.

const along such a curve. The change of variables f(z) = f(zo) +t brings the
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problem to the Laplace form to which Watson’s lemma applies.

Exercise 1.154 Complete the analysis of the example (1.149). Transform
the final contour integrals into Laplace transforms (the integrand might be an
implicitly defined function). Find the asymptotic behavior of (1.149) as v —
00, keeping only the two leading consecutive terms in the series expansions.

1.4b.1 A singular example

Consider the problem of finding the asymptotic behavior of the Taylor co-
efficients ¢y for large k in the expansion

1 = k
e =Y i, |2 <1 (1.155)
k=0

We have

1
1 et—s 1
Ck—1 = 7

L __Eklns
§=— etT—s ds 1.156
27 Jig=rc1 S* 21 J|s)=r<1 ( )

The rightmost integral is of the general form (1.141). What distinguishes this
case from the case we considered throughout this section is that g(z) = eT=
has an essential singularity at z = 1.

The steepest descent lines of f = —kIn s are simply rays towards oo, but it
is not possible to deform the |s| = r path along these lines of steepest descent,
since the singularity at z = 1 is not integrable. The function g contributes
nontrivially to the geometry of the curves of interest. We instead plot the
steepest descent lines of h(s; k) = ﬁ — klns for fixed k and let k — oo; we
see that h(s; k) has two saddle points, at s = 14+ k~1/2(1 + o(1)).

Both saddles are on RT, where (1 — s)~! — kln s is real; two arcs connect
the saddle points —above RT and below it— as the imaginary part of h is zero
at both saddle points, see Fig. 1.3; each arc is a heteroclinic connection ‘2
(how do you prove this?).

An initial circle of radius < 1 moved by the steepest descent flow becomes,
as t — oo simply the union of the two arcs connecting the saddle points, see
Fig. 1.3. To arrive at this conclusion we also used the fact that the integrals
along R to the right of the saddle point s = 14+k~'/2(1+0(1)) are traversed
in opposite directions and cancel each-other; also the integrand decays rapidly
on a circle of radius R: the contribution of the latter circle vanishes in the
limit R — oo.

The behavior of ¢; for large k stems from the behavior of h on a scale of
order k~1/2 near s = 1. The change of variables s = 1 + u/v, v = k/2 results

12A curve connecting two critical points of the field.
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Ci

-

FIGURE 1.3: Steepest descent paths of l—is — klns for large k and the

saddle points at s = 1£k~'/2(140(1)). The original contour of integration is
the circle centered at 0. Its deformation along steepest descent paths consists
of the union of the heteroclinic connections C; and its reflection along RT,
Cs (k = 7 in this picture; as k — 0o, Cy 2 shrink, and if rescaled, their shape
approaches a half-circle).

in
a1 -1 2
Ch—1 =V 5 exp [—v(u+u") = v?[In(1l + u/v) — u/v]]| du
27TZ C1UCs
(1.157)

where we added and subtracted —vu in preparation for expanding the log for
large v. We note that the function

272 [In(1 4 zu) — zu) = —3u® + Lz’ + - - (1.158)

is analytic at z = 0 and we can expand convergently in z = 1/k, as k — o0

) 2 s Bt ub
exXp [71/ [ln(l +U/I/) - u/uH =e / |:1 + 37 - ﬂ + 187 + - :| (1159)
We get
1 —v(ut+1/u)+u?/2 1 1
Ch-1= —5— € 1+ S Fi(=,u)| du (1.160)
TV Jr v
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where T is the unit circle, traversed anticlockwise and F}(z,u) is analytic in
(z,u) € D% x T where D is the disk of radius 1/2 centered at zero and T is a
neighborhood of the circle T. The steepest descent lines are slightly changed
into two half circles, as we expanded out a small term. Now the substitution
u+1/u = —2+ v brings the integral to a form to which Exercise 1.75 applies.
Indeed, to the leading order,

1
2miv

Ck—1 7~ —

?{ - exp [—v(u+ 1/u) + u*/2] du

1 w/2 37/2 )
= {/ -|—/ }exp [—2v cos 0] exp [if + €*? /2] d§  (1.161)
—m/2 /2

C2my

The second integral gives exponentially large contribution relative to the first
since —2v cos @ is maximal at v = w. Using Laplace’s method on this second
integral gives, to leading order,

e2Vk
k1= 2\ /mek3/4 (

It is to be noted that the contribution from the saddle u = 41, corresponding
to 8 = 0, is exponentially small in k relative to the contribution from v = —1
(0 = ).

Higher order corrections are obtained more simply as follows. We note that
f(z) =exp(1/(1 — 2)) satisfies the ODE

(1—2)%f"(2) = f(2) =0 (1.163)

The general analytic theory of ODEs implies that there is a on-parameter
family of solutions analytic at zero of the form f(z) = C Y ;2 cp2®. Inserting
the power series into (1.163) and collecting the like powers of z, we obtain
recurrence relation for ¢

e = (2= 1/k)cp_y — (1 = 2/k)cpn, k >2 (1.164)

with ¢g = 1 since we set C = f(0) = e. It follows that ¢; = %co = % As
we will see in the sequel, the asymptotic behavior of ¢ to all orders in 1/k
for large k can be obtained by WKB from this relation up to a multiplicative

constant, determined by comparing the WKB expansion to (1.164).

1+ 0(1)) (1.162)

1.5 Regular versus singular perturbations
1.5a A simple model

Consider first two elementary problems: finding the roots of the polynomials
Pi(z;¢e) = 2% — 1 — e and Py(z;¢) = ex® — x — ¢ for small .
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We see that P;(z;0) has five roots, p = 0, £1, +i. We choose one of them,
say p = 1 and look for roots of Pi(z;¢) in the form p(e) = 1+ 37, cre®.
Substituting in the equation P; = 0 we get (4cq — 1)e + (4deg +10¢3)e? + (4es +

20c1cp + 10c3)e = 0, and solving for the coefficients ci, ..., c3, ... we get
1 5 5
= - = —_——_— — T Ty e 11
C1 4 , C2 32 , C3 39 ) ( 65)

The series of p(e) is actually convergent. It would not be very convenient to
prove this directly from the recurrence relation, though this is possible. In-
stead, the (analytic) implicit function theorem applies at all 5 roots of P; (z,0);
for instance, at x = 1, P/(1,0) = 4 and analytic solutions extend analytically
since at z = 1 or at any other root of P;(x,0) = 0 satisfies 52 — 1 # 0. One
can also apply the contractive mapping principle by substituting p = 1+ §
into the equation, placing the largest term containing § on the left side, and
showing that the equation for § is contractive for small §, in a space of func-
tions analytic in € at € = 0. We leave the details as an exercise. In this case
the implicit function theorem is simple. For general nonlinear differential or
difference systems, the difficulty lies elsewhere, and the contractive mapping
theorem may be more convenient.

This is a typical behavior in regularly perturbed problems: the roots of the
leading order equation Pj(z;0) give the leading behavior of the actual roots
of Pi(x,e) ase — 0.

By contrast, Py(x;0) has only one root, 2z = 0. Four solutions of the quintic
polynomial P, (x,¢) are lost by setting e = 0 in the equation; this is an example
of singular perturtbation since Py(x;0) does not capture all the behavior of
the five roots of Py(x,€) as € — 0. In this simple problem, we can transform
it into a regular perturbation one in £/ by using scaled variable y = ¢~ 1/4z.
However, in anticipation of more complicated problems, it is useful to employ a
more intuitive argument. As € — 0 some polynomial terms become relatively
small compared to others. Evidently, one cannot have a single nonzero term >
all others in the limit. The method of dominant balance is a way to determine
which terms (at least two, per the above) contribute to the leading order (or
dominant) balance. We can take this example and illustrate the method,
though the example is a bit too easy. Balancing —x with ¢ is consistent since
the result  ~ ¢ is compatible with ignoring ex®. However, this can only
lead to the approximate determination of one root of the quintic polynomial.
Clearly, other balances need to be investigated. Balancing ex® with ¢ leads
to an inconsistency, since the ignored term —x would turn out to be much
larger. We must then have ex® ~ x or equivalently ex* ~ 1. To obtain the
higher order corrections, we substitute the scaling obtained from the leading
order balance: = = e~ /4y and we get

v =y+m (n=e"Y) (1.166)

Now the limiting (n — 0) equation, y® = y, has five roots as expected of
a quintic polynomial. Note that the approximation xz ~ ¢ is recovered as
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y ~ 1 and there is no need for a separate argument for that case. In fact, the
equation (1.166) is P;(y;n) = 0, now the implicit function theorem applies at
each root. The roots are thus analytic in 7, implying they have convergent
expansion in powers of £%/4. For instance, the convergent expansion in 7 near
y5 :31 which can be obtained by substitution or by iteration, § = in — 3—52172 +

1.6 Regular and singular perturbation equations in dif-
ferential equations

By contrast, we will find that in singular perturbation of differential equa-
tions, where a small parameter typically multiples the highest derivative, the
asymptotic expansions are generally divergent.

An equation can be regularly perturbed in some regimes and singularly
perturbed in some others.

1.6a Formal and actual solutions

Consider the differential equation

Z—]; =+ +2f% f0) =1 (1.167)
which we analyze in a neighborhood of z = 0. The general analytic theory
of ODEs ensures existence, uniqueness and analyticity of the solution in a
neighborhood of z = 0. We can calculate the power series solution in a
number of ways, for instance by substituting f(z) = >, cx2" into (1.167)
and identifying the coefficients c;. We get

722 4128 5724

=142 —
f(z) +z+2+6+4

(1.168)
If we write the equation in integral form
flz)=1+ / [£(s) + f2(s) + 5f°(s)] ds
0
and iterate,
fun@ =14 [ (falo) + £206) 4 sf20Mss fa(2) =1 (1169)

we can check that, for small z the sequence {fx}x is uniformly Cauchy, and
thus convergent. This can be seen using the fact that if a function h is bounded
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/OZ h(s)ds

The recurrence (1.169) can be used to generate the power series at zero, by
inductively replacing f, by its Maclaurin series truncated to O(z") and in-
tegrating the resulting series term by term. We will not go over the details
here, as we will develop more general tools shortly.

and integrable, then

< 7] lmax |h(s)] (1.170)

s|<|z]

1.6b Perturbed Hamiltonian systems

An interesting example is the pendulum of slowly variable length. A model

equation is
9

lop+et

where g is the generalized position, g is the gravitational acceleration and [y is
the initial length. A proper treatment of this problem will have to wait until
we study adiabatic invariants.

By changing units and € we can assume without loss of generality lp =g =1
(and denote the rescaled time still by ¢):

i+ q=0 (1.171)

1
j+-——y=20 1.172
v+ 14 5ty ( )
The limiting equation § + y = 0 has a two dimensional family of solutions,
y = Asint + Bcost. Assuming that y(0) = 0 and y(0) = 1 we choose
qo(t) = sint. We look for solutions y in the form of power series in powers of
E?

y(t) = sint + iekyk(t) (1.173)
k=1

Solving order by order in £ and using the initial condition y(0) = 0 and
9(0) = 1, translating to y5(0) = 0, y;,(0) =0 for k > 1, we get

: 1, . 1,5
q(t) =sint + Ztsmtfzt cost | €

3 3.0 1 4\ . 3 1 4 o2
+ [(32 32t 32t )ant (3225 16t )co&t}e +--- (1.174)
By induction, €* is multiplied by a polynomial in ¢, cost,sint of degree 2k in
t. We see that for the expansion to be convergent, or even useful, we need
t2kek 5 0 that is t2¢ < &, where d needs to be relatively small.
In a region where t < de~'/2 with § small enough, we can set up a con-
tractive mapping argument to justify the expansion, which will turn out to
be convergent indeed. We leave this as an exercise as well.
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Note also that in the time interval 0 < ¢ < /e we have | = [y + O(+/, that
is, the length does not change much; this region is not very interesting. A
proper treatment of this problem will have to wait until we study adiabatic
invariants.

The problem can be viewed as a reqular perturbation problem, in the original
scaling, but the interval of time over which this regime is relevant is too short.

Now, when t ~ £ 1/2 it is natural to take tv/e = T as a new variable,
q(t) = Q(7) that will not be necessarily small. The equation for @) reads.

Q
Tr e 0

Now the limit € — 0 is singular: in this limit equation (1.175) would become
# = 0; here, as in the case of Py(x;¢) we lose most solutions. Further-

eQ + (1.175)

more, the surviving solution @ = 0 is not very interesting, and it does not
satisfy the initial condition. We need to do something else, in this case WKB,
which we introduce in §1.6h.1 below.

1.6c More about regular and irregular singularities of ODEs.
Some simple examples.

Consider instead the equation

% —272g(2) + 271 =0 (1.176)

The point z = 0 is a singular point of (1.176), in fact an irregular singular
point; there are no analytic solutions near zero. Again, by dominant balance
as z — 01, we find that the only consistent leading order terms are —z~2g

and z~'. By this balance, the iteration supposed to give the solution is
gt = 2 4 22(glMy gl = 2 (1.177)

The iteration (1.177) is well defined, and it is solved by the sequence of poly-
nomials (g, )nen, where g,(2) = z + ZZ:; (k —1)!2*. The sequence of poly-

nomials has no limit, and we generate the “solution”
g(z) “=" z4+ > (k—1)F, (1.178)
k=2

As we will see, this series with zero radius of convergent is the asymptotic
expansion of some solution (in fact, of all of them!) as z — 07. In fact, it
carries much more information than this. This differential equation is singu-
larly perturbed in essentially the same sense of our polynomial toy models:
the equation satisfied by the dominant terms, here 272g = z~! has only one
solution, whereas a first order ODE has a one-parameter family of them. The
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“dominant equation” has fewer solutions than the full equation. Let us com-
pare the two ODEs:

(A) D ye=z md(B) L= ()

The iteration obtained by dominant balance in (A) is
(Hn ) =gl 4 2 o (g)ln+t = / g™ (s)ds + 22 /2 + C (1.180)
0

and we are iterating on the integral, a regularizing operator, instead of the
derivative. Substituting a power series in z in (1.179), and equating the
coefficients of z* for k > 2, we get (k + 1)cpy1 = cx in (A), and cpio =
(k+1)cg41 in (B). We see that the contribution of the derivative to terms of
the expansion is essentially multiplication by k£ while the singular term, when
present, shifts the index affected by the k multiplication. From the recurrence
relations we obtain that the coefficients c; in (A) are proportional to 1/k!
while in (B), they are proportional to (k — 1)!.

Finally, let’s see how the expansion (1.178) relate to the solutions of (1.176).
In this example, we can write down the exact solution of the equation as

g(z) = Ce /7 — e_l/z/ stel/*ds (1.181)
1

The change of variables s = 1/t,z = 1/x brings (1.181) to the form

T 1
g(1/z) =Ce™" + e_”z/ t~tetdt = e " (C’ —I—/ t_let)
1 —o0

+ e_x/ t~lteldt =: Che™™ + e_m/ tteldt = / f du + Cye™",
—0oo —o0 0 —u
(1.182)

where we used the change of variable ¢ — z(1 — u) and the contour of in-
tegration avoids t = 0 (i.e. u = 1). Watson’s lemma shows that g(z) ~
z+ > pe o I'(k)z". What we see is that the formal power series solution is, in
this case as well as in (1.167), the Maclaurin series as z — 07 of some solu-
tion (all of them in (1.176)). The fact that formal solutions are asymptotic
to actual ones is true in much wider generality, as we will see in the sequel.
To get actual solutions, for now we remember not to place the highest
derivative on the right side in an iteration scheme.
Note 1.183 Singularly perturbed linear ODEs cannot be expected to have
a complete set of solutions with asymptotic behavior described by powers or
combination of powers and logs. Consider for instance

y'+ A(2)y + B(2)y =0 (1.184)
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with A and B having poles at z = 0. Assume two independent solutions have
asymptotic behavior y = 2%(1+0(1)) and y = 2°(1+0(1)) near z = 0. Solving

for A and B, the leading order asymptotic behavior!? is found to be
l—a-—25 b
A= %(1—&—0(1)); B(z) = 2—2(1+o(1)) (1.185)

This implies that z = 0 is a regular singular point, which constitute only
special cases. Indeed, for a general linear homogeneous ODE of any order with
meromorphic coefficients, it may be proved that at an irregular singular point,
the asymptotic behavior of some (or all solutions) will involve exponentials
(cf. [20] eq. (2.4) p.143) possibly multiplied by power series; when this is the
case, the series are generically divergent.

Exercise 1.186 Prove that an n-th order linear homogeneous ODE with
meromorphic coefficients can have a full set of independent solutions behaving
like 2Pi to leading order, then the singular point is regular and the solutions
are given by convergent series in (possibly noninteger powers) of z.

1.6d Choice of the norm

The choice of a norm is sometimes crucially important in proving asymptotic
results. Consider another very simple model,

y —y—y/2* —1/x =0 (z € RT) (1.187)

where we want understand the behavior of solutions for large x > 0. Of course,
(1.187) can be easily solved in closed form. We will not use the explicit solution
since we plan to understand some qualitative features about the behavior of
solutions of ODEs and, in general, closed form solutions do not exist.

The dominant balances for (1.187) are easy to determine, since, as  — 0o
the third term is always dominated by the second one and cannot influence
the leading order balance. Thus y ~ 1/x is one consistent balance, as one
can check, and the other one is ' ~ y. We look at the latter one. With the
intent of estimating away the small term y/x? through a contractive mapping
argument, we place it on the right hand side of the equation. Written in an
integral form, (1.187) reads

T e 8ds T y(s)e* T e3ds
y = y(zo)e™™™ +€m/ — —i—ez/ yls)e™ 3)2 =: Cem—&—e”’/ +Aly]

xo 0 o 5
(1.188)
In principle, the value of zg > 0 is immaterial, since a change in xy can be
compensated by a change in C'. However, the smaller xg is, the larger will the

13The differentiability of the asymptotics can be assured using the differential equation
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kernel of the integral (s=2e~*%) be, so we’ll choose a large enough zq its size
to be determined later.

What norm should we choose? In general, the best norm is one that reflects
the actual behavior of the solution. Of course we do not know it exactly at
this stage, but we can rely roughly on the dominant balance equation, which
suggests y ~ Ce”.

Based on this we construct a Banach space based on the norm

171 = sup [e~* f () (1.189)
x>x0

and choose a ball in this space where we plan to apply the contractive mapping

principle:

B=A{f:|fl <M} (1.190)
for some M > 0. To show contractivity of the map, the norm of the linear
operator A (see §2.15) in expression of L should be < 1:

sup [ Ayl < [lyll sup e Ale”]| < 25|yl (1.191)
T>x0

and contractivity is ensured, with a small contractivity factor, if zq is large.

The value of M cannot be arbitrarily small: since the norm of A is small,
the leading behavior of y comes from the terms independent of y on the right
side of the equation, that is the first two terms, thus certainly M > |C|. By
direct calculation it is seen that any M > |C| + 1 suffices when x¢ is chosen
sufficiently large.

Let us now try more generally a norm of the form

[fIl = sup [e™"* f(x)] (1.192)

r>x0

Simple estimates show that for the contractivity of L we need v > 1. This
is to be expected, since if L were contractive for v < 1 there would exist
solutions that grow slower than e”, and this is inconsistent with (1.188). We
also see that, for large v and z¢, the norm of A is O(v~'zy?). The contrac-
tivity factor depends on the norm chosen. Generally, speaking, relaxing the
conditions imposed through the norm makes the operator more contractive,
at the expense of course of having poorer control on the solution.

Exercise 1.193 Estimate the norms of Ce®, Aly] and Aily] in the norm
(1.192) for v in the range (—oo, 00).

1.6e Choice of limits of integration

In view of the fact that y(z) ~ Ce® for large x, one can write the general
integral form of the equation as

T x—Sd T x IC—Sd
y = Ce” —1—/ € . 5 e”/ s %y(s)e *ds =: Ce” +/ < . ° Ay y]
(1.194)
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The choice £y = oo in (1.194) ensures that the maximum of the integrand

is reached at the variable point of integration (think at the connection with

Watson’s lemma). Such a choice is especially important in problems in which

the solution decreases instead of increasing. See also Exercise 1.193.
Changing the sign in (1.187) and adding a nonlinearity,

Y +y—y/r®—1/z+y* =0 (z €RT) (1.195)

we now see that only the balance y = 1/x is consistent. Writing the integral
equation in a for similar to that for (1.187),

¥ esds T y(s)e* r .
y = y(zo)e” "0 +e‘ﬂ”/ — +e‘$/ y(sz +e"”/ y(s)?e’ds

Zo Zo 0

=:Ce™™ + e_””/ ¢ds + Aly] (1.196)

0o S

we see that the behavior 1/x in the region & > zy cannot be enforced by a
norm, in any easy way (try!). Instead, this is possible by choosing one limit
of integration to be +o0e’®, ¢ = /2 + €, as indicated before:

T sd T S xT
y=Ce * + e*"”/ c¥ e’w/ y(sge + e’I/ y(s)%e*ds
eiw S eiw S el

oo oo o0

. ce*“f+e*m/ S Al (1.197)

ocoeiv S

1.6f An irregular singular point of a nonlinear equation

Consider Abel’s equation
y/ :y3+x (1198)

in the limit z — +o0o0. We first find the asymptotic behavior of solutions
formally, and then justify the argument. We use again dominant balance. As
x becomes large, y, y’, or both need to become large if the equation (1.198) is
to hold. Assume first that the balance is between 3y’ and x and that y® < .
If 4 ~ x then we have y ~ 22/2 and y® ~ 25/8, and this is inconsistent since
it would imply 2°%/8 = O(z). Now, if we assume z < y® then the balance
would be 3/ ~ y3, implying y ~ =+ L but this is small for  — zg > 1

except when there is a sequence of singularities zg — oo and it is not possible
to assume x — xg to be uniformly large; this situation is analyzed in a later
chapter (§?7). Therefore, with those exceptions, we are led to a contradiction
in assuming 2 < y>. We have one possibility left: y = aa'/3(14 o(1)), where
o® = —1, which assuming differentiability implies ¥’ = O(x~2/3) which is now
consistent. We substitute

y = az'3(1+v(zx)) (1.199)
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with the expectation that v will be small. This part of the analysis does not
have to be rigorous. If the balance is mistaken, the final integral reformulation
of the problem would simply fail to be contractive. For definiteness, we choose
o = €™/3_ the analysis being similar for other cubic roots of —1. We get

oz’ + 3zv + 3xv? + 2v® + %x72/3 + %xiQ/Sv =0 (1.200)
To find the dominant balance, we first eliminate the terms that cannot par-
ticipate in the leading order balance: 3zv? + 2zv® + $272/3¢ are dominated
by 3zv if indeed v is small. We are again left with three terms that can par-
ticipate to the leading order balance. We note two things: it is often the case
that, after a substitution based on the leading behavior and smaller correc-
tions, of the form (1.199), the new equation is of course more involved, but
many terms are easily excluded from the dominant balance. Also, the size of
the nonlinear terms relative to the linear ones decreases. By elimination we
see that to leading order only two terms can be of comparable size, 3xzv and
%x_Q/?’ giving

v~ —%x_5/3 (1.201)

Based on the discussion in the previous section, we know that although v’
does not participate in the leading order balance, for a rigorous analysis, we
have to we keep it on the left side and try to rewrite (1.200) in a suitable
integral form. We hence place the formally largest term(s) containing v and
v’ on the left side and the smaller terms as well as the terms not depending
on v on the right side:

az'/Pv 4+ 3zv = h(z,v(z)); —h(z,v(z)) = 3zv® + 20® + %m_Q/g + %x_Q/gv
(1.202)
We treat (1.202) as a linear inhomogeneous equation, and solve it thinking

for the moment that h is given.
This leads to

v=N();
5/3 1 9

N(v) = Ce5a® +*675‘T5/3/ 6%35/3571/3h(s,v(s))ds (1.203)
a .

Since the domain of interest in this problem is x > xg we chose the limits
of integration in such a way that the integrand is maximal when s = z: if
-1/3, 2 a/3
T — +o00, then x esa
prescription.
We note that h(s,0) = %x_2/3 and by integration by parts, we conclude
that its contribution to the integral in (2.49) to the leading order is —%x’S/?’
(consistent with (1.201)). The asymptotic behavior of the contribution of

— o0, and our choice corresponds indeed to this
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h(s,0) for large x can be also determined simply from L’Hospital:

[ ebs" Jsnds 1 .

or by using Watson’s lemma after suitable changes of variables. Thus, it
is natural to choose xy large enough and introduce the the Banach space
B={f:]fll <oo} where

5 T T
£ :== sup{|x5/3f(x) s x| > T, 3 AIGT — AT € (—5, 2)} (1.205)

Since the arguments apply more generally to a complex sector, we have ex-
tended our domain accordingly, instead of restricting the analysis to the real
positive line. Within B, we consider a ball

Bi={feB:|fl <2} (1.206)

whose size is large enough to include inhomogeneous terms resulting from
integration of h(s,0) in (2.49) since

2
= < H%x_S/?’H +o(@™%) < 2 (1.207)

I _ 058 [T o /3 _
—e 5a” esa®"s71/3n(s,0)ds
zo

for large enough x.

Lemma 1.208 For given C, if xq is large enough, then the operator N is
contractive in By and thus (2.49) (as well as (1.202)) has a unique solution
there.

PROOF We leave this as an exercise. I

Exercise 1.209 Find an asymptotic power series solution as z — oo of the
Painlevé equation Py,

y' =y +2 (1.210)

and prove that there are actual solutions asymptotic to it as z — co.

1.6g Integral reformulations in PDEs: an example

The free w equation is ug — c?ug; = 0; ¢ can be scaled out, by changing
variables to Z = z/¢; without loss of generality we can then assume ¢ = 1.
Usually, the equation comes with initial conditions (at, say, t = 0):

Upe — Uz = 0; w(z,0) = f(x), wue(x,0) = g(x) (1.211)
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When f € C?(R) and g € C*(R), the change of variable { =z —t, n =z + ¢
leads to the well-known D’Alembert solution

x+t

u(z,t)=3f(e+t)+3fla—t)+ 3 / g(s)ds (1.212)

r—t

Without smoothness of f and g, (1.212) is interpreted as a weak solution, one
which satisfies the equation in the sense of distributions. For simplicity, in
the sequel we will assume that there is enough smoothness to work in a space
of functions. In the same way we can solve the wave equation with a source,

Ut — Uge = S(2,1); u(z,0) = f(z), u(x,0)=g(z) (1.213)

to obtain

u(z,t) = %f(x—l—t)—i—%f(a:—t)

T r+t—s
+§/7 s)ds + = //t+ s)dyds (1.214)

The wave equation with potential arises naturally in a number of physical
problems, ranging from electrodynamics to the wave evolution in the presence
of a black hole. It reads

Ut — Uy + V(2)u(z,t) = 0; u(z,u) = f(z), ulz,0)=g(x) (1.215)

Clearly, at least for general V' we cannot expect to solve (1.215) in closed
form.

Here we assume that V € L*°(R) and f,g are in L'(R) and show that
(1.215) has a global solution u(-,t) € L*(R) and |ju(-,t)||z1 grows at most
exponentially in ¢t. That exponential growth is possible for some potentials
can be seen in the following way. Looking for a solution of the PDE in (1.215)
of the form wu(x,t) = e*U(z) we obtain

—U" 4V (x)U = —\*U with initial condition u(z,0) = U(x),us(z,0) = \U(x)
(1.216)

Eq. (1.216) is the time-independent Schrédinger equation; in that setting it

is natural to assume that V decays as z — oo. An L? solution of (1.216)

for A # 0 is called a bound state of the quantum Hamiltonian —% + V(x),

and for many potentials of interest these do exist (for instance for any large

enough square well).

We can use (1.217) to rewrite (1.215) in integral form,

u($7t)—2f($+t) Qfaj_t)
x+t T+t—s
L1 / glo)ds — / / 8)dyds = Alu](x,1) (1.217)

t+s
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Proposition 1.218 Assume the initial conditions f(x) = u(t,0) and g(z) =
1

ug(x,0) are in L'(R) and V€ L*¥(R). Then, if v > V2|V|Z we have

sup, g e Jlu(t, )L, <oo.

PROOF We write the Duhamel formula as

flz—1) +f(w+t)

u = Au; Au:=
+§/ Ii(y — dy—f// I_s(y — x))dyds  (1.219)

where I, = X[_q,q], the characteristic function of the interval [—a,a]. Con-
sider the Banach space

B ={u:|lul, = sup e ult, ) < ooks (v>V2V]%)  (1.220)
(S

Applying Fubini to integrate first in x, we see that || f H(y—2)g(y)dy| <
2t||g||1 and (since by definition ||u(-, )H1 < ||ull e”®)

/ / Y)xi—s(y — x)dydt 1

t
< IIVHooHUIluiglge’”t/o 2(t — s)e"*ds < 2||Voor?[Jull,  (1.221)

supe “t

t>0

Using (1.221) we see that A : B — B is contractive. Also, assuming f, g and
V are smooth, the solution is seen to be smooth too: since u € L', Duhamel’s
formula shows that it is continuous; then, as usual, using continuity we derive
differentiability, and inductively, we see that u is smooth.

I

Note 1.222 This is one of the cases mentioned before in which exponential
growth is possible, but the rate of growth cannot be determined “in closed
form” for an arbitrary V, and we settle for an overestimate.

Exercise 1.223 Complete the details by showing that this result implies
global existence of a solution of (1.215).

Exercise 1.224 (i) Assume V € L*(R). Prove a similar result with ||u|| given

1/2
by sup;qe " <ffooo |u(ac,t)|2d33) . Use this result to estimate the largest
possible eigenvalue of V.
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1.6h Singularly perturbed differential equations with respect
to a parameter

1.6h.1 Heuristics and formal expansions approach
Consider first the very simple equation

2Ly L, 1 1.225
€2 +y=0; e (1.225)
which can be of course solved in closed form, which we will do after we explore
some qualitative features. The limit ¢ — 0 is singular: taking ¢ = 0 in
(1.225) leaves us with y = 0. Most solutions of (1.225) are lost by formally
setting ¢ = 0. This is one of the indications that an equation is singularly
perturbed. Also, if by rescaling variables the parameter can be scaled out (for
(1.225) z = te achieves this), then as ¢ — 0, any fixed x # 0, t approaches
o0, an irregular singular point of the equation. Further, we note that the
€ dependence at zero is not analytic: this is seen of course by solving the
equation, or, having more general equations in mind, by attempting to find
solutions as convergent series in €: there are no nonzero ones.
Similarly, the equation
d?y 2
Tz Y= 0 (1.226)
is singularly perturbed fixed for any fixed a # 0 as x — 00, since the change
of variable x = 1/z brings it to
2
24% + 223% —a*y(z) =0 (1.227)
and we see that for small z the coefficients of the derivatives on the left side
of the equation vanish at z = 0, and if we ignored these terms we would be
once more left with a scalar equation, y = 0.
The eigenvalue problem for the one-dimensional Schrédinger equation

—h2" + V(x)y) = B (1.228)

is singularly perturbed when the Planck constant i — 0 (its physical value is ~
6.626068 x 10~3*m?kg/s), if x — oo or both. Here 1) is the wave function and
it has the physical interpretation that |1 (z)|? is probability density function
for a particle and the total probability is one: |[¢||2 = [*_[¢(2)[*dz = 1. For
a typical potential V' going to zero as © — oo, Eq. (1.228) is also singularly
perturbed when « — oo for fixed fi. Indeed, taking = = 1/z we get

d*y dip
2 ( 4 3 _
and for z = 0 we are left with the scalar equation Fy = 0. The solution ¢ = 0
is not physically acceptable, as it violates ||1||2 = 1. The limit & — 0 is also
singular, for the same reason.
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Let us look first at z — co. We can analyze (1.229) using dominant balance,
but the form (1.228) is algebraically simpler. It is clear that V' (z)ty cannot be
part of the dominant balance for large x, since it is necessarily much smaller
than E1. We are left with the equation —A%¢"” ~ E¢ which can be solved
exactly. Pretending for a moment that we did not have a closed form solution
for the dominant equation and we tried a leading behavior of the solution as
x — oo in the form ¢ ~ z%, we would get

h2a(l —
V(z)— E+ “(T“) =0 (1.230)
in which case no balance is possible. Therefore behavior cannot be power like.

The exact solution of the leading order equation is
P~ Ceth ' eV=E (1.231)

We will see that (1.231) is not quite right unless V(x) decays faster than
1. Corrections to the exponent h~'v/—Ez may be in the form o(z) and
e®®) £ O(1). Indeed if V(x) ~ 2, this correction is proportional to Inx, say
aln 7, which on exponentiating results in 2%t @V=E 4 Ceth™'aV=E_ Thjg
is another feature characteristic for singularly perturbed equations: more than
one term may be needed in the initial ansatz for the exponent to correctly
represent the leading order behavior of the solution. This and other reasons
will make the WKB approach below almost necessary.

For now we note that for £ < 0 the leading order formal solution is either
exponentially large or exponentially small when z — co. Given that i must
be in L2, any solution with exponentially large behavior either at z = +oo
has to be ruled out. The solution that behaves like 2%e~" "2V=F a3 2 — 400
does not necessarily have the same behavior as * — —oo since in the the
intermediate regime z = O(1), the asymptotics is invalid. Determining the
asymptotic behavior of a solution at 4+oco in terms of its behavior at —oo
is referred to as a connection problem. Requiring that the solution decays
exponentially both for x — +oo selects special values of E, the eigenvalues
of the problem. While solutions 1 do not have power-like behavior for large
x, log® does. An exponential substitution, y = e“(*) is suggested, and this
WKB ansatz is very helpful in singularly perturbed equations.

We will proceed formally first, and then prove a result for (1.228). So,
consider again (1.228) and substitute 1 (x) = e“(®). After dividing by e*(*)
we get

R’ +w'?) =E—-V(z) (1.232)

or, with w’ = f, we get the first order nonlinear ODE
R+ fH=E-V(z) (1.233)

We analyze (2.338) by dominant balance. We first assume for simplicity that
E > V(x) for all z; a similar argument works if F < V(z) for all z, with
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V'V (x) — E replacing iy/E — V(z). Near points z; where E = V(z;), called
turning points, the dominant ballance changes and we will study these points
separately.

Note 1.234 In a WKB ansatz, we have w” < w'>. Later we will prove a

more general result on this. In the present example, it is easy to see that
the only consistent dominant balance, say for fixed z and small ¢, is between
—h2f? and E — V(z), and with this balance w” is much smaller than the
other terms (unless V(x) is very close to F; points where V(z) = E are called
turning points and will be discussed separately). For now we simply remark
that

"

(5/)2 = —é(l +0(1)) = w = alog(x)(1+ o(1))

on exponentiating would give 1) ~ 2%e°™?) for large x, a power-like balance
that we ruled out.

According to Note 1.234 we place w” on the right side of the equation, treated
as being relatively small. With f = w’, (1.233) implies

fe i%\/E—V(a:) TRy (1.235)

where we choose one sign at a time, say plus for now, and we expand (1.235),
by the usual Picard-like asymptotic iterations,

fMHL:%¢Efvg»+WﬂW (1.236)

with fI=1 = 0.

The fact that the highest order derivative is on the right side of the iteration
strongly indicates that the expansion thus obtained is divergent.

To get the first few terms in the expansion, it is more convenient to expand
the rhs of (1.236) to a few orders in A. To three orders we get

th[n]/ B Z(f[n]/)2h3
2/E—V(x) 8(E-V(x))?*?

In this way we get (assuming V is twice differentiable) the following results
when expanded out in powers of & to the order presented.

1 = i E= V()

frtl = L /E—V(z) +

4o (1.237)

f=41 E—W@+1—K—+O@

R 4E—-V

‘ 1 v Sy L Ly(E - V)
2] _ 4 E — - K32 8 h2
o= Vo +ig—v * E-vayr oW

15 v”? 9 V'V’ 1 V"

[3] _ [2]—h2 - 7 o h3
o= (64(V—E)4 32(V—E)3+16(V—E)2>+O( )

(1.238)
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In terms of w this gives
wl = ﬁ/ VE =V (s)ds +C (1.239)
[T 1
wht] = %/ VE V(s — { (B~ V() +C+0(H)  (1.240)

and indeed we see that a log term is present in the exponent. Finally, returning
to ¢ we get the (formal for now) solution

b = CL(E — V(z)) Vieh oo VEZVENS (1 4 51y (1.241)

If V — FE has a zero, the expansion (1.238) makes no sense in a small neigh-
borhood of the zero since terms that appear latter in the iteration become
progressively more singular near the zero. A question that arises naturally is
how close can we get to the zero with the expansion in A?

We notice that i(E — V)™3/2 <« 1 ensures that fl0 — fl <« fl0 and
f— 2 <« 00 This can be shown to be the case for all orders of the
expansion, and stems from the simple fact that, to obtain this expansion we
assumed that h?f’ < E — V. If this is indeed the case, if we approach a zero
of E —V where V' # 0, then f’ is expected to be of order (E — V)~1/2/h as
seen by differentiating (1.238). The procedure has a chance to be legitimate
if , 1

WV —FE
which is the same condition i(E — V(z))™3/? <« 1 that ensures that the
iteration (1.238) is properly ordered. This shows that the region where E —
V % 1?/3 has to be dealt with in a different way. This is the turning point
region and we will analyze separately. We also note the coefficients of higher
order powers of i contain, as V — E — 0 a leading term and corrections of
order (V — FE) as compared to the leading term. This shows the formation of
a new type of expansion, to carry through the region where V — F is small.

< (E-V)=E-V:>h/3, (1.242)

1.6h.2 PDEs and formal WKB

In the context of PDEs, the Cauchy-Kowalewski theorem!'# guarantees local
existence of solutions of initial value problems of the form

okh=F (w,t, o7 agh) , where j < k and |a|+j < k (1.243)
where € R and the multi-index o = (a1, a1,..ap) is in (NU{0})", |a| =

> oj—1 oy and 9 = 091092 - 9gn. We use initial conditions

A h(x,0) = fi(x), 0<j<k (1.244)

141n our context, we look for solutions as power series in t with functions of z as coefficients
rather than expanding in both x and t.



52 Course notes

where all the functions involved except for h itself are assumed to be analytic.
Note that the allowed order of the spatial derivatives is at most the same
as that of the time derivative. This is the case, for instance, of the one-
dimensional wave equation

Ut = Ugy; u(t7 0) = ’U/O(x)7 ut<t’ 0) = 1}0(1’)

where x € R. Assuming analyticity of wug, vy, and pretending, once more, we
did not have a closed form solution, a power series ansatz

u(t,x) = frla)t? (1.245)
k=0
yields
1 e o (2F)
Srv2 = (k‘TIEkH) = fp = (;k)! (k even) and fi = % (k odd)
(1.246)

Analyticity implies that ’uézk)‘ < (2k)!C*; similar bounds hold for vg. and

thus Z;’;O uy,(z)t* converges. In this case, substituting these f, in the series,
we get the exact solution (no surprise)

A%
I(uo(z +1) +uolz — t) + Vol +y) — Volz — t)); dTO =vy  (1.247)
By contrast, in the heat equation
hy = gy (1.248)

the highest derivative in t is of lower order than the highest derivative in x
(the principal symbol is parabolic), and not of the form (1.243). The same
power series ansatz yields

hy, K
= = ~ k! as 1.24
g1 k—|—1:>hk i k!'as k — oo (1.249)

and, by the same estimate as above, we see that for analytic initial which are
not entire, the now formal series solution (1.245) is factorially divergent. The
effect of parabolicity is very similar to that of a singular perturbation: the
derivatives on the right side of the recurrence are of too high order for the
formal series to converge. Much as in the case of ODEs (cf. Note 1.183) fac-
torial behavior is associated with the potential presence of solutions behaving
exponentially, and this suggests a W K B substitution:

u=e" (1.250)
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leading to
Wew + W2 =W, (1.251)

Under the ansatz that we used before, |W,,| < W2, we obtain the leading
order equation

W2 =W, (1.252)

which can be made quasi-linear by taking an z derivative. With V(z,t) =
Wi (x,t) we get
2VV, =V, (1.253)

with the general solution gotten by characteristics is

F(V)+2tV+2=0 (F general) (1.254)
For example, with F' = 0 we get V(z,t) = -5 = W = _%' Substituting
Wz, t) = —% + 0(z,t) in (1.250) into (1.251) we get

52— 5+ By — Ly —

——=0 1.255
t 2t ( )

with one of the consistent balances, between the second and the last term
giving

1
§(x,t) = —3 Int (1.256)
The ¢ in (1.256) solves the full equation (1.255) and we fortuitously don’t
need further correction terms because ex {—% — % log t} is an exact solution

to heat equation. Such cancellation cannot be expected for more general
equations. In terms of h, this exact solution is simply the heat kernel,

22

h=t%e % (1.257)

We can try WKB on the wave equation also, since the growth of solutions
of PDEs depends on the initial conditions, and could be exponential. With
u=e" we get

me =+ Wa? = Wt2 + th (1258)

With the ansatz |W,,| < W2, |[Wy| < W2 we get
W, = +W,, Wi =F(z+1) (1.259)

Both W and W_ solve the full equation (1.258) (again, this cannot be ex-
pected in general).

We will return to asymptotics of PDEs after we have developed adequate
tools.
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1.6h.3 Proof of existence of a solution of (1.228) in the form (1.241)

One way of proving the expansion is to return to (1.233) where we substitute
for f(z) = fUl(z) + (z), j =1 . Here we choose j = 1; assuming that the
regularity of V allows for calculating higher order terms which involve higher
derivatives of V' as seen in (1.238) taking j = j; > 1 would allow for proving
asymptoticity of the expansion with j; 4+ 1 terms.

LV
4FE -V

f(x)=+VE-V(z)+ + 6(z) (1.260)

The equation for §(x) is

A%
"+ 2i\/E — - 5= —Hhg — ho>
ho" + 2iy/ V(z)d + 30E - V(x)(s hg — ho

5 v v
where g(z) := T: (E — V(x)) + E— V@) (1.261)

(as discussed earlier, the highest derivative cannot be treated as a perturbation
in a rigorous argument). }
We then write the equation in integral form. Let J = 2 f;o VE —V(s)ds

and p(z) = (E — V(m))fl/Q. Using the integrating factor for the left side of
1.261, we get

e_J(z)

x —J(@) o
) = — s)e’ g (s s—e e’ ) 1(5)6%(s)ds
sa) = = [ e gtepis = o [ ()25
= o + NG (1.262)

To prove a rigorous result we need some assumptions.

Assumption 1.263 For simplicity we let V : R — R, V € C?(R), assume
that V is O(1/2%¢) for large x and that this estimate can be differentiated:
V= 0(1/2*¢) and V" = O(1/237¢). We work on an interval, say [zg, ),
where E — V(z) > a > 0. We note that under these assumptions we have
g(z) = O(z=37¢) for large x.

We introduce the Banach space

B={6:[x9,00) = C | ||§] := sup |z*"¢(x)| < oo} (1.264)

T>x0
We first prove that the term
e_J(m)

=W

/00 w(s)e?®g(s)ds (1.265)

15The minimum j needed depends on the problem; in some settings, j = 0 suffices. As a
rule, the more terms we pull out, the more contractive the operator becomes, at the expense
of the algebra getting more involved .
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in (1.262) decays as i — 0 or as xg — +00.

Lemma 1.266 Under Assumption 1.263, we have limy_,q ||0o|| = 0. Further-
more, for any i # 0, limg, 0o ||00]| — O.

PROOF Lt N
F(z):= xH‘a/ w(s)e?®g(s)ds (1.267)
xT

Since |z'tee’ () g(s)u(s)| < s u(s)|g(s)| € LY, (1.267) implies

a:lggo F(z)=0 (1.268)
Using the fact that ﬁe‘”” is bounded, (1.264), (1.262) and (1.268) imply
limy, o0 ||0|| = O for any & # 0. Now, consider the case of i — 0 with zg > 0
fixed.
We claim that for any e > 0, there exists fig such that | f(z)| < e for any =
if || < ho.
First, from (1.268), it follows that for large enough M and z > M we have
F(o)] < =.
Let now ¢ = t(z) =: hJ/(2i). Note that ¢ : [z, 00] — [0,00] is increasing
since t'(x) = \/E — V(z) = 1/u(z). We change to the variable ¢ in (1.267).
Since

Fa) =2 [ (st s(0)d

the Riemann-Lebesgue lemma implies that for « € [z, M] we have limy_o f(z)
0. Since f is uniformly continuous on [zq, M], convergence is uniform in z,
i.e. there exists hg so that || < g implies |F(z)| < e for any x. Therefore,
limp 0 ||0o| = 0 since e=7®) /u(x) is bounded.

Theorem 1.269 Under Assumption 1.263, if xg is large enough or h is small
enough, then two linearly independent solutions of (1.228) for x € (xg,0),

Y = and ¥ = s, satisfy
Pi(z) = [E—V(z)] Y exp [; /x [E—V(#)]"? dt} {1+0(1)} (1.270)

0

Va(z) = [E— V(z)] exp [—;/x [E—V(t)}l/th] {1+0(1)} (1.271)

Zo

PROOF We only prove the result for 17 since the proof for 15 is the same
after changing the sign of i. Since 11 = V', W’ = fl1l 4§ with f[l defined in
(1.238). it is enough to show that (1.262) has a solution in a ball where |||
is small:

B. ={6 € B|||§]| < ¢} (1.272)
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Using Lemma 1.266, we see that for any € > 0, if z is large enough or A is
small enough, then ||do|| < 3&. Now, for any & € B., we have

|$1+€N[(5H S H(5||2.T1+€/ ZE;))S—Q—Qst g CH(SHQ S 062,

where C is independent of e. Choosing € < 5, this implies that ||do+N[d]] <
e and ||N[61] — N[d2]|| < 2C¢e||d1 —d2|| < ||61 — d2]|. Therefore, the contraction
mapping theorem implies that there exists a unique solution in B..

If, as mentioned at the beginning of the section we took j = j; > 1 instead,
then the remainder g in the map (1.283) will be of higher order in . With
this change, contractivity is proved in the same way, to obtain an asymptotic
expansion with j; 4+ 1 terms.

Remark 1.273 (i) No decay assumption on V is necessary for Theorem 1.269
to apply for x in a fixed (A—independent interval [a,b]. (ii) The assumption
g > 0 in Theorem 1.269 is not needed. To allow for zy < 0 the proof is largely
the same. Assuming V(x) = O(|z|~17¢) as 2 — —o0, we would instead use
the norm [|8]] = Sup,¢ (4. 00) [1 4 |2)'7¢0(2)].

1.6i The case V(z)—E>a>0

Assumption. V(z) — E >a >0, V € C? for z € [zg,71) where 1 can be
+00
Repeating the WKB procedure in §1.6h.1 we obtain

1 v
iV-F

i |: V// 3 5 (V/)2

Pl — 4 p~ 'V - E— el
f v SV _E)  32(V — B}

(1.274)

which formally leads to

_ 1 (%
Yy =C1[V(z) — E| V4 exp {ih/ VV () — Edt} [1+0(1)] for z € [zg,x1)
’ (1.275)
either for A — 0 or x — +oo (if 1 = +00). The precise result is given below:

Theorem 1.276 For V € C?%(z¢,0), and V(z) — E > a > 0, as x — 40
(assuming x1 = 0o) or as h — 07, two independent solutions of (1.228) are
given by ¢ =11 and ¢ = 1y, where

i (z) = [V(z) — E] Y exp {;L /x [V(t) — E]*? dt} {1+0(1)} (1.277)

Zo

Wo(z) = [V(z) — E] " exp {—;,L /x [V(t)— E]Y/? dt} {1+0(1)} (1.278)

Zo
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PROOF  We carry out the proof first for ;. Substituting

w =L V@ = E LA
= — xr) — _——
h AV (z) — F]
where ¢ = eV, and inverting the linear part of the first order ODE for §, we
obtain the integral equation

5 e—J (@) /ﬂc ( ) ( ) Ty e—J(@) /ac 7o) ( )52( )d 5 N
= _ s)u(s)e’¥'ds — —— e’ (s s)as =: 09 + )
@) Jo TN w@) S, O ’
(1.279)

where g as before is given by (1.261), but now J(z) = 2 ffo V'V (t) — Edt and

= (V(x) — E)~'/2. The contraction mapping theorem shows existence of
a unique solution to (1.279) in a ball of size 2||dp||c. We note that §y can
be made arbitrarily small by choosing a small enough &, as it is seen using
Laplace’s method. In the proof for ¢q, we substitute W' = —/V(x) — E —

W)LE] + 8, where 1) = 1, = e'. We obtain the same form of integral
equation (1.279) except that the sign of J(z) is switched and the limits of
integration are x; and xz. In both cases it is crucial to choose the limits of
integration so that e=7(#)+7(s) < 1 throughout the interval of integration and
is maximal at s = x. By Laplace’s method, these conditions and the presence
of 1/k in the exponent ensure that the integrals go to zero as i — 0 ensuring

contractivity for small A.
Exercise 1.280 Complete the details of the proof of Theorem 1.276.

1.6i.1 Turning points

In the previous subsection we assumed that E — V is bounded below. This
assumption is in fact necessary, otherwise the asymptotic behavior of the
solutions is different. If we examine the procedure used to derive (1.237)
from (1.236), we see that the expansion is only valid if R2f" <« E — V(x),
that is, to have f ~ fl% we need W(E — V(z))""? < E — V(z), that is,
E — V(x) > h*?. Something else must be done when the latter condition
fails.

In our assumption V is smooth. Generically, near a zero of V(z) — E, also
referred to as a turning point, V(z) = a(z — z¢) + O(z — 24)?, where o # 0.
Without loss of generality we can take z; = 0 and o = —1 through translation
and scaling. The region where our WKB does not hold is given by |z| < h2/3.
It is natural to change variables to t = x/h%/% in (1.228); we get, after dividing
by }:L2/37

=" (t) =t (t) = BP0 (x(t)) (1) (1.281)
where ¢1(z) = 272[E — V(z) — z]. To leading order in small ki, 1 satisfies
—f (t) — to(t) = 0 with the general solution

Wbo(t) = CrAI(—t) + CyBi(—t) (1.282)
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Since the right hand side of (1.282) is a regular perturbation in A%/ for ¢ in
any finite interval, we can obtain higher order corrections in A as usual.

1.7 Borderline region: z > r?/?

Assume a turning point at = 0, s.e. , E = V(0) and that E — V(z) > 0
for z > 0. Then, for z > x¢ > 0, independent of i, Theorem 1.269 applies.
We now write a mapping for an interval (a,xo) where a is allowed to depend
on h:

e—J((L‘)

=y

e_J(I)

w(z)

/x GJ(S),U(S)Q(S)ds _ /33 eJ(S)M(s)(S(s)st =00 +N§

(1.283)
The reasoning is similar to that in §1.6h.3. We choose a as small as possible,
while still allowing the right side of (1.283) to be contractive. For this to be
the case, a so that 62 < ¢; when this is possible, as shown at the end of
the argument, the results of Theorem 1.269 extend to the interval (a, zg). To
determine what this condition entails, we use dominant balance in (1.261):
§ < hlgr~'/?| < hlz|75/2, and thus 6% < g implies h?|z|~> < hlz| =2, that is
|z| > h?/3. For contractivity we need, as in §1.6h.3, |6; + d1| < 1 which for
61,00 = O (ha:_5/2) holds if z > Kh2/%. This condition is more stringent than
|z] > %/3 . We then choose a = vh?/3 with v sufficiently large, and with
this, the map is contractive on (a, zg). We leave the details as an exercise.

1.7a Inner region: Rigorous analysis

—p" —tp = =Rt (B2Pt) = f(t) (1.284)

which can be transformed into an integral equation in the usual way,

(t) = 7Ai(~1) [ FBi(-s)0(s)ds — aBi(—1) [ F&)AI(-)i(s)ds
+ C1AI(—t) + CoBi(—t)  (1.285)

where Ai, Bi are the Airy functions, with the integral representations:

wi/3
Ai(z) = i/m 3t 2ty (1.286)
211 coe—™i/3
1 Ooewi/ii 1 Ooe—wi/fi
Bi(z) = —/ sttt + —/ 3t =ty (1.287)
27 J_ o 27 J_ o
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The integral representations allow us to derive the global behavior at oo, that

is, the asymptotic expansion in any direction towards infinity, with explicit
. 3

constants. With ¢ = 2[¢|2 we have

1 1
Ai(—t) ~ —1/4,=C. Bi(—#) ~ —|#|~1/4¢S. _ 1.9
i(—t) 2\/7?|t| e~ %; Bi(—t) \/7?|t\ et t— —o0 (1.288)
[1] and

as t — —oo. As usual, we have to choose the limits of integration in (1.285) so
that the maximum point of the integrand is at the variable point of integration.
We note that we cannot quite choose infinity as an upper limit since the Airy-
type behavior was derived in the inner region |z| < h%/3 and in general is
not expected to be the same outside. We will choose as large a t-interval
(=M, Ms), possibly depending on /4 for which the leading order behavior
1 ~ Cy1Ai(—t) + C3Bi(—t) can be shown. We rewrite (1.284) in the integral
form

t

w(t) = TAi(—1) /0 F(s)Bi(—s)(s)ds — wBi(—1) / F(8)Ai(—8)0b(s)ds

— M,
+ C1Ai(—t) + CoBi(—t) = JY + 1 (1.290)

Next, to control the norm of J, for large M; the estimate
I¢]
|t|_1/4e_%‘t|3/2h2/3/ 25~ 1/4e55° 4 <HBMy, (t— —o0)  (1.291)
0

follows from Watson’s Lemma after the change of variable p = 1 — s3/2/|t|3/2,
and similarly

My
|t\_1/4e%|t|3/2h3/2/ s2s7V4e=35 qs <R3 < K23, (1.292)
1t

The right sides of (1.293) and (1.292) are small if M; < i~2/3. For t — o0,
estimating crudely |sin |, | cos| by one, we get

t
t‘1/452/3/ 52571 /4|ds < h2/345/2 < R2BNE2, (1.293)
0

which is small for My < h=%/15. We now work in the sup norm on [— M7, M)
and obtain, in the usual way, the following result

Proposition 1.294 If /i is small enough, then J defined in Eq. (1.290) is
contractive in L°°(—My, My) when h*/3M; and h*/*° My are small enough.
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We leave the details as an exercise. We see that the region of contractivity
for ¢ < 0 simply requires |z| << 1. On the other hand, the same is true for
t > 0, with the price of making the argument quite a bit more involved.

Note 1.295 The contractivity of the map for < 0 only requires |z| < 1.
However, the norm used, L does not allow for controlling the asymptotic
behavior of solutions as t becomes large. In particular, we would like to un-
derstand for what range of (large, negative) t does the solution of (1.284) have
the behavior described by Airy function asymptotics, (1.288). The behavior
(1.288) does not follow from our arguments, and in fact it is not even correct
if |t| > h~*/1% as we will see in §1.7b.

1.7b Matching region

Let’s analyze the behavior of solutions in the region 1 < |t| <« h~4/15. We
will only analyze ¢ < 0, as for ¢ > 0 the analysis is similar (in fact, slightly
simpler).

We first write ¢ = —u to make the analysis clearer. We get

—" + up = —B2Putp) (—h2Pu)y (1.296)

We next bring (1.284) to a form that is best suited for looking at large ¢,
a process called normalization. In the region where solutions have Airy-like
asymptotic behavior, roughly 1~/ 4ei%“3/2, we change variables so that the
leading behavior is of the form e®. A way to do this is simply by rescaling the
dependent and independent variables, 1 (u) = u='/4g(2u®/?).

With s = §u3/2, this leads to the equation
5 181/3
1 _ — _ —2
9" —9=—3g5 9(s)+ —
where 1 is bounded. Choosing s large enough, we write (2.47) in the integral
form:

g= Aes—&-Be_s—&-% (es /S F(v)e Yg(v)dv — e™* /S F(v)e“g(v)dv) (1.298)

M S0

he(s)s/%g(s) = Fs)gls)  (1.207)

where M will be “large but not too large” so that two solutions with asymp-
totic behavior e® and e~* respectively exist for s € [sg, M].

We now look for a solution with the behavior g(s) = e~® for large s. The
adapted norm to measure this type of behavior is ||g|| = sup,- ,, [g(s)e®|. We
should take A = 0 in (1.298), since the norm of e® is very large, of order e?M.
To check for the contractivity of the map in this norm, we use the fact that,
by the definition of the norm, |g(v)| < ||g|]le”". For the first integral we have

eS

e’ /S F(v)e Yg(v)dv

M

s
S HgHer /M(h2/37)2/3+’l)_2)6_2vd7)

S gl (5% + 572) < gl (P/PMPP + 55%) - (1.299)
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where we used Watson’s lemma. In order for the norm of this part of the
operator to be less than one, we need sy to be large, which we assumed
already, and, once more, |z| < 1.

For the second integral, we see that the exponential in the definition of the
norm cancels the exponential which was already in the integrand and we get

es

= / Fv)e” g(v)dv

Sl [ (20205 4 v2)ds S g2/ + 55
S0
Sah Hz|P2 4551 (1.300)

which can be made small if sq is large, as before, and if |z| < h?/°. The
mapping is now contractive in a smaller region— the one that we have obtained
before in the oscillatory regime.

Exercise 1.301 Complete the details of the analysis, and do a similar anal-
ysis for the behavior e® (where now the norm would be | g|| = sup, |e *g(s)|).
Show the ezistence of solutions of (1.284) with the behavior of the Airy func-
tions Ai and Bi, cf. (1.288) in the region |x| < h%/°.

Note now that, when approaching z = 0 from the outer region, we have F —
V(z) = az+o(x?) where, by scaling we chose a = 1; thenih ™! [ \/E — V(z) =
ih='2 (2% + O(2°/?)) and

(E - V(.Z‘))_l/4€ih71 SVE=V (@) _ 1,—1/46271*1%(w3/2+0(w5/2)) (1.302)

and by switching to the variable ¢t = h=2/3z we get the behavior of a linear
combination of Ai and Bi in the oscillatory region. Similarly, changing i to —i
in the analysis above we get a linearly independent solution, with the behavior
given by a different combination of Ai and Bi. This was to be expected since
we are, after all, dealing with the same equation in the inner and outer region,
up to these changes of variables, and the behaviors should correspond to each
other.

Matching means simply finding the concrete values of the constants so that
an outer solution equals an inner one.

We note that there is a difference between the oscillatory outer region and
the one with growing/decaying exponential behavior. If only the decaying
exponential is present in the outer solution, the matching is straightforward: it
corresponds simply to the solution with the behavior Ai in the inner region (Bi
should not be present since it grows exponentially). But if the outer solution
has both growing and decaying components, matching becomes more delicate
since the small exponential is masked by the larger one to all orders of an
asymptotic expansion in A and finding the correspondence between constants
cannot be done by classical asymptotic means. One has to go to the complex
domain if the potential is analytic or use exponential asymptotic tools.
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1.8 Recovering actual solutions from formal ones
Consider the simple ODE

Y =y+1/x (1.303)

(1.303) has an irregular singularity at infinity. If we look for formal asymptotic
series solutions § = Y, -, cxx ™" we get ¢g = 0, ¢, = (=1)*(k — 1)}, that is

= (—1)RFLE
e

o

This series has empty domain of convergence. Nonetheless, we can do the
following. Writing

| — > —tik (_1)k+1k! _ o —px(_1\k+1 Kk
k! = e ttdt = —5— = e PE(=1)"" p dp (1.305)
0 T 0

and inserting (1.305) into (1.306), we get

oo

j= / (=1)kFpke=Pedp (1.306)
k=070

This following step requires serious justification, but for now we formally
interchange summation and integration,

oo efpz

0o oo

~ —px formally T

y:/ e P E (=1)Fipkdp "= —/ dp = e"Ei(—z) (1.307)
0 o o 1+p

where
xT

ot
Bi(r) = PV/ “ar

— 00
and PV stands for the Cauchy principal part: if the path of integration crosses
zero, then the integral is defined as the limit as € — 0 of f__; + f; The use
of PV in the definition of Ei is perhaps one of the oldest and simplest forms
of more general forms of regularization, the “medianizations” of Ecalle.

If our sole purpose was to solve (1.303) we could bypass the intermediate
steps and any need for justification, and simply check that the function we
obtained at the end, e”Ei(—z), satisfies the ODE. For the general solution of
(1.303), we just add Ce®, the solution of the associated homogeneous equation,
to e*Ei(—x).

Of course however, (1.303) is very simple and we could have solved it by
variation of constants or other elementary means. The questions are (1) Can
we extend this to a much more general procedure, applicable to generic ODEs
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near irregular singularities? (the answer is yes) and (2) Can we justify the
formal steps that led from (1.306) to the function in (1.307)? (the answer is
yes again). We leave these issues for later, now we simply note that there is
another way to interpret the operations that led to “summing” the divergent
series: (1) we took the formal inverse Laplace transform of the series, that
is, term-by-term; (indeed £~ 'z=%~1 = p¥/k!, (2) we summed the geometric
series > ;2 (—p)* = (1 +p)~!, and, since the radius of convergence of this
geometric series is one, we extended (1 + p)~! analytically (14 p)~! on RT,
and (3) we took the Laplace transform of £ the result. Since LL~! = I the
identity, and at a formal level what we did is just that, ££~!, we expect that
if 7 satisfied an ODE, so will the ££~1j. This is the route we will take in
justifying this procedure.

We also note that the formal series y is divergent since it is obtained by re-
peatedly differentiating a function which is not entire: the iterative asymptotic
process leading to § is y[* 1) = —1/x+ 9,y™. The inverse Laplace transform
is a Fourier transform in the imaginary direction, and the Fourier transform is
the unitary operator that diagonalizes differentiation. After a form of Fourier
transform, repeated differentiation becomes repeated multiplication by the
“symbol” of the differential operator, denoted by p here. This can only lead
to geometric behavior of the terms of the formal series, something we know
much more about: this is dealt with by analytic function theory.

Finally, and this is another important point, in this and many problems,
applying the inverse Laplace transform has a regularizing effect. Indeed, the
formal solution >3- ,(—1)*klz=*~1 becomes, after applying L1, 377, (—p)*
which is convergent. Whatever problem the new series is a solution of, that
new problem is expected to have at mot a regular singularity, given this con-
vergence. Indeed, assuming first that y has an inverse Laplace transform, to
be confirmed later and takingZ~! in (1.303) we get, with L~y =Y,

(p+1)Y =1 (1.308)

an ordinary equation with meromorphic solutions. We now note that y = LY
is inverse Laplace transformable indeed and £~ 'y = Y, and that LY solves
the equation. A more general rigorous approach will based, in broad lines, on
this approach.

The same can be dome in the context of PDEs. Let’s take the heat equation,

1

he = hag; with (0,2) =
T

(1.309)

Since the equation if parabolic, the Cauchy-Kowalesky does not apply. In fat,
looking for power series solutions

h = i Hy, ()t (1.310)
k=0
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we obtain the recurrence

H(x 1 1
Hyp1(x) = kki 1)3 Ho(z) = 1522 = Re (1+ix> (1.311)

where we wrote the initial condition in a way that facilitates taking high order
derivatives. We get for Hy,

H!! = (2 2k)! ,
Hy = ﬁ = Hy, = OT() = (—1)k(k!) Re ((1+dz)72*"1) (1.312)

and (1.312) shows that, with the given initial condition, (1.313) is divergent.
Denoting ¢t = 1/T we write

h= Tf:Hk(x)T_k_l = Tf:(—l)k@k—k;)!Re (1 +iz) 21y 7+t
k=0 k=0 ’

(1.313)
and we apply to the sum in (1.313) the procedure we used in (1.307), (1.306),
(1.305), with = T. We get

Ti(—l)’f (Qk]‘;)!Re (1 +iz) 21y 7=+t
k=0 ’

L [T 2 (1) (2k)(1 + dar) 21k
=t /0 e tRe {Z o dp}

k=0

=t! / e ¥ F(p,x)dp :
0

F(p,xz)) = Re,/ ﬁ where { = (1 +ix) (1.314)

where we used the binomial series representation of (1 + 4z)~1/2,
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Borel summation: an introduction

2.1 The Borel transform B

The Borel transform is defined on formal power series in the reciprocal of
a variable, say x, with values in the space of formal power series in a dual
variable, that we will often denote by p. By definition,

Bz™® = —=—, Res>0 (2.1)
defined for p in C (or, if s is not an integer, on the universal covering of C\
{0})!. The Borel transform is similar to a (formal) inverse Laplace transform
L7, except that £~! vanishes in the left half plane:

s=1/T(s) for Rep >0

g ={P / (8) orner Re(s) >0 (2.2)
0 otherwise

For a power series f = Y.7° , cxz %1, the Borel transform is applied, by
definition, term-by-term:

e o o Ch i
By TR > P (2:3)
k=0 k=1

More generally, we can allow for noninteger power series. If for instance
0 < Re(sg) < Re(sg+1) for all £ € N, then we define

[e'e] cr B [e'e) o et
BY = > )P (2.4)

k=1 =1

Because the k-th coefficient of B{ f} is smaller by a factor k! than the corre-
sponding coefficient of f, B{f} may converge even if f does not. Note also
that £B is formally LL£~!, the identity operator. These two facts account for
the central role played by £B in summability of factorially divergent series.

I This consists of classes of curves in C\ {0}, where two curves are equivalent if they can be
continuously deformed into each other without crossing 0.

65
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If B{ f } converges to a functionf which is Laplace transformable, and we
apply L to f, we effectively get an identity-like operator from series to func-
tions.

2.2 Definition of Borel summation and basic properties

We define Borel summation of integer power series, but the definition extends
to more general series, see Note 2.9 below.

_ Borel summation is relative to a direction; see §2.2a. The same formal series
f may yield different functions by Borel summation in different directions.

Borel summation along R™ consists of three operations, assuming (2)
and (3) are possible:

1. Borel transform, f — B{f}.

2. Convergent summation of the series B{f} and analytic continuation
along R* (denote the continuation by F and by D an open set in C containing
R U {0} where F' is analytic).

3. Laplace transform, F fooo F(p)e=P*dp =: LB{f}, which requires
exponential bounds on F', defined in some half-plane Re (z) > xo.

Note 2.5 If AC denotes analytic continuation and S applied to a formal
series is its sum, wherever the sum converges, then Borel summation is the
composition LoACoSoB. Whenever ACoS exists, it is clearly an isomorphism
between formal series and analytic functions.

Definition 2.6 The domain of Borel summation along RT is the subspace
Sp of series for which the conditions for 2. and 3. above are met. For step 3
we can require that for some constants C'r, vp we have |F(p)| < Cpe’FP. Or
we can require that ||F||, < oo where, for v > 0 we define

1P|l = / e F(p) dp (2.7)

If f is Borel summable, then the Borel sum of f , denoted by LB f , is defined
to be LF.
2.2.1 Extensions

Remark 2.8 Borel summation of series starting with finitely many powers
of = with positive real part is defined by

ﬁBchx_sk: Z cxx %k + LB i cpz

keN k:Re s, <0 k:Re s >0
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assuming Re (s;) < Re(sg41) for all £ € N. In case some of the s; are
noninteger, the definition of LB is essentially the same, replacing analyticity
at zero with ramified analyticity. (This is needed since fooo pe”"Pdp exists,
as a classical integral, only if Res > —1.)

Note 2.9 Series of the form

ki>0 k>0

with Re (8;) > 0 frequently arise as formal solutions of differential systems.
Here B8 = (f1, .., Bm) and cx = Ciyky.. .k, - We define

B Z KA = Z ap*P/T(k-B+1) (2.10)

k>0 k>0

*

2.2a Borel summation along other directions

Borel summation along other directions in C is most easily defined by
changes of variables. We say that a power series in inverse powers of z, f =
f(x), is Borel summable as 2 — coe’® or Borel summable along the ray e? if
f(ye®) is Borel summable for y along Rt. We write LBy[f(z)] = LB[f (ye'?)].

In general, LBy depends nontrivially on . We can take as an illustration
the formal series

= k!
=2
k=0

(2.11)

that we have examined before. A straightforward calculation shows that the
Borel sum of f; in the direction 6 is

0o —i0
: k! e~ YPdp ¢ e Pdp

LBof1 = LB , = , = 2.12

of1 kZ:O (yeif)Ft1 /0 ei? _p /0 1—p ( )

This is well defined if 6 # 0 (mod 27).

Taking a # € (0,27) we note that by the residue theorem (and Jordan’s
lemma, allowing us to deform the contour of the improper integral in (2.12))
we have

[LBy — LB_g] f1 = 2mie™™ (2.13)

that is, the Borel sums of f; on the two sides of Rt differ by an exponentially
small term. This is a manifestation of the Stokes phenomenon. Divergent
expansions are generally associated with different behaviors as the singular
point (here the point at infinity) is approached from different directions. Note
that the contour in LBy can be rotated to —mw/2 (and beyond) and Watson’s
Lemma applies to it as x — ico. Thus LBy has an asymptotic series along
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iR, but, from (2.13), LB_g does not (because of the presence of the oscilla-
tory term 2mie~*. The classical asymptotic behavior of LB_y changes as the
antistokes line iR is crossed. The exponential is born at 7/2 before that, but
is hidden beyond all orders in a whole quadrant.

We also have the following simple general result.

Proposition 2.14 (Divergence implies Stokes phenomena) Assume f
is analyticin D ={z : |z| > Rand f ~ f =Y 7o, ckz¥, z =271 as 2 — ooe'”
for some 0, where f has zero radius of convergence. Then, for any m € Z*,
7™ f is unbounded in a neighborhood of infinity. In particular, f ~ f only
holds when oo is approached along some, but not all, curves.

PROOF Let g(z) = f(1/z). Then g is analytic in a punctured neighbor-
hood of 0. By standard complex analysis, if gz™ is bounded for some m > 0
then 0 is a pole, and the meromorphic Taylor expansion at zero converges
(recall that asymptotic series are unique, and a meromorphic expansion is
also an asymptotic expansion).

Exercise 2.15 The function
2 ® 2
glx)=e e’ dt (2.16)
0

is entire. Use the saddle point method or reduction to Watson’s lemma to
study the behavior of g as z — ocoe®® for § € [0,27) and study the change in
the asymptotic expansion as 6 changes.

Note 2.17 A function f is sometimes called Borel summable (by slight abuse
of language), if it is analytic and suitably decaying in a half-plane (say H),
and its inverse Laplace transform F' is analytic in a neighborhood of Rt U
{0}. Such functions are clearly into a one-to-one correspondence with their
asymptotic series. Indeed, if the asymptotic series of f and g coincide, then
fooo e ™ H(p)dp = h = f—g — 0in the sense of power series, and by Watson’s
lemma H is zero with all derivatives at zero, and by analyticity it vanishes
identically.

2.2b Limitations of classical Borel summation; BE summa-
tion

The need of extending Borel summation arises because the domain of def-
inition of Borel summation is not wide enough. We see that f; in (2.11) is
not summable along RT. Yet there is nothing singular in the behavior of
f1:= LBy f:, for any 0 # 0 and then analytically continued to § = 0. In view
of (2.13), no particular direction can be naturally chosen for summation along
RT.
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While in applications it is usually possible to deform the contour of integra-
tion of £ in the complex plane to avoid going through singularities, of course
there is no single ray of integration that would allow for summation of general
series f when Bjf has singularities in C (this is the more interesting case).

If the ray of integration were chosen in an f—dependent fashion, then the
resulting operator would not have good algebraic properties, in particular it
would fail to commute with complex conjugation and even be linear.

To overcome the limitations of classical Borel summation, Ecalle has found
general weights which do not depend on the origin of the formal series, such
that, replacing the Laplace transform along a singular rays with weighted
averages of Laplace transforms of these continuations, all the algebraic prop-
erties of Borel summation are preserved, and its domain is vastly widened.
The fact that such averages exist is nontrivial, though the expression of the
averaging weights is relatively simple.

Multiplicativity of the summation operator is the main difficulty that is
overcome by these special averages. Perhaps surprisingly, convolution does not
commute in general with analytic continuation along curves passing between
singularities! As we shall see, convolution is the Borel image of multiplication.
Naive averaging would not allow for addressing complicated problems such as
nonlinear equations.

A simplified form of medianization, the balanced average, which works for
generic ODEs (but not in the generality of Ecalle’s averages) is discussed in
877,

Another difficulty is the possibility of super-exponential growth of the Borel
transform.

Example 2.18 If we substitute z = ¢2 in fl and take the Borel transform
from ¢ to p we get

) DI L 7 erf (p/2 2.1
§t2k+2_zr(2k+2)_\/’;e er(p/) (9)

k=0

where

P 2 2
erf(p) = 27T71/2/ eV ds~1—e P pta/2(1+0(1)) as p — +oo (2.20)
0

(a way to calculate the second sum in (2.19) is to note that it satisfies the ODE
y =1+ %py) Whereas in (2.12) we can deform the contour of integration to
give a meaning to the integral when # = 0, there is nothing obvious we can
do to Laplace transform e? /%erf(p/2) which grows like eP’/* when p — oc.

Super-exponential growth, as it turns out, can be generically dealt with by
changes of variable, here essentially by undoing the x + t transformation.
Though non-generic in the case of ODEs, there are cases however when mix-
tures of different factorial rates of divergence in the same series, preclude this
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simple fix (an artificial example is, say, f(t)[f(t2) — f(t3)]?). It is clear that
we cannot hope to disentangle all such combinations of series with different
rates of divergence.

Acceleration and multisummation (the latter considered independently, from
a cohomological point of view by Ramis; see also §77), universal processes too,
were introduced by Ecalle to deal with this problem in many contexts. Es-
sentially BE summation is Borel summation, supplemented by averaging and
acceleration when needed.

More generally we can allow for expansions containing exponentials by
defining LB exp(az) = exp(az).

These generalizations of Borel summation which allow for the analysis of
quite complicated functions are known as Borel-Ecalle summation, or BE sum-
mation.

Definition 2.21 (Inverse Laplace space convolution) IfF,G € L} , then

loc?

(FxG)(p) = -/Op F(s)G(p— s)ds (2.22)

If F and G are exponentially bounded, then so is F' x G. Indeed, if |F;| <
Che"? and |Fy| < Ce”?P, then

|F1 * FQ‘ § 010261/3;)
where v3 = max{vy,v2} + 1. The norm || f||, in (2.7) is particularly useful.
Lemma 2.23 1. Ll :={f:|f|l, < oo} forms a Banach space.

2. Convolution is continuous in || - ||, namely

IE Gl < [FI NG

3. We have L} C L, if v/ > v, and L(F * G) = L(F)L(G).

4.
IF|l, =0 as v — oo (2.24)
PROOF
1. Since L. = {e"?f : f € L'}, the conclusion is obvious.
2. Note that

0
0

by Fubini.

/P F(s)G(p — s)ds
0

oo P
dp< [ e [Npe)|Gl-s)ldsdp
0 0

:/0 /0 e*Vs|F(S)|e*VT|G(T)|deS: ||FHU||G||V (2.25)
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3. This follows by monotonicity:

oo

/ e‘””’IF(p)Idp:/ e‘(”/‘”)”e‘””lF(p)ldp</ e "P|F(p)|dp (2.26)
0 0 0

4. This follows from the middle representation above: by dominated conver-
gence, the integral goes to zero as v’ — v — oo.

Lemma 2.27 The space of functions which are in L'([0,a)) for any a > 0
and real-analytic on [0, 00) is closed under convolution.

PROOF This simply follows from the rewriting

/ " (8)9(p— s)ds = p [ gt - o) (2.28)
0 0

The previous lemma implies that £B(f§) = LB(f)LB(G).

2.3 Borel summation as an isomorphism

We start with a discussion about the relation between convergent power se-
ries and their sums. Rarely does one make a distinction between a convergent
series as a formal object and its sum as an actual function. Some mention of
this distinction is made when we need to be careful about the radius of con-
vergence, such as in writing (1 —p)~' = 372 p* if |p| < 1. The right side of
this equality is already interpreted as the sum of the underling formal series.
We can understand this if we look at the properties of S, the operator that
associates to a formal convergent series its sum. If we restrict series to one
sided Taylor series (such as expansions of meromorphic functions at zero), S is
a differential algebra isomorphism, that is, it commutes with multiplication,
division, differentiation, etc. For instance S(f’g’) = S(f)'S(g)’. If a linear or
nonlinear ODE N (y,%/, ...,y z) = 0 with analytic coefficients is solved by
a formal series f whose coefficients grow at most geometrically, then, by the
isomorphism, SN(f, f/, ..., f0, 2) = 0 iff N(Sf,Sf’,...,SF™, z) =0, that is,
iff Sf is an actual solution. This is true in several variables as well, in solving
PDEs for instance.

Borel summable series are in a similar relation with their associated func-
tions obtained by Borel summation.

Let Sp be the set of Borel summable series along some direction, say along
RT.
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Proposition 2.29 (i) £LB{Sp} is linear and commutes with multiplication,
division (when it exists) and differentiation.?

(ii) Let S, be the space of convergent series. Then S. C S and LB, =S5,
the usual summation.

(iti) In addition, for f € Sg, LB{f} ~ f as |z| — oo, Re (z) > 0.

Note 2.30 (ii) above implies that Sg and LB are proper extensions of S. and
S: Borel summable series have the same algebraic properties as convergent
series and their sums have properties similar to those of analytic functions.

PROOF of Proposition 2.29 Some of the properties such as linearity
of LB and commutation with differentiation are straightforward and we leave
them as an exercise; so is commutation with multiplication: it stems from the
fact that L(F * G) = L(F)L(G) following by a calculation similar to (2.25).
For multiplication and division, we need to look more closely at convolutions.
The only nontrivial part is to show that if f is a Borel summable series, then
so is 1/f. We have f = Ca™(1 + s) for some m where s is a small series,
that is a series only involving negative powers of x. We naturally define
1/f=a2™/(1+s) and

1
1+s

=1-s54+s2—5... (2.31)

First, note that this infinite series is well defined formally. Indeed, assuming
for simplicity that s = Y2 ez 71, the coefficient of =% for any fixed k
is collected only from the terms s™ with j > k. This is because the highest
power of x in s¥*7 is —k — j. Straightforward algebra shows that

(14s)(1—-s+s*--)=1

We want to show that

l—s+s*—s*+... (2.32)
is Borel summable, or that
s51=—s+8>—s - (2.33)
is Borel summable.
Now,
51:—s+52—53+...220kx_k (2.34)
k>1

where Cy, is the coefficients of =% in the finite sum —s+5%—s®+...+(—1)*s*,
Let Bs = H. We examine Bsq, or, in fact the function series

S=—-H+HxH—-H®+... (2.35)

2LB{Sg} is in fact a differential algebra isomorphism.
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where H*™ is the self-convolution of H n times. Each term of the series is
analytic, by Lemma 2.27. Let K be an arbitrary compact subset of D (cf. the
definition of Borel summation). If max,cx |H(p)| = m, then it is easy to see
that

n pn—l

| I<m " (n—1)!

(2.36)

Thus the function series in (2.35) is absolutely and uniformly convergent in
K and the limit is analytic. Let now v be large enough so that ||H||, < 1
(see Lemma 2.23, 4.). Then the series in (2.35) is norm convergent, thus an
element of L.

Exercise 2.37 Check that (14+ LH)(1+ LS) = 1.
It remains to show that the asymptotic expansion of L(F * G) is indeed the
product of the asymptotic series of LF and L£G. This is, up to a change of
variable, a consequence of Lemma 1.31.

(i) Since f; = f = > reockx *71 is convergent, then |c;| < CR* for some
C,R and F(p) = Y ;o cxp”/k! is entire, |F(p)| < Yooy CRFPF /Kl = Cef?

and thus F' is Laplace transformable for |z| > R. By dominated convergence
we have for |z| > R,

[e'S) N 9]
k (AT k 1N —k—1 __
ll{chp /k.}—}\}gnooﬁ{z:ckp /k.}—chx = f(x)
k=0 k=0 k=0
(iii) This part follows simply from Watson’s lemma. I

Note 2.38 The domain of manifest analyticity of LB f where f is convergent
may exceed the domain of convergence of f. For instance, if

L'BZ(—l)ka_k:/ e "Pe~Pdp (2.39)
k=1 0

clearly analytic for Re () > —1.

2.3.1 Analytic functions of Borel summable series

Proposition 2.40 Assume A is an analytic function in the disk of radius p
centered at the origin, ar = A®(0)/k!, and 5 = . spa=" is a small series
which is Borel summable along RY. Then the formal power series obtained by

reexpanding
<k
S o

in powers of x is Borel summable along RT.
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PROOF Let S = Bs and choose v to be large enough so that ||S||, < p
in L1. Then

1E I = [AGS) = 1) anS™ o < D arllSIE <D arp® < oo (2.41)

k=0 k=0 k=0

thus A(xS) € LL. Similarly, A(xS) is in LL([0,a)) and in Ak ,([0,a)) for any
a. I

Note 2.42 (i) To ensure Borel summability of a series, the rule of thumb
is that we first change the independent variable so that the new series has
factorial divergence, with power of factorial one. In generic applications, this
ensures that the Borel transform will be convergent, but will not ensure that
the growth is at most like e*!?! for some v, the maximal growth allowed for
Laplace transformability, see Example 2.18.

(ii) If Borel summability succeeds, then, by deforming the contour of in-
tegration past a singularity of the Borel transform, we collect exponentially
small terms, as in (2.13). Those exponentially small terms, since they come
from residues or from contours surrounding branch points are of the form
Ce™Po% where pg is the position of the singularity.

(iii) When we are dealing with linear equations (e.g., linear ODEs), we note
that the sum of two solutions is a solution. Assume that we get one solution
by Borel summation in the direction 0, y = LByY and that LBygY # LB_pY.
Then, by linearity, the function

Yo = [:BQY — [:B,QY (2.43)

is also a solution of the equation. Thus, by the discussion in (ii), y2 ~
e~Poz(1+o(l) for some py. A similar estimate holds in the nonlinear case as we
will see though in this case the sum of solutions is not a solution.

(iv) In view of (iii), if we are solving linear ODEs using Borel summation
tools, we first need to normalize the equation, by changes of dependent and
independent variables, so that the behavior of solutions as x — oo of the
associated homogeneous equation is of the form eA*+0(1) (the exponent is to
leading order linear in x). For instance, for the Airy equation discussed next,
solutions behave like e¥2/32"%; for Borel summation, we should switch to the
variable t = 2%/2. Normalization through (iv) ensures (i) while being usually
much simpler to find.

(v) Still when solving equations, instead of finding a formal series first
and then summing it is more convenient to take the Borel transform (formal
inverse Laplace) of (2.49). Now: if we obtain a solution of the transformed
equation in the form of a function which is ramified analytic near the origin
and analytic and bounded along Rt (or along some other direction 6), we will
have proved Borel summability (in the direction —6).
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Note 2.44 (On regularization) Since the Borel transform maps factorially
divergent expansions into convergent ones, it is natural that the equations
satisfied by the transformed series have milder singularities, and are, in gen-
eral, simpler than the original ones. For example, our prototypical equation
y' +y = 1/x is transformed by B to the trivial equation (1 — p)Y = 1 while
the Bessel equation becomes the first order ODE (2.56). Sometimes we end
up with explicit representations of the solutions and most often with integral
representations which, even if not explicit, allow for a detailed study of the
asymptotic behavior of solutions.

2.4 Some examples

In the following we will derive convenient representations for a number of
special functions. As discussed in §1.2, special functions are distinguished by
the existence of integral representations allowing for detailed global descrip-
tion, in particular for calculating explicitly connection constants, giving the
precise relation between the behavior of a given function in various directions
towards infinity. From the point of view of a Borel summation approach, the
fact that irregular singularities become regular ones and the fact that these
special functions solve typically second order differential equations implies
that the Borel transform satisfies first or second order equations with simpler
singularities, allowing for explicit solutions.

2.4.2 The Airy equation

Let us look again at the Airy equation,
y' —xy=0 (2.45)

Here, the behavior of solutions at infinity, that we have already obtained by
WKB is L s e

y~Cx 1e 3% (2.46)
We use the transformation y(z) = g(3 2%) to achieve the normalization de-
scribed in Note 2.42 (iv), and get

1
"+ —g —g=0 2.47
9"+ 59—y (2.47)

In view of (2.46) we have
g(t) ~ Ct 5 et (2.48)

To eliminate the exponential behavior of one solution, say of the decaying
one, we substitute g = he™?, and get

1 1
W—(2- =)0 —-—h= 2.4
( 3t) 5" =0 (2.49)
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To obtain a second solution, we can resort to the substitution g = he?, or we
can rely on the Stokes phenomenon to obtain it from the one above, as we will
do in §2.5. Now h behaves like a small power series, which we would Borel
sum. We apply the strategy outlined in Note 2.42 (v), and apply B to (2.49).
We get

p(2+p)H + g(l +p)H =0 (2.50)

with the solution

ol

H=Cp ¢(2+p)” (2.51)

and thus )
ht) = £ (cp*% 2+ p)*%) (2.52)

and, comparing the asymptotic expansion obtained from (2.52) with that of
Airy functions (1.289) to identify the solution we h we get

3
2

T

Pp=8(2+p) Sdp (2.53)

Wl

Ai(z)

375 exp(—32°/?) /°° _
= e
w2 (§) 0
from which it is easy to derive the global behavior of Airy functions. We note
that Ai(x) is entire, yet the fact that the integrand in (2.53) has a singularity
at p = —2 entails a change of asymptotic behavior similar to that discussed

after (2.13) (Stokes phenomenon) when the contour of integration crosses R™.
We return to this in §2.5.

2.4.3 Modified Bessel functions
The equation for modified Bessel functions is
2y +ty — (2 + )y =0 (2.54)

By WKB, we obtain y ~ Cett—1/2,

The substitution y(t) = t“e 'h(t) into (2.54) (we chose the power t” to
eliminate the quadratic terms in ¢ in the equation and simplify the Borel
transform) leads to

2+ 1 2 4 1
h”—<2— v )h’— Yo (2.55)

t t
with inverse Laplace transform
pp+2)H +(1—2v+p(1—2w)H=0= H=Cp" 7(2+p)" 7 (2.56)

If v = —1/2, (2.55) becomes elementary, with solutions e**. Also, in the
original form (2.54) the sign of v does not matter. So it is enough to consider
the case where Rev > —1/2 or v = —1/2 + ai,a # 0.
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If Rev > —1/2 we can take the Laplace transform of H; if v = —1/24-ai, a #
0, the integral is a convergent improper integral. Using Watson’s lemma, we
see that

1 1
h=LH~C2" 2D(v+ $)t7""2; (t— o0) (2.57)

K, (t) ~ \/Ze—t (t — o0) (2.58)

Comparing (2.57) to (2.58), we see that

/T /°° o 1,
v ¥=3(2+4 p)’"2e Pdp; Re(v) > —1/2 (2.59
T+ 1) ), P’ 2(2+p) p; Re(v) /2 (2.59)

while

K,(t)=¢"!

2.4a Note on using equivalent normalizations to obtain iden-
tities
2.4a.1 A simple hypergeometric function

We know, by Corollary 1.53 that the Laplace transform is injective. If we
obtain the representation of a function as a Laplace transform fooo e "PF(p)dp,
and F' is analytic at zero, then this F' is unique. Uniqueness also easily
follows if F' has a prescribed form of Puiseux series at zero (such as, say,
p®A1(p)+Az(p) with Ay, A analytic). On the other hand, one can make some
changes of variables first, that do not change the factorial rate of divergence
of the formal solution , find the Laplace transform and undo the changes of
variables. Comparing the two representations and using the aforementioned
uniqueness is a rich source of identities.

Had we chosen the substitution g = ¢-t=1/S¢=thy (t) in (2.47) (t='/¢ corre-
sponds to the prefactor /4 in (2.48) while a positive power of t is required
for hy to decay and have an inverse Laplace transform) we would have ob-
tained instead an equation for hq(t) whose Borel transform is

77
(p* — 1)HY + 4pH| + =0 (2.60)

clearly this equation is more complicated, and the substitution without t—1/6
is better in this regard. However, (2.60) has a general solution in terms of hy-
pergeometric functions. Indeed, the substitution Hy(p) = G(—p/2) in (2.60)
leads to

)
q(1—q)G" + (1 —29)G — %G =0 (2.61)

Substituting G(q) = ¢ >_72 bj¢’ into (2.61) we see that the indicial equation
is simply a? = 0, a degenerate case in Frobenius theory, which implies that
there is an analytic solution at zero and a second one behaving like In ¢ for
small g. On the other hand (2.61) is a hypergeometric equation; in its most
general form the hypergeometric equation is:

r(l—2)y" +c—(a+b+ 1))y —aby=0 (2.62)
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Comparing the two equations, we see that they coincide up to the change of
variables (z,y) = (¢,G) if c =1, a4+ b+ 1 = 2,ab = 5/36; solving, either
a=5/6,b=1/6,c=1o0rb=5/6,a=1/6,c =1. However, as it is obvious
from the equation, a and b are interchangeable, so in reality we only obtain
one independent solution in this way:

Gi(q) =2F1(§, g L9) (2.63)

which is analytic at zero, as is seen from the definition of the hypergeometric
function as a series. This is the solution we are looking for, since applying
Watson’s Lemma to the follwing representation

g(t) =t°/%e thy(t) = ts/Ge_t/ e PGy (—p/2)dp (2.64)
0

we obtain the expected large ¢ asymptotic behavior g(t) ~ Ct~/%e~t (recall
that Ai(x) = g(2%/2)). If we added to G; any multiple of a second, linearly
independent solution of (2.61) in (2.64), it would contribute with a logarithmic
behavior at ¢ = 0 which would result in a different large ¢ asymptotics for
g(t). The hypergeometric series also gives

2Fi(E 5 Lg) =1+ —q+ ... (2.65)

Hi(p) =2F1(5,2:1;—p/2) (2.66)
2.52).

Now we compare with ( Using I'(5/6)t=5/6 = £p=1/6 T(1/6)t~1/6 =
Lp=5/% LfLg= L(f*g)and T'(1/6)T'(1 —1/6) = 27 we get, after changes of
variables, the identity

I _ -
2F1(%, %3 Liq) = %/ u 5/6(1 —u) 1/6(1 — qu) 55 du (2.67)
0
We will return to this procedure to obtain a representation for the general
hypergeometric function in§2.4c. Next however we look at another simple
example.

2.4a.2 The quintic equation T—; +7=p

This equation, as is well known, is not solvable by radicals, but the solution
can be expressed in terms of generalized hypergeometric functions; this fact
is known, but a relatively simple derivation of this is possible through Borel
transform (The reader is assumed to have familiarity with hypergeometric
functions 4 F3).

Consider the “higher order Airy” integrals

oe2m(k+1)i/5

As(z) = / et /5wt gy (2.68)
ocoe2mki/5
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for k = 0,---,4. Direct verification shows that each of these five integrals
satisfy satisfies the following differential equation

y W 4y =0 (2.69)

and that they form a basis in the space of solutions. After changing variables

5

t=a'tr, 7+ % =p (2.70)
in (2.68), we obtain
_ .1/4 —pzdi _ ..5/4
As(z) ==z e dp , where z =z (2.71)
Ch dp

7 = 7(p) is the inversion of the relation (2.70) and Cj is a path parallel to
the real p axis that circles around the branch point singularity p, = i* 2’/
of 7(p) in the positive sense. With the change of variables y(z) = x'/%v(z),
z = x%/*, and taking the Borel transform of the resulting ODE from in z, one
obtains a fourth order linear ODE solvable by generalized hypergeometric
functions we obtain an alternative representation

As(z) = /* /C e P*V (p)dp (2.72)

where V has four free constants. This gives rise to the identity 7/(p) = V (p).
Integrating and choosing the constants so that the series for Ay in p for small
p matches 7(p) = p — p°/5 + O(p°) obtained from (2.68) we obtain

1234] [135 252
=p4F — =, =, = - = =|,— | = 4 2.
Tl(p) Da 3<|:5a57575:|7|:27474:|7 (16) p> ( 73)
Similar expressions can be obtained for the other four roots of the quintic as
discussed in the Appendix.

2.4b Whittaker functions

The equation
1 k- Mz
y//<4 5 >y0 (2.74)

has as solutions the Whittaker functions M, ,(z) and W, ,(z), [1], eq.13.1.31;
for large positive z, M, ,(z) ~ e*/20+°M) and W, ,(2) ~ e /2(+e() To
analyze W, we make the substitution y(z) = z#*+/2¢=%/2¢(2) in (2.74). The
power is chosen to eliminate the term in z~2 and simplify the Borel transform.
For M we would substitute y(z) = 2#+1/2e#/2g(z). We obtain

2u+ 1 -pn—3
g”(l “ZJF >g’+ﬁ l: 2g=0 (2.75)
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The Borel transform of (2.75) is
plp+ )G +[1—2u)p+r—p+35]G=0 (2.76)
with general solution
G = Cp =12 (p 4 1)p—1/24w (2.77)
giving
Weu(2) = Catt1/2e=2/2 /OOO P2 (p 4 )R YRR gy (2.78)

which holds for Re(u — k — 1/2) > —1; otherwise W can be defined by
analytic
continuation in g. Using Watson’s lemma in (2.78) we get

Wu(z) ~CT(n+ 3 — K)z"e"*2(1 4 0(1)); Rez — 0o (2.79)

Since, by the definition of Whittaker functions, W, ,,(2)2%e*/? — 1 as z —
+00,[1], we get C =1/T'(n— K+ 3), or

Zu-‘rl/?e—z/?

Wi u(2) = m

/ pu—n—l/2(p + 1)N_1/2+H€_Zpdp (280)
0
(for Re (pp — k —1/2) > —1).

Parabolic cylinder functions, occurring naturally in double nondegenerate
turning point asymptotics solve the equation

1

y'— (3z* +a)y=0 (2.81)
whose general solution is

a2 (OlM (a2/2) + CoW_y 1 (27 /2)) (2.82)

a 1
214

from which we can obtain an integral representation for the solutions of (2.81).

2.4c Hypergeometric functions

Hypergeomtric functions solve Fuchsian equations, with only regular singu-
lar points on the Riemann sphere. Thus all series expansions are convergent.
Nonetheless, we can obtain integral representations for them by relating them
to other functions, such as Whittaker, in the following way.

The general hypergeometric equation has the form

plp—1DF"+[(a+b+1)p—c|F' +abF =0; F =5 Fi(a,b;c,p) (2.83)
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Taking the Laplace transform of (2.83) we get
22f tar—a—-b+3)f +[2—c)z+ (1 —a)(1—-0)]f=0 (2.84)

to obtain a simpler, close form solution in Borel plane we try to eliminate the
quadratic terms in x by a substitution of the form f = 2%g. Trying a general
d we see that this works if d € {a — 1,b— 1}. With f = 2%7!g we get

2" +(z+a-b+1)g +(a—c+1)g=0 (2.85)
with Borel transform
plp—1)G' +[(b—a+1)p+a—cG=0 (2.86)

with solution
G=Cp*(p—1)c"t-1 (2.87)

The more general substitution y(z) = 2°+3/2e7%/2g, in (2.74) and inverse
Laplace transform leads to the equation

p(p+1)Gy +[(1 = 28)p+ 5 + K — BIGo + (8% — 4*)G2 = 0 (2.88)

Noting that

—a

a— p
and that .
f=atlg= F= cp* p°9G (2.90)
we get that

P
F = Cpfa *paic(p— 1)7b7175 _ / (p_s)fasafc(l _S)fbfl+cdS _ p7a+a7c
0

(2.91)
with one solution o F}(a,b;c;p + 1) where a = —p— 8, b = p—  and ¢ =
% — B — k. These equations are nondegenerate and p, , 8 can be expressed as
a function of a, b, c. Comparing with the substitution y(z) = z#+/2e=%/2¢(2)
in §2.4b we see that go = 2#~1"#g; inverse Laplace transforming this relation

we get, with C' = 1/I'(p — k + 1/2),
P(1—0)Ga(p) =T (B — p+1)Ga(p) = p” " x G(p) =

P 1 1
C’/ (p— s)PHs"Tr=3 (s 4 1)F 21" s
0

1
_ CpB—rH—% / t_“+”_1/2(1 _ t)ﬁ_“(l +pt)“_1/2+“dt
0

c—a—b

_ b ' c—a—171 _ 1\=b b—c
_7%_&)/0 19701 — 1) (1 4 pt)PCdt,  (2.92)
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from which we get an integral representation

c—a—>b

1
. _ p c—a—1 _ b b—c
2F1(a,b,c,p—|—1)——P(l_b)r(c_a)/Ot (1= 1)t (1 +pt)>=<dt , (2.93)

valid for Reb < 1, Rec > Rea.

2.4d The Gamma function

The function f(z) = log I'(z) satisfies the recurrence f(z+1)— f(z) = logz.
To get a recurrence for which the formal solution decreases in the right half
plane to be able to take the Borel transform, we first subtract out the large
terms in the asymptotic expansion of f(z) for x — oco. A simple way to do
that is to resort to the Euler-Maclaurin summation formula, see [8, 21] and
§2.17, a systematic method of obtaining a sequence of approximations of sums
by integrals. Let g(z) = f(z) — (zlogz — z — §log ).

The recurrence satisfied by g is

Lo Ly
1222 1223 77

First notice that p?Q(p) = L7 [¢"](x), where Q(p) = L7 [g](p). Therefore,
L7 1g=p 2L ¢ with

11 1, 1 1 _ P /D _
”:7_ _ = - :>£1//:1_7_(7 1) D
| 2((:c+1)2+x2) ¢ 2 \gtl)e

oo+ 1)~ ge) =g@) =1 (5 +o)m (14 1) =

Thus, with £L7[g](p) := G(p) = Q(p)/(e P — 1) we obtain

-2 (Zgn)e

(e - 1)G(p) = —2 p%
001—8—<B—|—1)67p
2) = 2 \2 P
g(x) /0 e = 1) dp

(It is easy to check that the integrand is analytic at zero; its Taylor series is
i — 7P’ + O%))
The integral is well defined, and it follows that

s A G0
f(x):C—i—a:(logx—l)—ilogx—i—/o ey P
solves our recurrence. The constant C' = %1n(27r) is most easily obtained
by comparing with Stirling’s formula (1.91) for large  and we thus get the

identity

e "Pdp




Borel summation: an introduction 83

e "Pdp
(2.94)

1 1
log(z) = x(logw—l)—§ 10gx+§ 10g(27r)+/ ?)2(6_7’ 0
o —

which holds with z replaced by z € C as well.
This represents, as it will be clear from the definitions, the Borel summed
version of Stirling’s formula.

2.5 Stokes phenomena

Near an essential singularity, the behavior of an analytic function depends
on the direction of approach of the singularity. For instance, e” is decreasing in
the left half plane and growing in the right half plane, and a transition occurs
as iR is crossed. The Stokes phenomenon describes more subtle phenomena.
The Stokes phenomenon relates to the fact that the solution that is asymptotic
to one fixed formal solution is generally different in different sectors at infinity.
One of the simplest examples, that we have already explored is provided by

e Prdy
/0 — (2.95)

We illustrate the Stokes phenomenon in the following analysis of the solutions
of the Airy equation; their change in behavior at +oo versus —oo is very
important in turning point problems, as we saw.

2.5a The Airy equation
To leading order, we see from (2.53) that

3
z2

e :

2/T 21

o

Ai(z) ~

z = 400 (2.96)

We work for now with the variable t = %x%, and write f(t) = ﬁ%?)%F(%)etAi(x(t)).

Then, using (2.53), we obtain

£(t) = / P8 (2 4 p)~Rdp (2.97)

If we analytically continue ¢ anticlockwise, the p contour is rotated homotopi-
cally clockwise by the same angle, to keep tp real and positive and have in
the process the integral presented in a form suitable for Watson’s lemma.
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A rotation in the p-plane by more than —7 requires crossing the negative
real line where the integrand has a branch point. With J_ the integral along
a ray of angle —m + 0 and J the same integral along a ray of angle —m — 0,
we have

Jo=Jp—(Jy—J) =T+ fa(t); folt) = - 7€ e Pp 8 (24p) " Fdp (2.98)

7©—0)1%

where C is a curve starting at coe ™
ooe™ (T+0)7see Fig. 2.1.

, goes around p = —2 and then to

FIGURE 2.1: Deformation of contour for (2.53).

Reasoning as in Note 2.42 (iii), the function
falt) == e i) ap (2.99)
c

provides, after multiplying it by e~* and changing variable back to z, a linearly
independent solution of the Airy equation. R~ is a Stokes line, and the fact
that by crossing it we collected this new term is the Stokes phenomenon.
We note that the contour in fs can be deformed all the way to p = —2,
where we have an integrable singularity.
In the part of the integral fo which is above R~ and to the left of Re (p) =
—2 we have by construction argp = —7w — 0, arg(2 + p) = 7 + 0, and thus

5

p_%(Q—l—p)_% = |p|” s |p—|—2|_%. In the part below R~ we have argp = —7+0,
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arg(2 +p) = —m 4 0 and thus p~§(2 4+ p)~6 = e™/3|p|=&|p + 2|~5. Noting
that 1 — /3 = ¢™/3_ and changing variables to s = €'"p, we get

fa(t) = em/?’/ s_%(s - 2)_%etsds = e”/?’eZt/ %(s +2)” Sel*ds
2 0

2.100
with arg(s) = 0. In J,, thought of an integral along the upper side (of R_),
p_%(2 +p)6 equals 65“/6\p|_§'\p+ 2|_% from Rep = 0 to Rep = —2 and,
as before, |p|~¢|p + 2|~ ¢ to the left of Re(p) = —2. Changing variables to
s = €""p, this is the same as the integral below R~

co—10
Jy = —657”'/6/ sT8(2—s) SePds (2.101)
0

with the natural choice of the argument, that is starting with args = 0,
arg(2 — s) = 0 for small s > 0. With this choice, we note that arg(2 —s) =
for s > 2 in the integrand in (2.101). Thus,

coe ™0 00
f@t) = —65”1/6/ 576(2—s)"setds + em/?’e%/ s_%(s + 2)_%etsds
0

0
(2.102)
for arg(t) > m. By the change of Variables if p rotates clockwise, so does s.

To reach argx = 7, i.e. argt = we rotate further s by 71'/2 Then, for
—imw/2

2 bl
x € R™, after the change of variable s = ¢

u, we get
T35 (L) Ai(—|z])
o0 5 5
= Tl / u”s (2 +iu)"se Wt dy
0
i . Rl 5 5 3

+ 676_2‘”/0 w6 (2 —du)"sedu; t =222 (2.103)

which is real-valued as expected.

For large |z|, applying Watson’s Lemma to (2.103), one obtains the asymp-
totic behavior

AR (1 0 (ja ) |

|~1/4g=ilal*/*+i% [1+0(|x| 3/2)} (2.104)

Ai(fel) = 5= lo
v

Equation (2.104) gives the connection formula for Ai: Tt provides the behavior
at —oo, given the behavior at +oco, with explicit constants. We see that the
behavior at —oo differs even formally from (2.96). It is usually not possible to
obtain in closed form the connection constants for more complicated ODEs,
even linear ones. The asymptotic behavior of one solution in various sectors
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can be obtained, up to the value of some constants, in quite general linear
ODEs. The possibility of finding the constants explicitly problems distin-
guishes special functions from mere solutions of linear ODEs, and is almost
always linked to the existence of underlying integral representations. More
generally, for nonlinear integrable systems, solving connection problems can
be linked to the existence of Riemann-Hilbert reformulations.

Note 2.105 When we will study more general equations, we will see that
the fact that the Borel transform of the normalized Airy equation has two
singularities in the Borel plane results in the existence of two linearly inde-
pendent solutions of any equation with coefficients analytic at infinity having
Ai as a solution. Thus, there can be no “simpler” equation with these analytic
properties which as Ai as a solution.

2.5b Nonlinear Stokes phenomena

When a differential equation is nonlinear, typically, there are infinitely many
singularities in the p plane, as we will see in more detail later.

For now let us take a reverse-engineered example. The function y(z) =
e *Ei(x) satisfies the model equation 3’ + y = 1/x that we studied before,
and thus v = y/(1 — y) satisfies the nonlinear equation

2 2
v’+(1—>u+v2:”+ (2.106)
X X X

We know that the asymptotic series of y(x) is Borel summable in any direction
other that R*, and thus, by the proof of Proposition 2.29 so is v. On the other
hand with v = LV,y = LY we have

v:y+y2+y3+...:>V:Y+Y*Y—|—~- (2.107)
where Y (p) =1/(1 — p). Then

P ds 2In(1 — p)
L e e P R

which is singular at p = 1 and p = 2. Likewise, Y*2 introduces a singularity
at p = 3 and so on, and without going through a rigorous proof for now, we
claim that the last term in (2.107) is singular (on a Riemann surface) exactly
at p € N. To illustrate this on an even more simplified model, note that

a(p) * 0b(p) = dats(p)

where 0,(p) is the Dirac delta distribution concentrated at p = a; the equality
is very checked seen by Laplace transforming both sides above.
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What would be the Stokes phenomenon for v? If J; (J_) is the Borel sum
of the asymptotic series of y for argz = 04 (argx = 0_, resp.), then

U S 1 1 omie®  (2mi)%e %
T T 1—J 42mier 1-J. (1-J.)? (1—J,)(32 08

since, by Watson’s lemma J; and J_ are of order 1/z > exp(—z). On the
other hand, in the proof of Proposition 2.29 we showed that, if S is a Borel
summable small series then so is the series (of series) 1+S+S5%+... = 1/(1-5).
Summarizing,

o0
vy =—-1+ ZC’kyke_k””, C = —2mi (2.109)
k=0

where y;, are Borel summable. We can check that in fact (2.109) is a solution
of (2.106) for any C, for instance by recalling that v = y/(1 — y) and noting
that e *Ei(z)+Ce~" is a solution of ¢’ +y = 1/x. The infinite sum in (2.109)
is a Borel summed transseries and is the prototypical form of a solution of a
nonlinear first order ODE, after normalization (meaning bringing the equation
to a canonical form by changes of dependent and independent variables).
A similar form, except in vector presentation describes solutions of generic
systems of normalized nonlinear ODEs.

Exercise 2.110 Show that 1 — J, has infinitely many zeros in any sector of
‘Ehe f;)rm argz € [§ — ¢, 5 + ¢] using the integral representation of J,, cf.
2.95).

The phenomenon of formation of arrays of singularities is quite general, and
is the effect of pile-up of exponentials near antistokes lines, the lines where
the exponentials become oscillatory. To the right of the poles, the leading
behavior of v is 1/ and to the left it is 1.

2.5¢ The Gamma function

Difference equations also produce infinitely many singularities in p plane.
Let us look at (2.94). Consider the part

S
g(x) = / = e "Pdp (2.111)

0 p*e? —1)
We analytically continue (2.111) to complex z by choosing the integration
path to be the ray argp = § = —argx (except when z € iR when we would
take argp = @ = — arg x40 instead) thus ensuring pzx to be real and positive.

When x crosses the negative imaginary axis and moves to the third quadrant,

s

argp crosses 5 and in the process residues at poles p = 2inm for n € N have
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to be collected; this gives

60

g(x) = / G(p)e “Pdp + 2mi Z ResG(p)e™ " |p=2jmi
0

J=1
/ooei
0
60

/Oooe G(p)e ™Pdp — In(1 — exp(—2z7i)), (2.112)

2

— 1
—ap
G(p)e dp+;j€2mﬁm

We note that both the integral and the sum are convergent when argzx =
s

—0 = —7m/2 — ¢ for £ € (0, 3] if & is not an integer. Then from (2.94) we get

0

T 1- exp(—2xi)

[(z) ;\/ﬂﬂ—%e*z@qj ( /Ooe G(p)ewdp> (2.113)

Since € € (0, %], it is manifest from (2.113) that I'(z) is analytic for argz €

(—7T7 —g) while analyticity for argz € (—g, g) is manifest in (2.111). When
argr = —7, we skirt the singularities of the integrand on argp = 5 by

choosing instead integration along argp = 7 — € to conclude analyticity of
T'(z) on the negative imaginary axis. Setting § = 7 in (2.113), it is clear that
I'(x) is real valued and meromorphic on e~“"R™, with simple poles at negative
integers. Since I'(z) is real valued on R, by the Schwartz reflection principle,
I'(x) is analytic in the lower half plane and I'(z) is singular only at simple
poles at negative integers. The poles may be seen to originate in the infinite
sum on the second line of (2.112), in a way similar to the one mentioned in the

preceding section. Since Watson’s Lemma may be applied to foooele G(p)e P*,
Stirling’s formula holds for large || when arg = € (—,0] since e=2*™ « 1
in this regime. Using again the Schwartz reflection principle, the same is true
for arg x € [0,7), and the only exception is R™.

Furthermore, taking + = —y with y ¢ N and then setting § = 7 in
the expression for I'(—z), we get, by straightforward algebra from (2.113)

I(—2)'(z) = ~psin(rn) from which it follows that
7r
I'(1-2)l(z) = —0 (2.114)
TR = sin(mx) '

We can, especially by analogy with the ODE case, think of the reflection
formula (2.114) as the connection formula for the Gamma function.
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2.6 Analysis of convolution equations
2.6a Properties of the p plane convolution, Definition 2.21

We will study convolution equations along R, in spaces of functions which
are locally integrable and exponentially bounded at infinity, or in sectorial
domains in C, typically containing a neighborhood of the origin or in compact
subsets of such sectorial domains. In all these cases, convolution is well-
defined; see also cf. Lemma 2.27 for analyticity properties.

Lemma 2.115 In the settings above, functions form a commutative algebra
with respect to convolution and addition.

PROOF The needed properties can be checked directly, but it is conve-
nient to use injectivity of the Laplace transform, see Corollary 1.53 and the
fact that L[f xg] = (Lf)(Lg). For function defined in (pre)compact subsets
of C we can extend them with zero to take the Laplace transform.

For instance convolution is associative since

LIf (g h) = LIAIL [+ B = LULIGILIR) = LI+ g)+ h]  (2.116)

and by injectivity of L, we get
fr(gxh)=(fxg)*h (2.117)
I

Similarly, it is commutative and distributive.

2.6b Banach convolution algebras

We now define a family of suitable norms so that the Banach spaces induced
by these norms are Banach algebras 3. without a unit element with respect
to addition and convolution (defined to be the multiplication in this algebra).

Some spaces arise naturally and are well suited for the study of convolution
equations.

1. Let v € R and define L. := {f : Rt — C: f(p)e "? € L}(R")}; then
the norm ||f||, is defined as | f(p)e~"P||; where || -||; denotes the L!
norm; equivalently, ||f]l, = [£(|f])](v) . Lemma 2.23 shows that L} is
a Banach algebra with respect to convolution without a unit element.

3A Banach algebra is a Banach space of functions endowed with multiplication (*) which is
distributive, associative and continuous in the Banach norm, continuity meaning || F * G|| <
IFIIIG]|. A unit ”1” is an element s.t. 1xz =z *x1 = x.
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Exercise 2.118 Show that there is indeed no Ll unit with respect to
convolution, that is no u s.t. u* f = f for all f € LL.

We see that the norm || - ||, is the Laplace transform of | f| evaluated at
large argument v, and it is, in this sense, a Borel dual of the sup norm
in the original space— since for Rex > v, [L[f](z)] < [~ e[ f(p)|dp.

. The space LL(RTe'). By definition f € LL(RTe™) if f,(t) := f(te'?) €

LL. Convolution along R*e® can be expressed directly as

, Iple®® ,
(Fr)lple) = [ F(s)allle’® = 9)ds =
[p|

¢ [ He g o] — )t = € (f, < 0,) (i) (2119)

It is clear that LL(RTe!?) is also a Banach algebra.

. Similarly, we say that f € LL(S) where S = {te? : t e R*,p € (a,b)} if
fe Ly(RYe?) forall p € (a,b). Wedefine || f[|,,5 = supye(a,p 1]l LL@+eie)-

The space LL(S) = {f : || fll..s < oo} is also a Banach algebra.

. The L. spaces can be restricted to an initial interval along a ray, or a

compact subset of S, restricting the norm to an appropriate set. For
instance,

LY([0,1]) = {f : /01 eS| £ (s)|ds < oo} (2.120)

These spaces are Banach algebras as well. Obviously, if A C B, LL(B)
is naturally embedded (cf. footnote 5 on p. 94) in L] (A). Note also that
f € LL([0,1] if f extended by zero on [1,00) is in LL(R*), and through
this mapping many properties of LL(RT) carry over to L.([0,1].

. Another important space is A, (€), the space of analytic functions in a

star-shaped? neighborhood & of a disk {p : |p| < a} in the norm (v € R™;
R = Ldiam(&))

-2

11 = Rsup |e=171£(p)|
peE

Note. This norm is topologically equivalent with the sup norm (conver-
gent sequences are the same), but better behaved for finding exponential
bounds.

4Containing every point p together with the segment linking it to 0.
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6. We can allow the star-shaped domain £ to be non-compact by taking
the following norm:

171 = 5 sup |(Ip” + 1le ™1 (p)
£

Indeed, if | f| < || f]|$/m)e PI(|p]2+1)~" and |g| < [|g]|$/m)e1PI(|p|>+
1)~!, then f * g is bounded by

IfHlgll [ 2%eriPla=2ds _ |If[llglle!”12* arctan p|
w2 Joo (el =52 +1](s2+1) ~ ™ pl* +1
< IFMlgll (2.121)

7. The subspace of functions Ay, (£) which vanish at zero.

Proposition 2.122 (Deformation of contour) Assume that f € LL(9),
| fll, < M where S is a sector {p : arg(p) € [a,b] C (=7/2,7/2)} and that f

is analytic in S. Then foooew f(p)e ¥Pdp does not depend on 0 € [a,b].

PROOF Let € > 0. We have
OOEie ooew d P
/ e TP f(p)dp = / e P— [ e V' f(t)dt
0 0 dp Jo

OO@iG P Ooeie/ P
:5/ e_sp/ e_”tf(t)dtdpze/ e_sp/ e "t f(t)dtdp
0 0 0 0

i6’

- T ey (2123)
0

for all 8,60’ € [a,b] by Jordan’s Lemma, where we use the fact that fop eVt (t)dt
is analytic and uniformly bounded by M. Taking ¢ — 0 and applying domi-
nated convergence, the result follows.

Alternatively, the result above follows from the following

Proposition 2.124 Assume F € Ll and is analytic in a sector S = {p :
argp € (a,b)}. Then e IPl|F(p)| is bounded as p — oo in any subsector
S'={p:argpe (d,V)}, [d',V] C (a,b).

PROOF Indeed,

[pl
/0 Y(thdl

Ip|
e <|[emvian < v,
0
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Thus, the antiderivative of Y is uniformly exponentially bounded in S by
IY|l,. It is easy to see using Cauchy’s integral formula that Y is bounded in
S’ by V'||Y]|,e’!! for some v/ > v (which can be chosen arbitrarily close to v
if p is large).

Proposition 2.125 The space Ag,, is a Banach algebra with respect to con-
volution.

PROOF For analyticity, see Lemma 2.27 . To estimate
the norm of convolution we write, with P = |p|,

Re_”P/O f(te™)g((P — t)e'*)dt

RevP / " F(s)glp — 5)ds

P
R7! / Rf(te*)e " Rg((P — t)e*)e =D qt
0

R
<R_1||f||HgH/ dt = fllllgll  (2.126)
0
I

Note that Ag,, C L.(£).
(6) Finally, we note that the space Ag ,.0(E) = {f € Ar,,(€): f(0) =0} isa
closed subalgebra of Ag ,.

Remark 2.127 If f is a bounded function, then

gl < gl flloo (2.128)

in LL. The same holds if f is holomorphic in £, with sup now over £, for the
spaces Ar,, and Ag 0.

2.6¢c Spaces of sequences of functions

In Borel summing more general expansions (transseries), it is convenient to
look at sequences of vector-valued functions belonging to one or more of the
spaces introduced before. For instance, in the scalar case, when the transseries
. . ~ o0 ~ 5 . =z

is given by § = > .7, §;2” with z = e~ ", we have

oo
yr=>_ 7 > Y1 Vs * Yo (2.129)

Jj=0  kitkot+-+tkn=j

It is convenient to represent y as a vector

y={yi}izo0 (yj =) (2.130)
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and introduce the product of sequences fg by
(f)i= > fitin (2.131)
Jit+j2=j

To Borel transform a transseries we look at the sequence of Borel transforms
of each y; =: y; above. Thus the Borel dual of y is the sequence

Y = (YVidiso (2.132)

where Y; = By;. For u > 0 we define

Ly, = {Y € (L) " p Vil < oo} (2.133)
k>0

and introduce the following convolution on L,lj! "

k

(F¥G)p = > F; %Gy (2.134)
j=0

which, as we see, is a double convolution: in p through * and a discrete one
in the index.

Exercise 2.135 Show that

IF*Gl e < IFlly Gl (2.136)
and (L, ..+, * || ll,,u) is a Banach algebra. Show that the subspace L), ., =
{yeL,,:yo="--=yn_1 =0} is closed, and thus a Banach algebra too.

1z —AmT

In the vectorial case we have, in general, m exponentials e~ %, ... ¢
and the solution is vector valued, with values in say C™. We then define
sequences {Yy }xemuqoy)m where yx € C". When writing the Borel transform
of the transseries solution, once more we do so componentwise, for each k
separately. Furthermore, the nonlinear terms in the differential equation are
of the form g' = g!* - - - gl which are scalar. See also [44], §2.1.3.

2.7 Focusing spaces and algebras

An important property of the norms (1)—(4) and (6) in §2.6 is that for any f
we have ||f|l, — 0 as v — oo. This is used to control nonlinear terms: for
large enough v they become negligibly small.

A family of norms |||, depending on a parameter v € R™ is focusing if for
any f with || f],, < oo for some vy we have
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[fll + 0 as v 1 oo (2.137)

(J means monotonically decreasing to the limit, 1 means increasing).

Let V be a linear space of functions and {]|||,} a family of norms satisfying
(2.137) and (2.128) for any uniformly continuous f € V. For each v we define
a Banach space B, as the completion of {f € V : ||f|, < co}. For a < S,
(2.137) shows B, is naturally embedded in Bg.> Let F C V be the inductive
limit of the B,. That is to say

F=JB (2.138)

v>0

where a sequence is convergent if it converges in some B,. We call F a
focusing space.

Consider now the case when (B,,+, %, ||||,) are commutative Banach alge-
bras. Then F inherits a structure of a commutative algebra, in which * is
continuous. We say that (F,#,]|||,) is a focusing algebra.

Ag.v0 and L), are focusing al-

[

Examples. The spaces |, L, and {J,-,
gebras. The last space is focusing as v — oo and pu — oo.

An extension to distributions, very useful in studying singular convolution
equations, is the space of staircase distributions D, ,; see [44].

m,v?’

Remark 2.139 The following simple observation is useful when we want
to show that one solution has a number of different properties: analyticity,
boundedness, etc. Let f be defined on S; U Ss, and assume that the equation
f(x) = 0 has a unique solution z; in S, a unique solution z in Sy and a
unique solution zz in S; N Sy. Then z1 = z9 = 23 € S; N Sy. Of course,
we can equivalently analyze the equation f in S NSy to start with but when
we are dealing with more sets when only various combinations of \S; intersect
non-emptily, the first approach is more economical.

2.8 Borel summation analysis of nonlinear ODEs

We select a number of relatively simple yet illustrative examples and send
for the general theory to [44].
Consider first the ODE

/

v =22 —y+y° (2.140)

5That is, we can naturally identify By with a subset of Bg which is isomorphic to it.
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This equation was chosen so that it is already in normalized form (more
about this later) and it is not solvable by any known methods (in fact, it is
nonintegrable in the sense of Painlevé, see §2.10); yet the analysis of this rel-
atively simple problem illustrates the main aspects of the transseries analysis
for a generic system of nonlinear ODEs [44]. The extension of focusing alge-
bras techniques to transseries and contour integral representations (as will be
seen later) simplifies the proofs in [44] and avoids using special distributions.
Here, to avoid notational complications we just illustrate the approach on this
particular nonlinear ODE, but the extension to general nonlinear systems of
ODEs is relatively straightforward. We will point out where the differences oc-
cur, and defer to the appendix the necessary adaptations.

We can look for formal power series solutions in the usual way, by inserting
a series with unknown coefficients and identifying them, or by iteration. Esti-
mating the coefficients, one would see that the series is divergent, and in this
sense, the point at infinity is an irregular singular point. Since we will not
base the analysis on the formal series but rather on the Borel transform of the
equation, and, furthermore, the formal series and its asymptotic properties
will emerge as a byproduct, we skip this step now.

As in the linear cases, the logic will be that we apply formally the inverse
Laplace transform (Borel transform) to the equation, find a solution of the
transformed (Borel plane) equation and then show that the solution of this
new equation, when Laplace transformed, results in a solution of the ODE.

Since we have a Banach algebra structure in Borel plane, differential equa-
tions become effectively algebraic equations (with convolution * acting as
multiplication), which is much easier to deal with. In our case, the formal
inverse Laplace of (2.140) is

1
Y HY =p+ VS eV =L =y A(Y) (2.141)

where L7y =Y and Y =Y *Y x Y.

Definition 2.142 Let [a,b] C (0,27), and St = {p : arg(p) € (a,b)}, St =
{pe St :|p| < K}, Dy ={p:|p| < a<1}. Similarly for [a,b] C (—27,0),
and 5~ = {p: axg(p) € (a,0)}, Sx = {p € 5+ ol < K}

Proposition 2.143 Let S be a star-shaped subset of a closed set s.t. the
distance to [1,00] is @ > 0 and F a focusing algebra of functions in S closed
under convolution, containing &. For large enough v, (2.141) has a unique

solution Yy in .6

65 could be, for instance, any of the spaces in Definition 2.142, and the proof would go
through for large enough v.
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PROOF By the focusing property, for large enough v we have

_r
1-p

Let B be the ball of radius ¢ in the norm v and F' be a function in 8. Then,

<e/2 (2.144)

v

1
p—1

+ max

p
N, < ||——
WL < | 2]

‘ |F|I3 =¢/2+c? <e (2.145)

v

if € is small enough (that is, if v is large). Furthermore, for large v, N is
contractive in B for we have, for small ¢,

NG = N (Bl S 157 — B0l = I(Fs = F) 5 (FY2 4+ By By 4 )
S3ER(F - By (2.146)

I

Corollary 2.147 There is a unique solution to the convolution equation
(2.141) in each of following spaces A, (S5 UD.), LL(SY), A, 0(SE UD.),
(for large enough v) and the solution belongs to their intersection.

PROOF

In the following, the subscript 0 means the functions in the set vanish at
Z€ro.

We have the following embeddings: A, o(S7 UD.) C LL(S*) (extending
the elements of A, by zero) and A, (S5 UD.) C A, o(D:) . Thus, there

exists a unique solution Yy of (2.141), the same for all these spaces.

Thus Y is analytic in S* and belongs to L1(S¥), in particular it is Laplace
transformable. The Laplace transform is a solution of (2.140) as it is easy to
check.

It also follows that the formal power series solution g of (2.140) is Borel
summable in any sector not containing R*, which is a Stokes ray. We have,

indeed, By =Y (check!).

2.8a Borel summation of the transseries solution

Let g the asymptotic series of LY. Looking for a transseries solution,

o0
g=1do+ Y Cre g (2.148)
k=1
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we insert (2.148) in (2.140) and equate the coefficients of e~*%; this results in
the system of equations

Jo=—bo+a >+ 75 (2.149)
k-1

To+ (L—k=300)0k =300 D _ G-+ D Unlpiis k=1 (2.150)
Jj=1 [i1=kigi>1

where, as usual, |j| = j; + j2 + j3 and ), = 0. The equation for 7 is linear
and homogeneous:
7, = 33 (2.151)

For a general nonlinear system, instead of (2.151) one obtains a system of
linear equations. Thus

g1 = Ce’; §:= /Hggjo?(t)dt (2.152)

[e )

Since 5 = O(x~3), by Proposition 2.29 and Proposition 2.40, e° is Borel
summable in C\ RT. We note that g1 = C(1 + o(1)) and we cannot take
the inverse Laplace transform of §; directly. But the series z~'¢; is Borel
summable (say to ®;) see Proposition 2.40. It is convenient” to make the
substitution §; = 2*@, We get

k—1
Pot(1-k=330+kz ™ )Gr =30 D GiPr—y+ Y $iuPnbi (2.153)
Jj=1 Jit+je+is=k;ji=1

where clearly ¢g = 9o, @1 = x4, with §; given in (2.152). We choose
& = CBz~'e®, define for a choice of sign,

Yo = (Y5,0,..,0,..); Y1 =(0,0f,..,0,..),1=(1,0,...);
® = (0,0,B9,Ps,...); k® = (0,0,2P9,3P3,4Py,---) (2.154)
and, after Borel transform, we get
—p® + (1 —k)® = Go + (—k1 + G1)*® + Go*d*? + $*° (2.155)
where

Go =3Yo*Y24+Y 3 G = 3(Y3242Y 0*Y 1 +Y}?); Gy =3(Yo+Y))
(2.156)

We treat (2.156) as an equation in L > C Ly, ,,,

{®,}jen, Po = 1 = 0 (and similar subspaces of other focusing algebras).

the subspace of sequences

"In this problem, §; = 1 + 41 would suffice to ensure O(x~2) decay of (91,92, ...).
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Note 2.157 (i) It is important to subtract out Y;, as we have, since its
equation allows for a free constant and no contractive mapping argument
would work unless the constant C' is specified.

(ii) One can show check inductively that

Gorr1 = Oz k1), Gop =0z 2F72); N3k >1 (2.158)

or

Jorrr = O(1); Jor =O0(z72); YNk >1 (2.159)

where the constants implicit in (2.161) and (2.159) can be calculated in closed
form for any given k.

Proposition 2.160 (i) For p, v large enough, eq. (2.156) is contractive in
L}W;OQ (S%), Ay 002(SE UD,) and A, , 02(D.). Thus (2.156) has a unique
solution ®* in this space. Similarly, it has a unique solution in these spaces.
Likewise, there is a unique solution @~ in the corresponding spaces in the
lower half-plane8.

(ii) Thus there is a v large enough so that for all k

coe—iars(@)

o (x) = /0 efmp@Z(p)dp (2.161)

exist for [z| > v. The functions ¢, (x) are analytic in z for arg(z) € (—27 —

w/2,7/2). The similarly obtained ga}e" (x) by Laplace transforming ®, along

a ray in the fourth quadrant are analytic in z, arg(z) € (—n/2,27 + 7/2).
(iii) The function series

oo

v (@;Cp) =) CheFakyf(x) (2.162)

k=0

and -
y (2;C_) =Y Cre M akp (x) (2.163)

k=0

converge for sufficiently large Rex, arg(z) € (—n/2,7/2) and solve (2.140).
(See also Proposition 2.165 below.). In fact, ¢}, (z)| < pFe™(Re(@=¥) if Re (z)
is large enough.

Note. The solution cannot be written in the form (2.162) or (2.163) in a
sector of opening more than 7 centered on R* because the exponentials would
become large and convergence is not ensured anymore. Growing exponentials
implies, generically, blow-up of the actual solutions. All the ¢ however are
well behaved.

8Like Yp, the functions ®; are analytic for |p| < 1, but generally have branch points at
1,2,...
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Exercise 2.164 (*) Prove Proposition 2.160.

Proposition 2.165 Any solution of (2.140) which is o(1) as x — 400 can
be written in the form (2.162) or, equally well, in the form (2.163).

Note 2.166 The proof of uniqueness of small solutions in other directions in
the right half plane is very similar; in the left half plane, the fixed limit of
integration xo in the integral form of the equation (see (2.168)) in the proof
would need to be taken —oo.

PROOF The method we use here can be extended relatively straightfor-
wardly to general systems, see [44].

The idea is the following: we show that for any o(1) solution y there exists a
yo s.t. y—yc = o(e~?), and this is incompatible with the differential equation
unless y — yo = 0.

Let yo := y™ be the solution of (2.140) of the form (2.162) with C' = 0. Let
y be another solution which is o(1) as z — 400 and let § =y — yT. We have

§ = =8+ 3y36 + 3y + 5° (2.167)

We first choose zg s.t. sup{|d(z)|,e™", |yo| : & > zo} < e < } and then write
the equation in integral form (6 =: d¢):

bc=Ce " 4e " /w e® (3yo(s)*0c(s) + 3yodc(s)® + 6c(s)?) ds  (2.168)

Zo

where |Ce™ | = |d¢(z0)| < € by assumption. Then, with xo large enough,
eq. (2.168) is contractive on [zg,00) in a ball of radius 2¢ in the norm
SUP, >4, [0(2)|. This is shown in the usual way.
Let

M(z) = sup |dc(s)e’]

s€[zo,x)

By direct estimates, using (2.168) and |0| < 2¢ for & > z(, we get for large x
M(s) < [C[+O(e)M

Solving for M we get
M(z) < 2|C| (2.169)

for large x. Thus we can write f;o = ;: + f; and the integral equation
becomes

x

oo =Cre™® + e_x/ e® (3yo(s)*0c(s) + 3yodc(s)® + 6c(s)®) ds  (2.170)

[e )

for some C;. Define now the norm sup,,, [6(z)le” and the Banach space
{6 : ||d]| < oo} and finally the ball B = {§ : ||§]| < 2C;}. Then, eq. (2.168)



100 Course notes

is contractive on [z1,00) in B, if &1 > z( is large enough. In particular, if
C7 = 0 then this unique solution is zero.

Since the exponentially weighted spaces are contained in the L* ones, it
follows that there is a unique solution to (2.168) and e*dc = C1(1 + o(1)) for
large z. On the other hand, the solution y¢, given by (2.162) with C = C;
also satisfies yo, —y+ = Cre”*(140(1)). It follows that 6; = y—yc, = o(e™7")
and satisfies (2.168), with C replaced by some ¢ € R.

By the same arguments as above, §; = ce”*(1+0(1)). But ce *(140(1)) =
o(e™*) implies ¢ = 0 and thus §; = 0. :

2.8a.1 Finding the asymptotics of ¢ by linearization[21]

We could also reason as follows. Choose again zg as for (2.168). Note that
the sought-for § (which we will still denote d¢) is also the unique solution
of the linear equation (with d¢ = y — yo, where y is the fixed o(1) solution
treated as “known”)

§ = =0 4 3y35 + 3yodcd + 646; §(x0) = dc(20) (2.171)
We have
(Ind)" = —1 + 3y + 3yodc + 0 = —1 +r(x) = =1+ 0(1) (2.172)
implying by integration
_ 50(xo)ef(mfxo)Jro(l)(mfzo) = 60 = 50(mo)ef(mfxo)+o(1)(zfxo) (2.173)

since we know § = J¢. Using the estimate (2.173) to bound r(x) (instead of
o(1)) we get
Iné=—x+0(1/2%) +C (2.174)

that is,
§=Cre (1 +0(1/z%)

Now we estimate as above d; = yc, — y, which should be by construction
o(e™?), the proof is finished as before (by redoing the calculation above with

Yo, replacing o).
2.8b Analytic structure of Y, along R*

The approach sketched in this section is simple, but relies substantially on
the ODE origin of the convolution equations; it would not necessarily extend,
say to PDEs.

A different, complete proof, that uses the differential equation only min-
imally is given in [44]; for extensions to PDEs see, e.g. [42] and references
therein.
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*

By Proposition 2.143, Y = Y;" is analytic in any region of the form DU S’?{.
We now sketch a proof that Yy has analytic continuation along curves that do
not pass through the positive integers.

For this purpose we use (2.162) and (2.163) in order to derive the behavior
of Y. It is a way of exploiting what Ecalle has discovered in more generality,
bridge equations. We start with exploring a non-generic possibility (which
does not happen for our sample equation).

2.8b.1 Casel yo+ =Yy =:Yo
Since yar =1y, =y we have

ia’

y =/ Y*(p)e_’””dp=/ Y™ (p)e P dp (2.175)
0 0

where we take a’ € (a,7/2) with a defined in Proposition 2.143.
We first show Y is analytic in a sector or opening a centered on R*. From
(2.175) it follows that y is analytic and O(z~2) in

Sy =A{x: |z| > zo :=vm,arg(z) € (—7/2 —d',7/2+d')};
m~! := min{sin(a’/2),cos(a’/2)} (2.176)

Now, by Proposition 1.56 (ii), Note 1.61 and (2.176) Y = L£_(y), the
inverse Laplace transform of y with integration path along a line orthogonal
on Re™ % exists for any a € (—a’, a’) and does not depend on «, and is analytic
in a sector S, of opening a’ centered on RTe~. At the same time, from
(2.175) £, (y) equals YT in a small sector just above the real line and equals
L~L(y) =Y~ in a small sector just below the real line, then Y = Y+ = Y~
in any domain in the union of the domains of analyticity of Y, Y ™,Y ~, which
is C. The monodromy theorem implies that Y is entire. By Proposition 1.56
(iii) |Y(p)| is bounded by e/l for some ¢ in S,,. Thus Y is entire and, by
Propositions 2.147 and 2.124 uniformly bounded by Ce”'IPl for large v, for
some v’ > max{c,v|} and all p € C.

It is an easy Cauchy formula exercise to show that, if |Y| < Ce”/Pl then
[Y*(0)] < CVEVF/k! (see the appendix §2.18). Applying Laplace transform
to the Taylor series of Y (p) term by term, which is justified by the dominated
convergence theorem, it follows that the series gy is convergent, and by basic
ODE theory, or by the isomorphism of usual summation, it converges to a
solution y.

We arrived at the following result:

Proposition 2.177 The formal series §o is convergent iff (nongenerically)
y+ = y— and factorially divergent otherwise.
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PROOF The proof is contained in the analysis preceding the Proposition,
except for the factorial divergence, which follows from the fact that Y, # Y_
implies that the Taylor series of Y at p = 0 has finite radius of convergence

60
ooe
0
series 9. I

and applying Watson’s lemma to Y (p)e P®dp, one obtains a divergent

2.8c The analytic continuations of Y|

By Proposition 2.165, y; can be represented in the form (2.163). Thus,
there exists a constant S (called Stokes multiplier) such that

=y + > Ste Fato (x) (2.178)
k=1
implying ,
yt—y = Se Tapy (v) + O(x%e ") (2.179)

If S = 0 the analysis in §2.8b.1 applies, Yy is entire and yq is analytic at
infinity. So we assume S # 0. More generally than (2.178), for any C, there
is C_ such that we have

yT+ Y CreFrakpl(z) =y~ +ZC’“ o (x) (2.180)

from which we obtain

gt oy = (O - Coetapr(n) + 0™ (281)
Comparing with (2.179) we get, after multiplication with e*,
(C_ —Cy — S)zp; (x) = O(z?e™™) (2.182)
implying
C_.—-Cy=S5 (2.183)

since o~ (z) — 1 as & — oo.
Recalling that @? = yoi, and denoting C' = C (2.180) we get the identity

oo

D Crekrabol(z) =Y (C+ S)ke Mk (2) (2.184)
k=0 k=0

which holds for any C'! From the convergence of ® in the space L, , for large
u, v, it follows that the expansions (2.184) are analytic in C if x is chosen large
enough. This means we get a series of identities by taking the derivatives of
(2.184) at C = 0. We get

Ny
oF — o, :Z< i >ij]e T Orti (2.185)

j=1
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2.8d Local analytic structure of Y;, ®, along R*

Definition 2.186 We introduce the notation f:i to denote an integral along
a contour encircling a + R* in a counter-clockwise manner, with a minimal
+i
distance 0 < ¢ < 1 from this set; fao_cce ” denote a similar integral, except
that it approaches coe’® on the upper side of Rt and coe™* on the lower-
ip .
side. Finally, for ¢ # 0, fao;e denotes an integral encircling a + e*?R™

in a positive direction, such that the points a + [ for all [ € Z* are in the
exterior of the curve, and the curve is at least 0 < ¢ < 1 away from the set
{a+e“Rt,a+1:1€Z}.

+ip

§ ooe
// a;c

_— ~— branch cufoceiv

_— _— - -

Lt - a;c f 0o
— a;c

FIGURE 2.2: Various curves around a; the notation for the integrals, taken
along the positive direction of each curve.

We take v/ > v, and define
Hy=e"PYy and u =z — v/ (we take Re (u) > 0) (2.187)

Noting that y_ = LY T and y, = LY~ and that in D we have YT =Y~ =Y}
and Y} is analytic there, we may write (2.178) as

coet i N
‘74 Hope "Pdp = Z Skemk ko (x) + an (u), (2.188)
1;c =1
where
aN(u) = Z Ske—lw'e—ku(yl + ’u,)k(p;(yl + u) -0 (uN+1e—(N+1)u)
k=N-+1

(2.189)
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Now, we will introduce an artificial singularity at zero of the integrand, to
get a simple expression for the terms of the sum in (2.188) by integration by
parts, as follows. For a € (a,7/2) we have

Skake koo (1) = Skxkeka/ . (p)e P dp
0

Sk k_—kx o' —px Skeikx ooe™® (k) — T
=55 € jg o (p)e " Inpdp = o] ]g (@) (p)Inp] e Pdp

Skefkufku'

e ), ~'p,—pu
= 27”,%;6 (@ (p)Inp] e " Pe P dp  (2.190)

Now, since for large v/, [@g(p) lnp] ®)e=v'p and Hj are in L' along the given
contour of integration, we can take the Laplace transform f — fooo fw)e* du,
where Re z < 0, (note the choice of sign) on both sides of (2.188), using (2.190)
and interchanging the (u, p) order of variables by Fubini we get

coeti N o coet® ¥ (k)
Ho(p) Ske—kv 7{ (@) (p)Inp]"™
LIRS ol S L e
7{;c p—z P ; 21 0:c p—z+k p Nn(2)

(2.191)

We note that ay(u) is analytic for v > 0, and it is O(uNFtle”(N+Du),

Therefore, Ay (2) = [~ e*Yan (u)du is analytic for Re z < N + 1.

We start with large negative Im z. The right side of (2.191) is analytic for
Re(z) < N + 1, except at the points z = k: this is clear since @} (p)Inp
are analytic inside the contour except for a possibly branched singularity at
zero, and the contour of integration can be deformed to accommodate for the
variation of z, except if z approaches k, for some k£ = 1,2, ..., N.

To see what happens in a neighborhood of z = k, let

coet® [(I)z <p) In p] (k)

— e ""Pdp (2.192)

Gi(2) 1= G(2) = 74

Lemma 2.193 The function G is analytic on the first sheet of the Riemann
surface of In(z — k).

PROOF G is manifestly analytic when z is in the exterior of the contour
in (2.192). The analytic continuation of G(z) for z inside the loop can be
found through contour deformation, crossing z and in the process collecting
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a residue at p = z — k, see Fig. 2.3, implying

Ske—kl/
211

G(z) = SFe™'* (@ (z— k) In(z — k)] ()

e "'Pdp  (2.194)

’ [2e1 k
N Skefky %ooe I:q);ck <p) hlp] (k)
C

2mi e p—z+k

where the last integral is along the deformed contour in Fig. 2.3, where part of
the curve is replaced by an arccircle having z inside the new contour, in the
process collecting a residue (from the small circle in the figure) The integral
along the deformed contour is manifestly analytic for z near k.

FIGURE 2.3: Deformation of contour f;:ew to bring z in the interior of
the (new) curve. The contour integral around z is replaced by its value in
terms of the residue at z. The integral on the deformed contour is manifestly
analytic when z is in its interior even at points where the integrand is
singular in the interior of the curve.

« Lp)zdp to 2 inside the

We can likewise find the analytic continuation of 3%?261 =

contour by contour deformation and collecting a residue,
Ooe'ia H d Ooeia H d
f{ Holp)dp _ 74 Holp)dp 2miHo(2) (2.195)
1;c p—=z 1;¢’ p—=z

where on the right side z is now in the interior of the curve, and the right
side integral is manifestly analytic near z = k. Equating the two sides of
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(2.191) after analytic continuation inside the loop, we obtain® in a (ramified)
neighborhood of z = k, as z + RT. We obtain

Proposition 2.196

Sk )

Hy (2) = Yy (2) = 2| @ (z = k) In(z = )|

- + Ap(2) near z = k (2.197)
2me

Where_zzlk(z) is analytic in a neighborhood of z = k and along the ray {z =
k+te'™ : t € R}, see Fig. 2.3, manifestly so, because of the analyticity of
all @Z.

Thus, the only singularities of Yy on the first Riemann sheet are at p = k,
and the singular structure is given in (2.199) below. It follows from (2.161)
and the fact that ¢y (z) = O(x=%=2) for even k and ¢i(x) = O(x~F) for odd
k for large = that @ (p) = p*~? By(p) with o = 1 if k is odd and o = —1 if k
is even. Thus,

Sk

Yy (2) = o

(k)
[(z k) OBy (2 — k) In(z — k)} FA(2) (2.198)
where By, and Ay, are analytic near z = k, or, finally,

Sk '
Vi (2) = = [(z — k) "7 Bya(z — k) In(z — k)] + Apa(2) (2.199)

Byo and Ay are analytic near z = k. In particular, YOJr is analytic on the
Riemann surface of a punctured neighborhood of p = k.
Similarly, from (2.185) we get, near z = k,

_ Sk i+ k (k)
- (2) = 2m( ; ) [@j‘+k(z —k)In(z — k)} + gy (2) (2.200)
with Ag.; (%) some functions analytic for |z — k| < 1. They are also analytic
when z — k is inside the whole contour of integration of ®y.

Note 2.201 In fact by rotating further z and crossing the other side of the
integration contour, the new residue collected cancels the old one. Thus, we
have the following proposition:

Proposition 2.202 Y, is analytic on the universal covering of C \ Z*.

9We quote here results for Y, (z) since we approach z = Rt from Imz < 0. Obviously
similar results can be found for YO+ (2) by approaching Rt from above.
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Remark 2.203 In the model differential equation, the transseries involved
powers of z8e~® for integer . This is generally not the case. When 3 is
not an integer, we can get similar results without the introduction of log in
(2.190) in the following way. Assume Re k3 < 0 (if not, then Rea > 0 where
a = —N + kB for some N € N and we write 2"/ LF = 2N const.xV L[p~ 21 «

F]). Then, Oﬁew (p~* 1 % F(p))e P®dp is a a constant nonzero multiple of

2o Fp)dp.

Note 2.204 We see that the formal series 7y generates, at least in principle,
the full transseries and the one-parameter family of small solutions of (2.140).
Indeed

ooeia
ek akpr (z) = xke*sz & (p)e P Inp dp
0;c

1 coet™ ooe

k) o _ _ -
== ¢ [@fp—RnE—k]Vermdp =5 Yo " (p)e " dp
e ks kic

(2.205)

since the analytic part of Y %% does not contribute, obviously, to a loop
integral such as the one on the right side of (2.205). Therefore,

[e’e} coet® oo coet®
Yy CreMabol () = / Yo' (p)e P dp+) " ]{ Yy "t (p)e P dp
k=1 0 =1 ke

(2.206)
where ¢ = C_/S.

Note 2.207 It would not be hard to show for (2.140) that a solution that
behaves like g as @ — ioo will have the asymptotic behavior Se=*(1 + o(1))
close to the negative imaginary line, in a narrow region where z7! < e™® <«
1. The value of the Stokes multiplier S is crucial to completely solving the
connection problem, here: given the behavior at 700 find the behavior at —ioc.
There are several very efficient ways to determine this important parameter
numerically, but a closed form expression for it essentially is only known in
integrable systems to be discussed in the next section.

Note 2.208 Thus, the whole information about the small solutions of (2.140)
is contained in gy. The singularities of Y, are determined also by formal
analysis of ¢, which in turn can be determined from gy up to the same
constant S.
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2.9 Spontaneous singularities near antistokes lines: a
preview

Let us return to the toy model 3’ = 32 + 1. We pretend of course that
we do not know the exact solution. If we are looking for solutions having an
asymptotic expansion at oo, we can try dominant balance. Discarding 3y’ we
get to leading order y = +i, then as usual, write y = i + s(z) and expect s
to be small for the asymptotic iteration to work. In this case though we get
s(z) = C+e™? which is of the same order of magnitude as the leading term,
i, so this balance fails. It is easy to see that other balances don’t work either.
But we also see that one choice of sign in y = +i + s(z) would work in any
direction of x other than arg(x) = 0, as then one of the two exponentials would
be decaying. So let us first analyze the solutions in a different direction, one for
which indeed argz # 0, say © = it with ¢ € R. The substitution y(z) = ig(it)
leads to

Jd=9"-1 (2.209)

and with g(t) = —1 + s(t) we get
s’ = —2s+ §* (2.210)

and the balance is meaningful as to leading order s = Ce™2! and s? < 5. We
calculate the transseries by successive iterations as usual,

]2

§/M = _gghl 4 gln—1 (2.211)
starting with s = 0, and get
s=-2) (O ¢=Ce (2.212)
k=0

which is a meaningful transseries as long as £ is small (|¢] < 1, the maximal
disk of analyticity of the series above). By Abel’s theorem, there must exist
singular points on [¢| = 1, and in this case £ = —1 is a singularity (the only
one here).

Remark 2.213 Note that one singularity in & translates into infinitely many
singularity of g. Indeed, £ = —1 means t = (2k + 1)wi, k € Z, and singular-
ities occur on the antistokes line, the line along which the exponential in the
transseries is purely oscillatory.

Of course, summing the series (2.212) explicitly

_1-¢

=1T; (2.214)

g
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and reverting the changes of variables, we recover the familiar tan solution of
the toy problem.

This singularity formation mechanism is very general. Take a typical transseries
(say, for simplicity in one dimension):

oo
J=1go+y Craklerrgy (2.215)
k=1

We remember that the 4, are Borel summable in any direction other than RY,
that LBy =y are analytic in z in S = (—m/2,27 + 7/2) for large enough
||, and that |y < p¥, in the Borel summed transseries representation

oo
y=yo+ Y Craklerryr (2.216)
k=1

For a linear equation, the transseries consists of yy and the term with £ = 1
only, and (2.216) solves the the associated ODE equation throughout S. For a
linear system of order n there would be at most n terms involving exponentials,
and the conclusion would be similar.

In the nonlinear case, the convergence of the series in (2.216) is contingent
on ¢ = Cz”e™® being small enough, which is the case roughly in the right
half plane for large enough |z|.

Note also and that, after expanding each series g in powers of 1/x, the
transseries is a formal function

j=> o€ (2.217)
ko

that is, ¢ is a formal expansion in two variables, 1/x and &. If we are interested
in what happens when ¢ is not small enough relative to powers of 1/z; then
it is natural not to expand in £ anymore, and write

j= Z Fi(&)z™d (2.218)

where, since £ is of order one and is rapidly oscillating (because of the presence
of e7® in &, periodic with period 27i) the variables £ and z are practically
independent. We then write

7 =& Z Fi(&)az™ — Zij €z (2.219)

insert in the differential equation and collect the like powers of  (since F; do
not go to zero), solving, order by order for F;. We illustrate this on Pyin the
next section.
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2.9.1 The Painlevé equations Py

We analyze now a nonlinear problem— Py, (2.247)— in the region where
solutions have poles [22]. For the analysis of forst order equations, see [23]
We use a different normalization of Pyso that instead of (1.210), the equa-
tion is in the form
Y’ =6y° + 2 (2.220)

For an equation allowing for formal, factorially divergent, power series so-
lutions, the normalized form is the one in which the series are Gevrey-1, see
Note 2.42 on p.74. This normalization often works best in studying the general
solution as well, see Note 2.400 below.

Looking for a power behavior for large z, we substitute y = Az® in (2.220),
and this gives A = +1/-1/6 and b = . This balance is consistent and leads

to formal power series solutions y ~ &,/ == for large z.

We will study the family of solutions with y ~ +,/ =% as the opposite sign
can be treated similarly. Their transseries can be obtained by determining
first the asymptotic power series o with leading order +4/=*. Then by linear

perturbation theory around it one finds the form of the small exponential, and
notices that the exponential is determined up to one multiplicative parameter.
We get the transseries solution

= \/%Zﬁ’“@k (2.221)
k=0

where
E=¢€(z)=Ca 2" with z =x(z) = % (2.222)
and g are power series, in particular
. 1 7”1 To:k
Jo=1— W ESE - 28-3;+"'+W+"'

To normalize the equation, cf. again Note 2.42, the new independent variable
x is chosen to be such that the linearized equation around gy admits expo-
nentially small correction with exponents linear in x. It is also convenient to

pull out |/=* from the dependent variable. We take

B (—242)5/4_ |-z
and Pj becomes
iy Ly 1_ 1y 41
Y"(x) 5 Y<(x) + 5= "5 Y'(z) + 5 22 Y(x) (2.223)
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which, in fact, coincides with Boutroux’s form (cf. [61]). To apply the results
in [46] and [44], (2.223) needs to be further normalized and to this end we
subtract the O(1) and O(z~!) terms of the asymptotic behavior of Y (z) for
large x. It is convenient to subtract also the O(z~2) term (since the resulting
equation becomes simpler). Then the substitution

4

transforms (2.223) to
1 1 392
"4+ Zh —h—Zh? - = 2.224
h+ xh h 2h T 0 ( )

Finally, the results in [44] and in [46] apply to first order systems of the form
o 1~ ~ .
v (A n xB> y=g@y) A=diag(\), B =ding(5)  (2.225)

(eq. (1.1) [46]) in where g = O(z~2,y?), rather than to n—th order equations.
We then write

(iﬁ)l = (gggi—4) + <(1) (1)) <;}LL/> + (8 —Oi) (;Z,) + <£2> (2.226)

Simple algebra shows that the transformation

R\ 1 - 1+ 2\ (n
(h’)z(—l—;xl—f: n (2.227)

brings (2.226) to the normal form (2.225).

Note 2.228 (Results from [46] and [45]) (i) By Theorem (ii) in [46] if y
is a solution of the system (2.225) with y = o(z73)!0 for 2 — oo, z € e"*R
(for some ¢) then y has a unique Borel summed transseries: for some C

y(z;C) = ZCke*kz(Lgon)(x) for z € e R, |z| large (2.229)
k=0

where Yo = p®*Ao(p) Yi(p) = p*/? 1 Ax(p), with Ay(p) independent of C
and analytic in C\ {£1,+2,...}. With Fy(p) = [} Yi(s)ds, all Fi(|p|e’?)
are left and right continuous in ¢ at ¢ = 0 and ¢ = 7. There exist v and M
independent of k such that sup,cc\r |Fr(p)e~PI¥| < MF*. The singularities of

Yi(p) for Painlevé are of the form (p —1)~/2 In(p — 2), (p — 3)/2, etc.

10This is the case for (2.224), where h = O(z~4)
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(ii) The constant C in (2.229) depends on the direction ¢: C = C(argz) is
piecewise constant; it can only change at the Stokes rays.
(iii) We have

E
2

LY i=yr~cpr 25 k> 1Lyo=0(x"*) forz — o0, €e R (2.230)

where, if C' # 0, ¢y is chosen to be 1 by convention, thus fixing C.
(iv) For any 6 > 0 there is b > 0 so that for all k¥ > 0 and ¢ in (—m,0)U(0, 7)
we have [ Y (pe~"¢)|e~"Pdp < 6" (Proposition 20 in [46]).

Note 2.231 (i) Algebraically, the equation is simpler in variables (h, h’) than
in y, and it is more convenient to work directly with the second order equation
(1.210); the results in [46], [44] and [45] translate easily through the linear sub-
stitution (2.227) into results about h and H := £~ 'h. In particular, (2.233)
below holds for solutions h = o(x~3), where Hj, satisfy all the analyticity
properties and, up to constants, bounds satisfied by Y.

The following result follows from [45]:

Lemma 2.232 (i) Assume h solves (2.224) and satisfies h(x) = o(z™3) as
z — 00 with argz € (=%, Z). Then h(z) ~ Cyx~/2e™ as ¢ — +ico for
some C..

Furthermore, for such h there is C_ such that h ~ C_x=/%e™" as z —
—ioo, and there exists a unique sequence {cy}i, such that h ~ 32, 4+3°  cpa™*
as x — +oo where the asymptotic expansion is differentiable.

A solution h as above has the Borel summed transseries representations:

h(z) = Che ™™ (L, Hy)(x) for +¢ € (0,7/2] (2.233)
k=0

where Hy(p) = p2*Ax(p) and Ay are analytic in C, := C\ {£1,42,...}.
The functions Hy, satisfy bounds of the type in Notes 2.231 and 2.228(iv).

For ¢ € (0,7), the functions (£, H})(z) are analytic in a sector (—7/2,3m/2).
However, the exponentials e *® blow up in the left half plane. The transseries
expansion (2.233) cannot hold in the left half plane, and close to the direction
where its asymptoticity fails we need to match it to a different expansion. As
usual, we first identify the critical quantity, call it &, responsible for loss of
asymptoticity. In this case, it is £ = Ce %2 ~'/2, where we took into account
the dominant behavior of Y, (2.230) or equivalently the behavior of £, Hj.

We then re-expand Y as a function series in powers of 1/x and coefficients
depending on £. This is similar to a two scale expansion, except that there is
no “external” small parameter ¢, its role being played by z~*.

Given h as in (2.229), there is a unique constant Cy with the following
properties. The leading behavior of h for large |z| with argz close to 7/2 is

hNHO(g)+HlT@+H2—(§)+.-. (z — oo with |€ — 12| > ¢, €] < M)

.132
(2.234)
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Formally, these functions are simply obtained as in a two scale expansion,
thinking of z and £ as being practically independent variables. Substituting
(2.234) in (2.224) the equation for Hy is the leading order one, the coefficient
of 1/2°,

1
§HY +EHy — Ho — S H = 0; Ho(§) ~£as € =0
(2.235)

The solution to (2.235) for which (2.234) matches to (2.229) in a complex
z-region near x = iR* where &/ (Ca:’lﬂefx)J > % for j € N, corresponds
to Ho(§) — &. After introducing n = log € as a variable in (2.235)), multiply-
ing the resulting equation by diHo, and integrating in 7, using asymptotic
condition as £ — 0, the resulting separable first order equation can be solved
explicitly:

144¢
Ho(§) = €—122 (2.236)
Similarly, the coefficient of 1/x gives rise to
1
°HY + &Hy — (1 + Ho)Hy = §H — S HF — Ho (2.237)

Since the transseries for h(z) is in the form

imx)::ﬁo@ﬂ%-cx—lﬂe—m<1—-—l-+“>-+(C¢—1”e‘m)2{1-%C><i})-+“

8x 6
(2.238)

where
~ 392 6272

ho(®) = ~ 53521 ~ Gasas T

it follows that matching requires that as & — 0, H1(£) ~ fg + 0(&?). Gen-
erally for n > 4, H,(§) = O(1) as £ — 0 sinec matching involves appropriate
terms from ilo(ir) as well, which is not present for n < 4. With the matching
condition, solution to (2.237) is given by

(2.239)

_ 2106(6+12)  £(138240 — 180€° + £%)

H 2.240
1(§) (- 12)° 60(¢ — 12)3 (2:240)
and generally one can conclude from induction that
Pa(6)
H,(¢&) = 2.241
€)= Figm (2:241)

with P,, polynomials of degree 2n + 2.

There is an equivalent of the non-secularity condition: each H, contains a
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free constant which is determined from the equation of H, .1 by requiring
that H, 1 = O(1) for large x
for general constants, one would get H,, 11 = O(z), Hy,y1 = O(2?)
etc. undermining the asymptoticity of the series). In [45], the validity of
(2.234) is proved in a general setting.
The first array of poles beyond iR™ is located at points z = p, near the
solutions p,, of the equation £(x) = 12 where Hy has a pole:

1
Pn = Ppnto(1l) = 2nm’—§1n(2n7ri)+ln Ci—In 1240(1), (n — o0) (2.242)

Rotating x further into the second quadrant, h develops successive arrays
of poles separated by distances O(Inz) of each other as long as arg(z) =
w/2+ o(1) [45].

Note 2.243 The array of poles developed near the other edge of the sec-
tor of analyticity, for arg(z) = —m/2 + o(1), is obtained by the conjugation
symmetry.

2.10 Spontaneous singularities and the Painlevé prop-
erty

In nonlinear differential equations, the solutions may be singular at points =
where the equation is regular. For example, the equation

Y =y*+1 (2.244)

has a one parameter family of solutions y(x) = tan(x + C); each solution has
infinitely many poles. Since the location of these poles depends on C, thus
on the solution itself, these singularities are called movable or spontaneous.
Whether these spontaneous singularities are poles or essential singularities,
particularly branch points, is crucial for the integrability of the equation.
Written in an implicit form, we have, with y = y(z),

arctany —z =C (2.245)
or, after converting arctan to logs, multiplying by ¢ and exponentiating,

14y o
O(x,y) = —e " =¢ 2.246
(@.9) = Je " = (2:246)
The function @ is called a conserved quantity. It has the property that for
any solution y(z) of the equation there is a constant ¢ s.t. ®(z,y(x)) = c.
More generally, for an ODE of order n, conserved quantities are functions
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D, (z, {y(j)}jzo,wn,l) s.t. for each solution ®; is constant along the solution.
The existence of n independent regular enough —C'°°, meromorphic etc., de-
pending on the problem— conserved quantities for general ODEs (n/2 suffice
for Hamiltonian systems), distinguishes integrable from non-integrable sys-
tems. In the simple system above ® is simply rational in y and entire in .
Note that @ is real-analytic along R whereas the solutions are not (if C' is
real); of course, on R, the form (2.245) has similar properties.

Let us analyze formally for now the isolated singularities of the Painlevé
equation Prp,

y' =y +z (2.247)

A rigorous analysis of the behavior of solutions of Pynear an isolated singu-
larity is done in §2.10c.

We look at the local behavior of a solution that blows up, and will find
solutions that are meromorphic but not analytic. In a neighborhood of a point
where y is large, keeping only the largest terms in the equation (dominant
balance) we get y” = y? which can be integrated explicitly in terms of elliptic
functions and its solutions have double poles. Alternatively, we may search
for a power-like behavior

y~ Az —2)°
where p < 0 obtaining, to leading order, the equation Ap(p —1)(z — z9)P 2 =
A%(z—2)?P which gives p = —2 and A = 6 (the solution A = 0 is inconsistent
with our assumption). Let’s look for a power series solution, starting with
6(2—20)2:y=06(z2—20)"24+ca1(z—2) +co+-. Weget: c.1 =
0,c0 = 0,¢1 = 0,c0 = —29/10,¢c3 = —1/6 and ¢4 is undetermined, thus free.

Note that we have two free constants now: the position of the pole, zy, and
c4, consistent with the fact that the equation is second order. We expect no
further free constants in the Taylor series, and this, indeed, can be checked
without difficulty.

2.10a The Painlevé property

To address the question whether nonlinear equations can define new func-
tions, Fuchs had the idea that a crucial criterion now known as the Painlevé
property (PP), is the absence of movable (meaning their position is solution-
dependent) essential singularities, primarily branch-points, see [32]. First or-
der equations were classified with respect to the PP by Fuchs, Briot and
Bouquet, and Painlevé by 1888, and it was concluded that they give rise to
no new functions. Painlevé took this analysis to second order, looking for all
equations of the form u” = F(t,u,u’), with F rational in «', algebraic in w,
and analytic in ¢, having the PP [39, 40]. His analysis, revised and completed
by Gambier and Fuchs, found some fifty types (types since some have free
parameters) with this property and succeeded to solve all but six of them in
terms of previously known functions. The remaining six types are now known
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as the Painlevé equations, and their solutions, the Painlevé transcendents,
play a fundamental role in many areas of pure and applied mathematics.

2.10b Analysis of a modified P; equation

The Painlevé property is very demanding. It is of course beyond the scope
of this course to analyze a general second order equation. We can however
experiment with a general analytic function A(z) = > p, axz® instead of 2:

Y =y? + A2) (2.248)

We can see that A(0) can be eliminated by a shift of the independent variable,
and A’(0), if nonzero, can be normalized to 1. Looking for singular solutions,
the dominant balance is the same as in the beginning of §2.10 and thus the
local expansion starts with the same term, 6(z — 29)~2. Substituting y =
Yks_oCk(z — 20)" in (2.248) and identifying the coefficients, the ¢; with
k < 4 can be determined order by order. The coefficient of (z — 29)? however
does not involve ¢ at all; it is

> —1
- %akzéﬁ (2.249)
k=2

Since (2.249) must vanish, the possibilities, up to linear changes of variables
are A(z) = 0, A(z) = 1 and A(z) = z. The first two give the equation of
elliptic functions and the third is Pritself .

2.10b.1 The Painlevé test, further discussion

S. Kovalewsky searched for cases of the spinning top having the PP. She
found a previously unknown integrable case and solved it in terms of hyper-
elliptic functions. Her work [36], [37], [38] was so outstanding that not only
did she receive the 1886 Bordin Prize of the Paris Academy of Sciences, but
the associated financial award was almost doubled.

The method pioneered by Kovalevskaya to identify integrable equations
using the Painlevé property is now known as the Painlevé test, which she
combined with Liouville’s results on integrability of Hamiltonian systems.
As mentioned , the Painlevé equations, as well as others with the PP were
subsequently rederived from linear problems. Why this is so often the case is
not completely understood.

However, at an informal level, we note that the Painlevé property guaran-
tees some form of integrability of the equation, in the following sense. Consider
for simplicity a system of equations,

y = F(y) (2.250)

(which we can always assume autonomous by adding the equation ¢ = 1 if
needed) with F is say, meromorphic in C". Take a neighborhood A of a point
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(to,¥o0) (say, to = 0) where F is analytic and consider the unique analytic
solution of the ODE (2.250) with the initial condition y(0) = yo. We can
think of it as a flow yo — y = ¥+(yo) where ¥((yo) = yo, the identity map,
I. By the ODE itself, yo = W_;(y(¢)), the solution of the same ODE. Of
course, y(0) is a constant, and we have thus found n conserved quantities.
This local property is essentially what the flowbox theorem provides. The
word local is crucial. A system is integrable if global conserved quantities
exist. Note again that C is obtained by solving, with ¢ — —t, the same
ODE. What prevents C to extend to a global conserved quantity? It is the
possibility of spontaneous singularities.

Since the solutions of Prhowever are meromorphic, with y = (y,3'), it is
always possible, in principle, to extend Cy and C; by solving the equation
along a path avoiding the poles. If an equation with movable poles has also
some fixed singularities, the solutions still have a common Riemann surface of
meromorphicity, and the fixed singularities can be avoided in a way common
to all solutions.

On the contrary, movable branch-points have the potential to prevent the
existence of well-behaved constants of motions for the following reason. Sup-
pose Yo satisfies a meromorphic (second order, for concreteness) ODE and
K(t;y,y') is a constant of motion. If ¢y is a branch point for yg, then yo can
be continued past ty by avoiding the singular point, or by going around tg
any number of times before moving away. This leads to different branches
(y0)n of yo, all of them, by simple analytic continuation arguments, solutions
of the same ODE. By the definition of K(¢;y,y’) however, we should have
K (t; (Yo)n, (yo)h,) = K(t;y0,y;) for all n, so K assumes the same value on
this infinite set of solutions. We can proceed in the same way around other
branch points t1,ts, ... possibly returning to ¢ty from time to time. Generi-
cally, we expect to generate a family of (yo)n,,....n;, (Y0)n, ... n, Which is dense
in the phase space. This is an expectation, to be proven in specific cases. To
see whether an equation falls in this generic class M. Kruskal introduced a
test of nonintegrability, the poly-Painlevé test which measures indeed whether
branching is “dense”, meaning in a precise way that the analytic continuations
described above are indeed dense in the space of all solutions. See, e.g., [18].

Exercise 2.251 **Show that the solution of y' = y® — 1 has no single-valued
conserved quantity in K (t,y) in C2: solve the differential equation implicitly
and show that by winding around the five logarithmic singularities of t(y) in
suitable ways, K(t,y;(t)) takes the same value on a family of y;(t) which is
dense in C.**



118 Course notes

2.10b.2 The list of Painlevé equations

The six classes of Painlevé transcendents, identified by Painlevé (P), Gam-
bier (G) and R. Fuchs (F) are

@—62+t(1-P) (2.252)
dt2_ y ) .
Py I P
W—Qy +ty+a (II; P) (2.253)
d*y dy\*  dy 3 1
tydt2_t<dt) —ya+5t+ﬂy+o¢y +~ty* (I11;P) (2.254)
d?y dy\*
ydﬁ_;(dt) +B+2(8* — a)y® + 4ty + 3yt (IV;G) (2.255)
d%y 1 1 dy 2 1dy
ay (L @y _ Y% 2.2
dit? (2y+y1) (dt> tdt (2:256)
—1)? +1
o )(ay+ﬁ>+vy+5y(y)(‘/;G)
t Y t y—1
@fl 1+ 1 +L @ 2, 1+L+L @ (2257)
a2 2\y y—-1 y—t) \dt t t—1 y—t)d 7
yly— 1y — 1) t t—1 tt—1)
i IF
BRI OHLByww(y—lﬁﬂs(y—t)z WL F)

In these equations, «, 8,7, are arbitrary parameters in C.

Beginning in the 1980’s, almost a century after their discovery, these prob-
lems were solved, using their striking relation to linear problems'!, by various
methods including the powerful techniques of isomonodromic deformation and
reduction to Riemann-Hilbert problems [28], [29], [34].

2.10b.3 Linearization of the Painlevé equations

The Painlevé equations are related to linear problems in a number of ways,
in some broad sense equivalent: isomonodromic deformations, Lax Pairs,
Riemann-Hilbert problems and others, and in view of the connection to solv-
able linear problems are considered themselves to be solvable. The following
is one of the simplest to explain such links [27]. Consider the system of equa-

11Some linear problems conducive to Painlevé equations were known already at the be-
ginning of last century. In 1905 Fuchs found a linear isomonodromic problem leading to
PVI-
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tions:
ow
N A(t,\)T (2.258)
ow
T B(t, )P (2.259)

where in which A and B are matrices and (¢, \) are independent variables.
Then we have a compatibility equation

92w 92w
AtON OOt (2.260)
or A OB
=~ gy TAB-BA=0 (2.261)

The equation Py is the compatibility condition for

A(t,N) = (AN + 207 + 1) <(1) _01> — (4N + 2y2 + 1) <? _OZ)

;1 01
—<2/\y+2>\ 10

B(t,\) = (A + %) (é 01> - % (? _OZ) (2.262)

while for Pyr, we have

A(tN) = ~i(4X° +29° +1) ((1) _01> -~ <? Bi) +(1w-5) <(1) (1)>

B(t,\) = (yl’\ Zy/\> (2.263)

2.10c Rigorous analysis of the meromorphic expansion for
P

Substituting y(z) = 6(z — 79)~2 + &(z), with d(z) = o((x — x9)~2) and
taking © = xg + z we obtain

12
5" = S0+ z+a + 62 (2.264)

To find the dominant balance we note that our assumption § = o(z~2) makes
82/(8/2%) = 226 = o(1) and thus the nonlinear term in (2.264) is relatively
small. Thus, to leading order, the new equation is linear. This is a general
phenomenon: taking out more and more terms out of the local expansion, the
correction becomes less and less important, and the equation is better and
better approximated by a linear equation. We then rewrite (2.264) as

8" — i—zé =2+ 29 + 67 (2.265)
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which we convert into an integral equation. The indicial equation for the
Euler equation corresponding to the left side of (2.265) is 7? —r — 12 = 0 with
solutions 4, —3. We get

D 1 o 14 4 1 e 2t [ —352
1 1
= —ow - g O 4 I() (2260)

the assumption that § = o(z72) forces D = 0. The occurrence of a “dis-
allowed” freedom, D/z3 > § in this case is related to the phenomenon
of negative resonances, quite common in Painlevé analysis; see [31] for a
discussion. Now, C' is arbitrary. To find & formally, we would simply it-
erate (2.266) as usual: we first take 0 = 0 on the right side and obtain

0o = —%mon - %z3 + Cz*. Then we take 62 = 02 and compute 6; from
(2.266) and so on. This yields:
1 1 2 x
6= ——x02 — =23+ C2* 0 64 974 . 2.267
107% 757 TY T Roo” Tt T (2:267)

To prove convergence of the expansion, we scale out the leading power of z in
§, 2% and write § = 2%u. The equation for v is

-5 z 2 z
=g = [l T [l
i) z 2
_ % _Z 2.2
10 6+CZ + J(u) (2.268)

Tt is straightforward to check that, given C large enough (compared to /10
etc.) there is an e such that this is a contractive equation for u in the ball
|lul|o < C1 in the space of analytic functions in the disk |z| < e. We conclude
that § is analytic and that y is meromorphic near x = .
Note. The Painlevé property discussed in requires that y is globally mero-
morphic, and we did not prove this. That indeed y is globally meromorphic
is in fact true, but the proof is delicate (see e.g. [1]). Generic equations fail
even the local Painlevé property. For instance, for the simpler, autonomous,
equation

"+ —f=0 (2.269)
the same analysis yields a local behavior starting with a double pole, f ~
—6272. Further terms in a local power series expansion are:

6 6 1 z 722 79

[ -
f= 275, 750 350 5000 7s000° T \ndefined (2.270)

that is, no coefficient of z—* works. More terms have to be pulled out for a
contractive mapping approach to work. We take

6 6 1 z 722 7923
5z 50 250 5000 75000

4(2)
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proceeding as above and integrating by parts the §’ term we get, after some
work,
_ 18z%In 2
- 21875

where P(z) is a polynomial of third degree and N is a contractive operator in
the space of functions which are O(z*In z). If we pull out fewer terms from f
a contraction mapping argument may not work (at least not in a naive way).
We see that a log term is generated in the process.

+ Ozt + 2°P(2) + N(2,6(2),8(2)%) (2.271)

Note 2.272 Eq. (2.269) does not have the Painlevé property. The log terms
generate infinitely many solutions by analytic continuation around one singu-
lar point, and suggests the equation is not integrable.

2.10d The Painlevé property for PDEs

We briefly discuss the Weiss-Tabor-Carnevale (WTC) method [83] which
adapts Painlevé analysis to PDEs. Remarkably, when applied to Burgers’
equation and to KdV, their method leads naturally to the solution of these
equations, through the Cole-Hopf transformation and Lax pairs respectively.
We base the presentation on their aforementioned paper.

Meromorphic functions of several variables are locally ratios P/ of analytic
functions, and singularities occur when the denominator vanishes,

Q(z1y.y2n) =0 (2.273)

which is a manifold of complex dimension N — 1 (in particular, singularities
are not isolated anymore). The WTC test requires that in a neighborhood the
manifold described by (2.273) the solution u of the given PDE be single-valued
as well, that is, for some analytic functions w;(z1, ..., z,) we have

u=Q ™ Zuij; for some m € N (2.274)
=0

Direct substitution of (2.274) into the PDE determines the compatible values
of o and defines recursively the u;, j > 0. In the resulting expression, we
assume that Q7! <« @7 and therefore treat it like an asymptotic series in
powers of Q.

The first example is Burgers’ equation

Up + ULy = OUgy (2.275)
As in the case of the Painlevé test, the analysis has to be done carefully,

but there is no need for rigor, as we are simply dealing with a practical crite-
rion. Substituting (2.274) into (2.275) and using the assumption of analyticity
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suggests m = 1, since otherwise the most negative power of @Q would be unbal-
anced. With m = 1, after the aforementioned substitution, the most negative
power of @@ is —3; the equation for its coefficient to vanish is

ug = —20Q, (2.276)

We now take u = ugQ ' + u; where v is given by (2.276) and require that
the coefficient of Q2. This gives

For the coefficient of Q! we get

We note that this equation does not contain us; this is similar to the equation
for ¢4 in the case of Painlevé. The equation is either satisfied, or the expansion
fails. Thus, the third order term is resonant and if (2.278) holds, then wus is
free. On the other hand, we see that the left side of (2.278) is just the x
derivative of (2.277), and thus (2.278) indeed holds:

The general recurrence for u; is of the form
G+ 1) —2o0iu; = F ({ur}ees; Qr, {05QY) (2.280)

where we see two resonances, the negative one corresponding to the freedom
in choosing @ and at j = 2 we get the identity (2.279). If we modify Burgers’
equation by adding, say, au(t,z) to its left side, we get instead of (2.279)

and this, for a # 0, combined with (2.278) implies Q, = 0, and (2.276) would
give ug = 0, and then (2.277) gives @; = 0 and since @ has a zero, we
would have @ = 0, a contradiction. For this modified Burgers’ equation, a
meromorphic expansion (2.274) and the formal Painlevé property fail.

Let’s return to a = 0; as mentioned, the equation (2.279) for us is auto-
matically satisfied, uy is free, and (2.280) implies that all u; for j > 3 are
uniquely determined. There is a meromorphic local expansion in a neigh-
borhood of the singular manifold, and we could check that under suitable
analyticity assumptions on @ it actually converges.

If we set u1 = up = 0 we can check that the u; = 0 for j > 3 is consistent.
With this choice, (2.277) implies

Qi = 0Qza; U(t,$) = —QO'Qx/Q (2282)

which is the Cole-Hopf transform, see [17], [33], [84], mapping (2.275) to the
heat equation and providing the closed form solution of Burgers’ equation!
Choosing instead u; = @ we get

Qi+ QQy = 0Qur and u = —20Q,/Q + Q imply u; + vu, = ouy, (2.283)

which is the Backlund transformation for Burgers’, discovered by Fokas [30].
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2.10d.1 KdV
The KdV equation reads
Uy + Uly + OUgge = 0 (2.284)

the consistent power of @ is —2. Inserting u = Q2 ZZOZO Q*uy, the most
negative power of @ is Q°; setting the coefficients of Q> and Q™ to zero,
we get

up = —120Q%; uy = 120Q, (2.285)
Setting the coefficient of Q3 to zero gives
Q.Qi + Q%uy + 40Q1Quuw — 30Q%, =0 (2.286)
while the similar equation for the coefficient of Q2 can be rewritten as
Qrw +u2Qus — u3Q% + 0Quzwa = 0 (2.287)
while the equation for the coefficient of Q™! is equivalent to
02(Qtz + u2Quz — u3Q2 + 0Qupzz) =0 (2.288)

The equation above corresponds to a resonance, as uy does not participate;
we see that for KdV it is automatically satisfied. The resonances for the u;

are at j = —1,4, 6, and the resonant equation at j = 6 is longer and we omit
lt.Looking again for truncated series, in this case
u; =0 for all j > 2 (2.289)
it can be checked that u given by
u=-120Q%/Q* +120Q.:/Q + uz = 120(In Q) 1 + us (2.290)
satisfies (2.284) if ug satisfies KdV:
Ugt + UgU2y + OU2zax (2.291)

which is a Béacklund transformation for (2.284).
With ug = 0, (2.287) becomes

Qtz + u2Quz + 0Quzza =0 (2.292)
Solving (2.286) for @ and differentiating with respect to t we get
Qut = 2VV; = —2VViug — VU, — 80V Vs (2.293)
where we substituted @, = V2. Taking the ansatz
60Vye +uV = AV (2.294)

in (2.293) KdV is linearized, in a Lax pair form, to

60Vye +usV =AV
2V + us Vi + AV + 20 V0w (2.295)

and now, if ug and V satisfy (2.295), then u defined in (2.290) satisfies (2.284).
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2.11 Gevrey classes, least term truncation and Borel
summation

Let f = Yoo cx ™ be a formal power series, with power-one of factorial
divergence, and let f be a function asymptotic to it. The definition (1.3)
provides estimates of the value of f(x) for large =, within o(z="), N € N,
which are, as we have seen, insufficient to determine a unique f associated to
f . Simply widening the sector in which (1.3) is required cannot change this
situation since, for instance, exp(—ml/m) is beyond all orders of f in a sector
of angle almost m.

If, however, by truncating the power series at some suitable N(z) instead
of a fixed N, we can sometimes achieve exponentially good approximations
in a sector of width more than 7, then uniqueness is ensured, as this exercise
shows:

Exercise 2.296 Assume f is analytic for |z| > 2 in a sector S of opening
more than 7 and that | f(2)| < Ce=*| (a > 0) in S. Show that f is identically
zero. Does the conclusion hold if e~%/?! is replaced by e~*V/I#1?

(This can be shown using Phragmen-Lindel6f’s principle. Without it, take

a suitable inverse Laplace transform F of f, show that F' is analytic near zero
and F(™(0) = 0 and use Proposition 1.56).

This leads us to the notion of Gevrey asymptotics.
Gevrey asymptotics.

oo
f(z) = chx_k, r — 00
k=0

is by definition Gevrey of order 1/m, or Gevrey-(1/m) if
lek| < C1LC5 (kKN)™

for some C1,Cs [7]. There is an immediate generalization to noninteger power
series.

Remark 2.297 The Gevrey order of the series >, (k!)"2~*, where r > 0, is
the same as that of Y, (rk)!z~*. Indeed, we have, by Stirling’s formula,

const™* < (rk)!/ (k)" < const”
Taking 2 = y™ and §(y) = f(z), then § is Gevrey-1 and we will focus on this
case. Also, the corresponding classification for series in z, z — 0 is obtained

by taking z = 1/z.
*
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Definition 2.298 Let f be Gevrey-one. A function f is Gevrey-one asymp-
totic to f as © — oo in a sector S if for some C1,Co,Cs, all x € S with
|z| > C5 and all N we have

(@) = N < e 2PN TNV 4 1)! (2.299)

i.e., if the error f — fIV is, up to powers of a constant, of the same size as
the first omitted term in f.
Note the uniformity requirement in N and z; this plays a crucial role.

Remark 2.300 (Exponential accuracy) Iff 1s Gevrey-one and the func-
tion f is Gevrey-one asymptotic to f, then f can be approzimated by f with
exponential precision in the following way. Let N = ||z/Cs|]| (|-] is the
integer part); then for any C > Cy we have

f(x) = fN(@) = O(a'/2e71o1/9), (Jz| large) (2.301)

Indeed, letting |x| = NCs + € with € € [0,1) and applying Stirling’s formula
we have
NN +1)CYINCy +e| Nt = Oz /2e71o1/C2) g

Note 2.302 Optimal truncation, or least term truncation, see e.g., [26], is in
a sense a refined version of Gevrey asymptotics. It requires optimal constants
in addition to an improved form of Rel. (2.299). In this way the imprecision
of approximation of f by f turns out to be smaller than the largest of the
exponentially small corrections allowed by the problem where the series orig-
inated. Thus the cases in which uniqueness is ensured are more numerous.
Often, optimal truncation means stopping near the least term of the series,
and this is why this procedure is also known as summation to the least term.

2.11a Connection between Gevrey asymptotics and Borel
summation

The following theorem goes back to Watson [59].

Theorem 2.303 Let f =Y ey ckx™® be a Gevrey-one series and assume
the function f is analytic for large x in Sy = {z : |arg(z)| < w/2 + 0} for
some § > 0 and Gevrey-one asymptotic to f in Sy as in (2.299). Then

(i) f is unique.

(ii) B(f) is analytic (at p = 0 and) in the sector S5 = {p : arg(p) € (—4,6)},
and Laplace transformable in any closed subsector. ~

(iti) f is Borel summable in any direction eR* with |0] < 6 and f = LBy f.

(iv) Conversely, if f is Borel summable along any ray in the sector Ss
given by |arg(x)| < ¢, and if Bf is uniformly bounded by ¢””! in any closed
subsector of Ss, then f is Gevrey-1 with respect to its asymptotic series f in
the sector |arg(x)| < 7/2 + 0.
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Note. In particular, when the assumptions of the theorem are met, Borel
summability follows using only asymptotic estimates.

The Nevanlinna-Sokal theorem [77] weakens the conditions sufficient for
Borel summability, requiring essentially estimates in a half-plane only. It was
originally formulated for expansions at zero, essentially as follows:

Theorem 2.304 (Nevanlinna-Sokal) Let f be analytic in Cr = {z :
Re(1/z) > R™'} and satisfy the estimates

N—-1
f(z) =Y az* + Ry(2) (2.305)
k=0

with
IRy (2)] < AcV N[z (2.306)

uniformly in N and in z € Cg. Then B(t) = Y7 a,t"/n! converges for
|t| < 1/o and has analytic continuation to the strip-like region S, = {t :
dist(¢t,R") < 1/}, satisfying the bound

IB(t)] < K exp(Jt]/R) (2.307)

uniformly in every S, with ¢’ > o. Furthermore, f can be represented by
the absolutely convergent integral

F(z) = 2! / et Bt (2.308)

0

for any z € Cg. Conversely, if B(t) is a function analytic in S, (¢ < o)
and there satisfying (2.307), then the function f defined by (2.308) is analytic
in Cr, and satisfies (2.305) and (2.306) [with a,, = B (t)|;—o] uniformly in
every Cr/ with R’ < R.

Note 2.309 Let us point out first a possible pitfall in proving Theorem 2.303.
Inverse Laplace transformability of f and analyticity away from zero in some
sector follow immediately from the assumptions. What does not follow imme-
diately is analyticity of £L~1 f at zero. On the other hand, Bf clearly converges
to an analytic function near p = 0. But there is no guarantee that B f has
anything to do with £~ f! This is where Gevrey estimates enter.

PROOF of Theorem 2.303

(i) Uniqueness clearly follows once we prove (ii) and (iii).

(ii) and (iii) By a simple change of variables we arrange C; = Cy = 1.
The series F; = B f is convergent for |p| < 1 and defines an analytic func-
tion, Fy. By Proposition 1.56, the function F' = £~1f is analytic for |p| >
0, |arg(p)| < 8, and F(p) is analytic and uniformly bounded by e*/?l if v > Cj
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and |arg(p)] < 61 < 6. We now show that F' is analytic for |p| < 1. (A
different proof is seen in §2.11a.1.) Taking p real, p € [0,1) we obtain in view
of (2.299) that

B 100+ N 5
F) = FY U< [l [fs) - V) e
—i00+N
b dzx e dx
< NlePN —— = NI pN/ —_——
S e s e

NlePN oo dg 42 (1IN
= VNI /_OO CESINE S ON3/2eP=DN 5 0as N - 00 (2.310)

for 0 < p < 1. Thus FIN-1I (p) converges. Furthermore, the limit, which by
definition is F}, is seen in (2.310) to equal F, the inverse Laplace transform of
fon [0,1). Since F and F; are analytic in a neighborhood of (0,1), F' = F;
wherever either of them is analytic'?2. The domain of analyticity of F is thus,

by (i), {p: [p| <1} U{p: |pl > 0,[arg(p)| < d}.
(iv) Let |p| < 8. We have, by integration by parts,

)~ ) =N e (2.311)

On the other hand, F' is analytic in S,, some a = a(¢)—neighborhood of the
sector {p : |arg(p)| < |p|}. Estimating Cauchy’s formula on a radius-a(p)
circle around the point p with |arg(p)| < || we get, for some v,

[FM (p)] < Na(e) N [[F(p)e™ ¢ Pllc,s, e P

Thus, by (2.311), with 6, |f] < |g|, chosen so that v = cos(¢ — arg(x)) is
maximal we have

oo exp(—10)
xiN/ F(N)(p)efmdp
0

oo
< constNla™N |z| N ||Fe P! .5, / e~Plzhvtvipltvag,
0

o) — 7] =

= const.Nla Ny~ z| "N Fe Pl 5. (2.312)

for large enough =x.

12Here and elsewhere we identify a function with its analytic continuation.
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2.11a.1 Sketch of the proof of Theorem 2.304

We can assume that f(0) = f/(0) = 0 since subtracting out a finite number
of terms of the asymptotic expansion does not change the problem. Then, we
take to x = 1/z (essentially, to bring the problem to our standard setting).

Let
1 c+ioco 1 cti00
F= 3 f(1/x)ePTdx = i ), g(z)eP*dx

c—i00 —1i00

We now want to show analyticity in S, of F. That, combined with the
proof of Theorem 2.303 completes the argument.

‘We have
N—
f(/x) = Z
=2
and thus,
N—-1 ‘_1 c+1io00
CL 1 x
G 2m , ~N(1/x)eP*dx
e J— c—1i00
and thus
1 c+i00
|F(N_2)( ) =lan—1+ omi N PRy (1/2)eP dz| < Ao N1y p e RY

and thus |F((p)/n!| < Aszn?c”, and the Taylor series of F at any point
po € R converges, by Taylor’s theorem, to F', and the radius of convergence
is 1/o. The bounds at infinity follow in the usual way: let ¢ = R™!. Since f
is analytic for Rex > ¢ and is uniformly bounded for Rez > ¢, we have

cti00
/ f(1/x)ePTdx

—100

< g
< Klec”/ > f_ o< Koe? (2.313)

for p € RT. In the strip, the estimate follows by combining (2.313) with the
local Taylor formula.

Note 2.314 As we see, control over the analytic properties of Bf near p =0
is essential to Borel summability and, it turns out, BE summability. Certainly,
mere inverse Laplace transformability of a function with a given asymptotic
series, in however large a sector, does not ensure Borel summability of its
series. We know already that for any power series, for instance one that is not
Gevrey of finite order, we can find a function f analytic and asymptotic to it
in more than a half-plane (in fact, many functions). Then (£~ f)(p) exists,
and is analytic in an open sector in p, origin not necessarily included. Since
the series is not Gevrey of finite order, it can’t be Borel summable. What
goes wrong is the behavior of L7 f at zero.
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2.12 Multiple scales; Adiabatic invariants

We now look at slightly perturbed equations with periodic solutions. This
is a represents a class of asymptotic problems in its own right, with many
applications from celestial mechanics to the study of oscillators with changing
parameters. Interestingly, there are still open problems in this area, see [3].
One of the simplest problems in this category is the slowly changing length
L(t).We sketch the derivation of the equations without getting into details
(see e.g. [4]). One writes the position in polar coordinates,

x(t) = L(t)sin0(t); y(t) = —L(t) cos () (2.315)
writes the kinetic energy T' = (% + ¢?),U = mgy(t), then the Lagrangian
L =T — U. The motion is described by the FEuler-Lagrange equation

doL oL

diog 09

which in appropriate units to eliminate m and g reads
. 2L, 1
0+ fﬁ + Esin@ =0 (2.316)

and in the approximations sinf =~ 6 we get

oL . 1
i T 31
b+ =0+ 20=0 (2.317)

The function L is slowly changing; we will take L(t) = p(et). Let’s take for
simplicity L(t) = 1 + et. The equation becomes

2e . 1

6+ —60+—0= 2.31
+1+st +1+5t 0 (2.318)

2.12a The problem as a regularly perturbed equation; sec-
ular terms

Superficially, this appears to be a regularly perturbed problem. So let us
see first what regular perturbation theory gives. We substitute

0 =00+l +e%0y +--- (2.319)
in (2.318) and get
0y + 609 =0 (2.320)

with the general solution Ae® + Be~%. By linearity, it suffices to analyze the
sequence of equations for #; when ¢y = et and by conjugation symmetry,
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we can reduce the analysis to the case fy = e (this choice is simpler than
a trigonometric function, say 6, = cost since d/dt generates sint as well).
Then, 6, satisfies

07 + 6, = (t — 2i)e™ (2.321)

with the general solution
01 = Ae" + Be " — (it + 3)te" = —(Lit + 3)te” (2.322)

where without loss of generality, we took A = B = 0 (other combinations
would simply be absorbed in a more general, e— dependent, initial condition).
Next, we get

05 + 0y = —(4¢° + 24 + 3t + 3)e™ (2.323)

Again choosing the free constants to be zero, we get
Oy = —(55t° — 2042 — 214 4 3i)get (2.324)

By induction we easily see that 6, grows with t like t***2. For the expansion
(2.319) to stay asymptotic we need t?¢ < 1 that is, t < ¢~ '/2. But this
time is too short for anything interesting to happen, since L = 1 + &t is at
most of order 14 O(e'/?), barely away from the initial value 1, and then the
expansion becomes invalid. The terms in the expansion that are not periodic
in ¢ and lead to grow are called “secular” terms (from Latin —temporal as
opposed to eternal). There are various ways to eliminate them (compensate
for them would be more accurate). In any case, the solution seems to grow
with ¢, but the accuracy does not allow to determine if this is a problem with
the expansion or with the solution.

2.12b The Poincaré-Lindstedt method

We consider a choice of “local” time variable adapted to the changing fre-
quency: instead of ¢ we use

k
1=

N
T=t+ Y Y ape'tt (2.325)
k=1

1

and write again 6 = 0o(7) + 01 (1) + 203(7) + - --. We try to determine the
ai; together with the 6; so that the equation is formally satisfied, and so that
6; contain no secular terms. The leading equation is the same:

0y + 00 =0= 0y =e'" (2.326)
The equation for #; is now

0y +0, = — [—6az17> + (6iaz) — das — 1) T + 2i + 2iaz; — 2ay1] €' (2.327)
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The right side of (2.327) has to vanish, since €' is resonant (it is a solution
of the homogeneous equation) and its presence would create secular terms;
this determines asi, as; and aq1. The procedure works order by order, while
becoming more and more cumbersome of course. To o(g?) we get

T=Ti(t) =t — (37 + 3t + (387 — L — )P + (- Gt + Dt® + )’

(2.328)
We can proceed similarly with a second solution of (2.318) starting with e~
and get

31 3 1 34 1
T_(t) = (1 - ZZE - 3252> t— (45 - 8252) t2 4 §52t3 +o(e?)  (2.329)

and finally obtain a general (approximate) solution in the form
0=Cre™® 4 C_e™® (2.330)

If carried to all orders, this covers a time interval te < 1, where the length
still changes very little, but show that there is no growth of the solution on
this larger time scale.

2.12c¢c Multi-scale analysis

We describe this briefly here (see [8] for more details), but will not elaborate
since for many equations coming for applications (such as Hamiltonian sys-
tems) there are better approaches. Multi-scale analysis apparently also goes
back to Poincaré and Lindstedt and is meant to make the series calculations
more systematic. The problem at hand presents two scales: the fast one, t ~ 1
related to the period of cos and a scale of order te = 7 ~ 1 where it appears
that the period starts to change. We then write, with 7(t) = te,

0(t) ~ i Ok(t, 7(t))e" (2.331)
k=0

treat ¢ and 7 as if they were independent variables and get a system of PDEs:
9700+ (1+7)'0y =0 (2.332)

The equation for ©; is
0201+ (1+7)7'0; = —202.0¢ — 2(1 +7)719,0, (2.333)

with general solution

Oy = F’_F(T)e“(l'”)fl/2 + F_ (7’)6_“(1-"_7—)71/2 (2.334)

To obtain further terms, one substitutes (say) Qg = F+(T)eit(l+7)_1/2 in the
equation for ©; and determines F(7) to eliminate secular terms. This is not
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always possible, and the reason is that the method of multiple scales does
not allow for substantial changes in oscillation frequency; they have to be
addressed by changes of dependent variable if they do, see [§8]. Our equation is
one that would need to be modified, since it leads to the inconsistent equation

dF 1 it
—_ F: 2,
ar " (2(1+T) 2(1+7)3/2> 0 (2.335)

which is inconsistent because of the presence of ¢t while F' is a function of 7
only. Once more, we will be content with (2.334), which we will compare with
results gotten by more systematic methods, and send to [8] on how to amend
the approach.

2.12d How do the parameters of the motion change when L
is doubled?

Of course none of the methods above gives us any information on this; we
have some series expansions that are not known to converge, and the question
is no simpler than trying to predict the behavior of an analytic function beyond
the disk of analyticity, when only estimates on the Taylor coefficients are
provided. A representation with wider range of validity is needed.

2.12¢ WKB

What we saw in (2.330) an (2.329) is that in fact if we use a power series
inside an exponential instead of just a ordinary power series, the domain of
validity increases. This suggests that there is an underlying WKB setting.
Since the problem is linear, WKB is applicable. The variable that needs to
be small in (2.330) and (2.329) for the expansions to be valid is the “slow”
variable s = te. We change thus to this variable, s = te, 6(t) = v(s), and we
get

v’ v

1+s+1—|—s

which is singularly perturbed. Performing first a Liouville transformation
v = hg and choosing h = (1 + s)~! so that the first derivative term vanishes
we get

821)// + 252

(2.336)

—2 9
1+s

where, as usual, we substitute g = ¢*, w’ = f, and obtain

g +¢ =0 (2.337)

f==4i/e2(1+s)" 14 f (2.338)
wherefrom, by iteration, we get

3ie 3e?

+
16VI+s  64(1+s)

1
w=+2i(1+s)2% + J(+s)+ (2.339)
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and thus, expressing the results in terms of the original 6, we get two asymp-
totic solutions,

2i 3ie 15¢2
0 = (1+s) 734 (ﬁ:\/1+ ><1+ + +>
£= (1) exp | £2 s 161 1s  512(1+s)
(2.340)
At this stage we note that taking
2 3ie  3e?

0 = A(e)f4; where A(e) =exp| —— — — — —_— 2.341
(€)04; where A(e) exp( - " 16 64> (2.341)

the Taylor series of  at ¢ =0 is

. 3 1., 5i, 21 3
f = eit {1 <it+4) te + <32t3+ étﬂﬁp 3;) t52+-~~] (2.342)

which is what we get by combining (2.322) and (2.324). Likewise, if we take

2  3ie  3e?
=In(f.)—- 22 - 2= = 2.34
p=tn(0) - = - 5 - (2343)
and expand ¢ in series we get
) it 3 it? 3t 3i 9

which is the expansion (2.328). We see that the regular perturbation expan-
sion containing secular terms and the Poincaré-Lindstedt series simply corre-
spond to various re-expansions of the WKB solutions. The range of validity of
the Poincaré-Lindstedt series, if calculated to all orders is te < 1 since we are
expanding In 0, for small 7. The regular perturbation expansion has an even
smaller range of validity, as we are also expanding out the exponential. The
term ec"tte” cannot be expanded asymptotically in ¢ when te? &« 1. Thus,
the very narrow domain of validity of the regular perturbation expansion is
explained by the fact that exponential behavior cannot be approximated by
power series, in a region where the exponent is large. The fact that the ex-
pansion breaks down is only a sign of the mismatch in behavior type, and not
an actual change in the solutions.

Note 2.345 The form (2.340) is valid for all |te provided no singularities or
turning points are crossed. Here, this simply means t € RT.

2.12f The adiabatic invariant
For a pendulum of fixed length, (2.317) takes the form

G+L70=0+w?0=0 (2.346)
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Multiplying by L26 and integrating we get

E= %L292 + L16% = const. ~ 2v® + L(1 — cos0) (2.347)
where E is the total energy. This is a conserved quantity, or an invariant of
the motion. What happens when L = L(t)? Are there conserved quantities?
Clearly, since the general solution is

0=Ci0,+C_6_ (2.348)

any combination of C'; and C_ is conserved. We then solve for Cy and C_ as
a function of #,6. Up to numerical constants of no relevance, and to leading
do

order in €, we have —recall that 6 denotes T

C, = %(1 + 5)%/4(0 — i0v/1 + s) exp ( 2T s) [1+0()]  (2.349)

e
C_ = %(1 + 5)%4(0 + i1 + s) exp <2;\/1 + 5) [14+0(e)]  (2.350)

Certainly Cy and C_ are constant to the order presented, see Note 2.345.
Both of them oscillate rapidly on the slow, s, scale. We notice however that
C4C_ does not oscillate, and in fact any constant of motion that does not
change rapidly on the s scale is a function of CL.C_:
2 rrwsirer s Loy - Lriepe = £O _ Eo
C.C_ 4L(t) 0° + 4L(t) 0° = 2L(t) E(t) = 2w(t) 2 (14 0(1))
(2.351)
see (2.347). The quantity F(t)/w(t) (w(t) being the instantaneous frequency)
is an adiabatic invariant: it is constant to leading order along the solutions
of (2.317). How does the pendulum behave when L — AL, A > 17 Since
E = L6?,../2, (2.358) implies that the amplitude 6,4, decreases by a factor
of A3/4. To find the position at a time ¢, one needs calculate a few orders in
the asymptotic expansion of C'y and C_ until enough accuracy is obtained
to determine 6(t). This gives the solution of the main connection problem,
relating two positions after a very long time.

Having obtained the absolute position at time ¢, for a small number of
periods centered at ¢t the behavior of the pendulum is then well approximated
by one of length L(t), energy EoL(t)~/? and initial location calculated above.
We note that a numerical approach would require integration over a very
long time, with a high number of digits to avoid accumulation of errors, a
demanding task.

2.12g Solution for more general L

We now write the length as L(et); with the change of variable s = t/e,
0(t) = y(s),(2.317) and / denoting d/ds we get

2L’
y +—y + a2r¥ = (2.352)
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which we solve for small ¢ by the usual WKB substitution y(s) = exp(w(s)/e);

this leads to
o 2L/ !

where we iterate in the usual way,

. 2L w!'n]
w/[nJrl] -+ v 1+ e2L <w//[”] + ) 2.354
7 T (2.354)

and this yields

_3 i 1 3ie (L' 3 [ L'(u)?’
y+ =L 4exp<i5/\/mdu> [1$8<m+4/L(U)3/2>+...

Taking y = Cyy +C_y_, and solving for C. in terms of y(s) = 0(t),e J-y =

9, we obtain

L2, 1 3l )
LY? . 1 3el 9
C_y_=-— 5 0+ <2 %l +O0(e )> 6. (2.357)

Since E(t) = LL2(ct)0? + LL(et)6?, w(t) = L='/%(et), (2.356), (2.357) and
(2.355) imply

1E(t) 3 dL3

—— ] 2.
C_C+_2w(t) 50 ds € 00+ O(e”);
(2.358)
If we define the truncation of C_C to order € to be K, i.e.
: 1E({t) 3 dL: .
K(0,0,t) == -—=—+ — 00 2.359
0.6 == 330 T 20 a5 © (2:359)
then using (2.317) we get that variation of K is of order &2
d ] 24d —3dL )\ pg
K (0,0,4) = 3124 (L3 4E) 06 (2.360)

2.12h  Working with action-angle variables (Second choice)

The WKB method allows for a rigorous, precise and uniform asymptotic
analysis. A serious limitation of the method is that is does not easily extend to
nonlinear problems. We discuss, at an informal level a method that generalizes
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to nonlinear systems as well. We first look at the pendulum, and then apply
the method to the equation Pr.

In the pendulum problem, the angle is periodic, a natural angle variable.
It is convenient to pass to the angle as an independent variable to eliminate
the oscillation. To work with slowly changing we choose one of them to be a
constant of motion for the pendulum of fixed length. In that case

Y .
00+ =0= 02 + L10% = const. (2.361)

This is, up to a multiplicative constant, the energy 2F = L262 + L. From
the point of view of calculations in the variable length case, the quantity

S = LO? + 6* (2.362)

is slightly simpler. Aiming at analyzing slow variables and at eliminating
to leading order the oscillatory part of the evolution, we proceed as follows.
We perform a hodograph-like transformation, taking 6 to be the independent
variable and L and S to be the dependent ones. Formally for now, we have

% = —3LL73/S — 62 (2.363)

dL
g
Then we analyze the change in L and S after a complete 6 cycle.
It is simpler to describe the procedure when L is analytic. We then evolve
6 on a positively oriented loop in C\ J where cut J = (—a,a) contains the
interval [—\/§ , \/§] Without analyticity assumptions, the procedure would
be to evolve # from —v/'S to v/S and back to —/S changing the sign of
the square root every time it becomes zero, to preserve smoothness of the

quantities involved. We write (2.363) in integral form, with 6; an initial value
of 0,

LL3(S—6%)2 (2.364)

0
S(0) = S(6:) — 3 /9 ()L ()% /() = 02 du (2.365)
0
L(9) = L(0;) + /0 L(u)L(u)? (S(u) — u?)~% du (2.366)

If 6 evolves for say, a loop or less, L, L and S are approximately constant,
equal to their value at §; which we denote by L;, L;,S; respectively. This can
be shown in a straightforward way by noticing that the right side of (2.361) is
contractive mapping in the sup norm, since L= %L(Et) is small. We omit the
straightforward details. To leading order, the integrals can then be calculated
explicitly, and the result is

S(0) — S(6;) = —gLL_%u\/S - “2’31. - gLL_%Sarcsin(u/\/gﬂzi + o(L)

L) —L; = LL> arcsin(u/\/§)|zl +o(L) (2.367)
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To eliminate to leading order the  dependence, we can calculate the Poincaré
map, that is the change of S and L after one full loop. We denote by S; and
L; the value of these quantities after j loops. In the complement of the cut,
V8 — u? is single-valued, and thus only the arcsin changes, by 27. We obtain
the recurrence

Spi1— Sp = —3LL™ 38T+ 0(L); Lpy1 — L, =2LL3w +o(L)  (2.368)

The right side of (2.368) is small and the recurrence is to leading order ap-
proximated by a differential equation

Z—i = —%% = SL? =2FEL* = % = const. (2.369)
thus recovering to leading order (2.358). To find the long time behavior of the
pendulum with changing length, one calculates the adiabatic invariant with
sufficiently many orders as a function of L, after n loops; L is known as a
function of ¢, and after n complete loops the position # is known (through
S) and the initial velocity is zero. The missing part of the evolution, the one
from loop n to loop n + 1 is obtained from the integral system (2.365)

2.12i The Physical Pendulum

The analysis can be carried out without the linearization sinf ~ 6, the
calculations now involving elliptic functions. We start from eq. (2.317). If
L is fixed, we get a conserved quantity as before, by multiplying with 6 and
integrating once:

.
1602 — L7 'cosf=H = / —%02(3)@ +C (2.370)
0
and we now define )
S =1L6%—cosd (2.371)
We have ' ) )
0=w; S=-3Lw (2.372)

Once more we take 6 as the independent variable and we get

d_ VL (2.373)
do 2(cosf + 5)

% = —3LL"%,/2(cosd + 5) (2.374)

Changing variable to v = cosf, df = —(1 — u2)’%du, switching to the slow
variable L instead of ¢t we get

a5 _ 3 jpyvets (2.375)
du /2 V1—u?
dL LVL

du V- wat S (2376)
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Looking as before at the Poincaré map, using the fact that L and S are
approximately constant in one loop, we get for the variation from loop n to
n+1in u,

Spi1— S, = iLL’%J(S) +o(L) (2.377)

V2
. —dJ . vu+ S
Ln+1 — LTL =—-L 2L$ + O(L), J = ﬁ

The choice of the loop is such that the evolution is nontrivial. If it encircles
just one root of (u+S)(1—wu?), the Riemann surface is two-sheeted, and after
two loops nothing changes. Same conclusion if we encircle all three roots: the
Riemann surface at infinity is two sheeted as well. The loop will then enclose
two roots, chosen in such a way that L changes by a real number.

du  (2.378)

Once more, L is small and the evolution is approximated by a differential
equation

j—i = —% +o(1) = L2J(S) = const.1 + o(1) (2.379)

The adiabatic constant L3/2.J reduces to F/w when S + 1 is small.

2.12i.1 Region of validity of the expansion (2.234)

This expansion is valid in the transseries region and in a domain containing
one, essentially vertically aligned, array of poles. There are in fact infinitely
many arrays of poles in the fourth

quadrant, and the H,, expansion above fails to be asymptotic after the
first array. One can however proceed in a similar manner, finding a new 5 ,
involving the original £ and %, to obtain a valid expansion near the second
array of poles. However, very much as in a two-scale expansion, this re-
expansion method does not work in a sufficiently wide area. In fact, angularly,
it only covers a sector of rough width ! In z after which no further matching
with expansions of the form (2.234) is possible. Beyond this narrow region we
need to do something else.

Since W K B is not suitable for nonlinear equations, we use a method similar
to an adiabatic invariant representation used earlier for the nonlinear pendu-
lum with slowly varying length. Note that for large = (2.224) is close to the
autonomous Hamiltonian system

" —h—h?/2=0 (2.380)
with conserved “Hamiltonian”

s=h>—h>—h3/3 (2.381)
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The solutions of (2.380) are elliptic functions, doubly periodic in C. With
w = v’ we first rewrite equation (2.224) as a system

du

du _ 2.382
=V ( )
dw u? w 392 1

Wy e L 2.

dr YT T 7 T 62 (2.383)

We expect the solutions to be asymptotically periodic for large x, with s to be
a slow varying quantity; this is certainly the case in the region where (2.234)
holds. It is then natural to take h =: u as an independent angle-like variable
and treat s and x as dependent variables. Then, with

R(u,s) = /ud/3+u?+s, (2.384)
we transform (2.382), (2.383) into a system for s(u) and z(u):

ds 2w T84 1 2R(u,s) = 784 1

i Tt S A T il 2.385

du x - 625 x4 x + 625 x* ( )

dr 1 1

o = 2.386

du w  R(u,s) ( )
Note 2.387 Given an initial condition s(ur),z(ur) such that the right side
of (2.385), (2.386) is analytic, the system {(2.385), (2.386)} admits a locally
analytic solution z(u),s(u). The function x(u) is analytically invertible by
the inverse function theorem since 1/R # 0. Using (2.385) this determines an
analytic s(x). From s and u, we define an analytic branch of w = u/. The
systems {(2.382), (2.383)} and {(2.385),(2.386)} are then equivalent in any

domain in which u, v, s(u),z(u) are analytic.

To obtain a nontrivial evolution in x, we evolve u on a loop around exactly two
of the three roots of R, which is the only choice that generates an infinitely-
sheeted Riemann surface and avoids z returning to the same value. Indeed, a
loop around one square-root branch point would give rise to only two sheets;
an evolution around all three corresponds to a loop around infinity, which is
also a square-root branch point of R and gives rise to two sheets
(+4Ovidiu: The following claim is not easily seen to be true. I assume
you purposefully avoided details++) It turns out that there are closed curves
C, see Fig. 2.4, similar to the classical cycles [35], such that R(u,s(u)) does
not vanish on C and x(u) traverses ¥ from edge to edge as u travels along
C a number N,, times. More precisely, starting with uy € C and writing u,,
instead of ug to denote that u has traveled n times along C, s, = s(u,) and
2 = x(uy), the following hold: (i) g = z(ug) is close to the first array of
poles near iR, arg(xzg) = —7/2(1 +0(1)), and s(ug) is given by (2.381), where
ug = h(xg) and corresponding wy = h'(xp) determined from the asymptotic
representation h(x) ~ Hy(§) + HIT(O + .. (ii) for some N = N,,(zp), xn is
close to the last array of poles, arg(zy) = —m(1 + o(1)). The size of |z,]| is
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ra (s)

FIGURE 2.4: Regions of the roots of u®/3 + u? + s and the contour C.
The r;s are the regions where the three roots of R change as x traverses X,
and s = s(z) changes accordingly.

of the order |zo| for all n < N. Two roots of R(u,s,),n = 0,1.., N, are in
the interior of C and a third one is in its exterior. Written in integral form,
(2.385) and (2.386) become

Y GRS PR

“ 1
=, - d 2.389
) =2t [ g (2359
where the integrals are along C.

2.12i.2 The Poincaré map

As in the case of the pendulum, an important ingredient is the Poincaré
map for (2.388), (2.389): we look at (Spt1,Znt1) as a function of (z,, sy,).
With the adiabatic invariants analogy in mind, the Poincaré map is used
to eliminate the fast evolution. The asymptotic expansions of s(u) and z(u)
when u is between w,, and u,, 1 are straightforward local expansions of (2.388)
and (2.389). We denote

J(s) = féR(v,s) dv; L(s) :ji R(Civs) (2.390)

It is easily checked that

5

3s(3s+4) (2:391)

1
J"+ zp(s)J =0; where p(s) =
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and, since J' = L/2 we get

/
1
PR AC YRRy 2.392
PO o) (2:392)
The points s = 0 and s = —4/3 are regular singular points of (2.391)

(and of (2.392)) and correspond to the values of s for which the polynomial
u?/3 + u? + s has repeated roots. Simple asymptotic analysis of (2.388) and
(2.389) shows that the Poincaré map satisfies

2J,

Sn41 = Sp — x—n (14 0(1)) with J, = J(sp) (2.393)
Tnt1 = Tp + Ly (1 +0(1)) with L, = L(sy,) (2.394)

Here, and in the following heuristic outline, o(1) stands for terms which are
small for large x,, and large n. The rigorous justification of these estimates is
done in [22].

2.12i.3 Solving (2.393) and (2.394); asymptotically conserved quan-
tities
We see from (2.393)
that sp4+1 — sp < 8 and zp41 — ¢, < x,,. Here too it
is natural to take a “continuum limit” and approximate s,11 — S, by ds/dn
and ZTn41 — Ty, by da/dn. We get

ds ds/dn  —2J(s) B J(s)
d = dujdn ~ zh(s) oW = —opg (L e)

which implies, by separation of variables and integration,
Oz, s) :=xJ(s) = xoJ(s0) (1 4+ 0o(1)) (2.396)

That is, Q is asymptotically a constant of motion.

In the case of the pendulum, L(t) is given and one constant of motion
suffices: together with the value of L, it provides two independent conditions
for a second order equation; for Py, to fully solve the equation we need to
control another quantity; a second (nonautonomous) one is obtained using
(2.393) and (2.396) as follows. We write

1 ds 2

7o) dn = " megtey o) (2.397)

(2.395)

Let J be a solution of (2.391) with J(0) = 0, which is independent from the
J defined above. Since the first order derivative in (2.391) is missing, the
Wronskian W = J'J — J'J = kg, a constant. Thus (J/J) = ko/J? and 1/J2
is a perfect derivative.

K(s) = Ko /0 J?E)Q — jg (2.308)
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Integrating both sides of (2.397) from 0 to n we get

2n 2n

K(s) — K(sg) = — (I+0(1)) = K(s)+ = K(sp) + o(1)

(2.399)

Ko QioJ(So) Ko moJ(So)

for n = O(zp). K is in fact a Schwarzian triangle function

Note 2.400 As we saw in the analysis leading to (2.234), the singulari-
ties of solutions having asymptotic power series behavior in the right half
plane are almost periodic, with the same period as the exponential terms
in the transseries. While these solutions form a lower dimensional manifold

, spontaneous formation of singular-
ities is a “local” process, and it is expected that singularities are produced
with roughly the same spatial spacing for all solutions. For this reason, the
normalization based on simplifying the exponentials in the transseries is a
reasonable choice even in a transseries free region.

2.13 Appendix

In this book we work in R” (or C) and we will state the results in this
simpler setting. See [74] for general measure spaces. The integrals we use
are Lebesgue integrals. A function is in L!(S) where S is a measurable set
if [¢|f(x)|dz < co. The Lebesgue measure A is simply the measure defined
first on boxes B by A(B) = volume(B), and then extended to measurable
sets by additivity and “continuity” (regularity). A function is measurable if
its inverse image of any measurable set is measurable.

2.13a The dominated convergence theorem

Theorem 2.401 (dominated convergence) Assume {f,}nen s a family
of real-valued functions and that f,(x) — f(x) for almost all x in S 13.
Assume further that for alln |f,| < g a.e [\] 19, where g is in L'(S). Then
f e LYS) and

lim [ fn(s)ds — / f(s)ds (2.402)
The Theorem also applies for complex valued functions, when real and imag-
inary parts have the requisite properties. Furthermore, it is easy to see that

13That is, except possibly for a set of measure zero; a set has zero measure if it contained
in a union of boxes of arbitrarily small total measure. The notation a.e. [A] simply means
for all x except for a zero measure set.
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a similar statement holds for more general parametric convergence, that is, if
n is replaced by a parameter y in a, say, metric space, under similar assump-
tions: |f(y,z)| < g(z) for all (x,y) where g is integrable, and f(y,z) — f(z)
as y — yo a.e.[A.

Note 2.403 if K is a compact set in R, then F € LL(K), see (1.45), iff
F € L'(K). Indeed, in this case there exist two positive constants ¢ < ¢y such
that ¢ < e7"P < cy; the rest is straightforward. Nonetheless, if F' € L!([a, b]),
it is still useful to work in L}([a,b]) 0 < a < b € R, since ||F||1 a0y — 0 as
v — 00. Indeed, if v > 0 we have |F(p)|le”"? < |F(p)| and |F(p)|le " — 0 on

[a,b]. Thus Theorem 2.13a applies and fab F(p)e *Pdp — 0.

2.14 Analyticity and estimates for contour integrals

2.14a Determining singularities in Borel plane from asymp-
totics of Laplace integrals

Lemma 2.404 (i) Let H be analytic in the region {z : dist(R™,z) € (0,¢)}
and such that for some v we have supy|q<. [|[H(p +ia)|l, < oo. Let

h(z) = jgoo e P"H(p)dp (Re(x)>v) (2.405)

Assume further that
hz) =0(e™") as x — +00 (2.406)

where r < c¢. Then H is analytic in D,..

(i) The same holds in the following other cases:

(a) foci is replaced by 550?2.99 and H is analytic inside the curve, except
perhaps along RTe®

(b) foo;z is replaced by foo;z;iw where now the contour surrounds R™ at dis-
tance at least ¢ and approaches oo at an angle £p and H is analytic inside
the curve, except perhaps along R .

PROOF  Note first that hq(z) := h(z+v+e¢) is analytic in a neighborhood
of (—&,00). This and (2.406) show that h1(q) = [~ h1(z)e™9dx exists, and
the integrand in the definition of h;(q) satisfies the hypotheses of Fubini’s

theorem and
; e "P"°PH(p) f > Hy(p)
h :7{ ——2dp =: —=d 2.407
1(q) 4 el ( )
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Note 2.408 Eq. (2.406) implies that the Laplace transform H := IS h(z)e™ " dx
exists and is analytic in the half plane Req > —r.

We start with large Re ¢ and approach the origin. To enter the disk of radius
r, q crosses the contour of integration. We bend the contour inward allowing
g to approach the origin at a distance 0 < ¢’ < ¢ and then pass the contour
through ¢, collecting the residue 27iH(g), and then return to the original
contour. Thus, for |g| < r we have

. 0 H
hi(q) = 2miH(q) + s plT(‘Z)dp (2.409)

where now ¢ is in I,. By Note 2.416 hi(g) is analytic in D, and so is the

integral on the right side of (2.417), manifestly so due to the fact that the

contour is outside D,.. But then H;(q) and therefore H(q) is analytic in D).
(ii) The proof is very similar to that of (i).

Exercise 2.410 Adapt the proof above to the weaker condition
h(k) = O0(e™™) as N 3 k — 400 (2.411)
Hint: consider instead the properties of the generating function Zzozko hy(k)zF.

Lemma 2.412 (i) Let H be analytic in the region {z : dist(R™,z) € (0,¢)}
and such that for some v we have supy|q<. [|[H(p +ia)|l, < oo. Let

h(z) = 7€0° e P*H(p)dp (Re(x)>v) (2.413)

He

where we use the notation faoj for an integral along a contour encircling R™
counteclockwise, at a distance c of it.
Assume further that

h(z) =0(e™ ") as x — 400 (2.414)

where r < c. Then H is analytic in D,..

(i) The same holds in the following other cases:

(a) fofi is replaced by foﬁ;w where now the contour surrounds R™ at distance
at least ¢ and approaches co at an angle ¢ and H is analytic inside the curve,
except perhaps for RTe™ +oo;

(b) 3%0;2 is replaced by foo;z;iw where now the contour surrounds RY at dis-
tance at least ¢ and approaches oo at an angle £ and H is analytic inside
the curve, except perhaps for RT.

PROOF  Note first that hq(z) := h(z+v+e¢) is analytic in a neighborhood
of (—¢,00). This and (2.419) show that h1(q) = [;* h1(z)e~9dx exists, and
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the integrand in the definition of hl(q) satisfies the hypotheses of Fubini’s
theorem and

hi(q) = =: ——=dp (2.415)

. fme*”p*EPH(p)dp - [* Hi(p)
0 p+q o Ptq

Note 2.416 Eq. (2.419) implies that the Laplace transform H := f(;)o h(z)e %®dx
exists and is analytic in the half plane Req > —r.

We start with large Re ¢ and approach the origin. To enter the disk of radius
r, q crosses the contour of integration. We bend the contour inward allowing
g to approach the origin at a distance 0 < ¢’ < ¢ and then pass the contour
through ¢, collecting the residue 27iH(g), and then return to the original
contour. Thus, for |g| < r we have

hi(q) = 2miH, (q) + h Mdp (2.417)

0;c p + q
where now ¢ is in . By Note 2.416 h(q) is analytic in ), and so is the
integral on the right side of (2.417), manifestly so due to the fact that the

contour is outside D,.. But then H;(q) and therefore H(q) is analytic in D,.
(ii) The proof is very similar to that of (i).

Exercise 2.418 Adapt the proof above to the weaker condition
h(k) =O0(e™™) as N3 k — 400 (2.419)

Hint: consider instead the properties of the generating function Z;O:ku hy(k)2*.

2.15 Appendix: Banach spaces and the contractive map-
ping principle

In rigorously proving asymptotic results about
solutions of various problems, where a closed form solution does not exist
or is awkward, the contractive mapping principle is a handy tool. Once an
asymptotic expansion solution has been found, if we use a truncated expansion
as a quasi-solution, the remainder should be small. As a result, the complete
problem becomes one to which the truncation is an exact solution modulo
small errors (usually involving the unknown function). Therefore, most often,
asymptoticity can be shown rigorously by rewriting this latter equation as a
fixed point problem of an operator which is the identity plus a correction of
tiny norm. Some general guidelines on how to construct this operator are
discussed in §?7. It is desirable to go through the rigorous proof, whenever
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possible — this should be straightforward when the asymptotic solution has
been correctly found—, one reason being that this quickly signals errors such
as omitting important terms, or exiting the region of asymptoticity.

In §2.15.1 we discuss, for completeness, a few basic facts about Banach
spaces. There is of course a vast literature on the subject; see e.g. [69].

2.15.1 A brief review of Banach spaces

Familiar examples of Banach spaces are the n-dimensional Euclidian vector
spaces R™. A norm exists in a Banach space, which has the essential properties
of a length: scaling, positivity except for the zero vector which has length zero
and the triangle inequality (the sum of the lengths of the sides of a triangle
is no less than the length of the third one). Once we have a norm, we can
define limits, by reducing the notion to that in R: z, — z iff || — 2, — 0.
A normed vector space B is a Banach space if it is complete, that is every
sequence with the property |z, — | — 0 uniformly in n,m (a Cauchy
sequence) has a limit in B. Note that R™ can be thought of as the space
of functions defined on the set of integers {1,2,...,n}. If we take a space of
functions on a domain containing infinitely many points, then the Banach
space is usually infinite-dimensional. An example is L°°[0, 1], the space of
bounded functions on [0,1] with the norm || f|| = sup ) |f[- A function L
between two Banach spaces which is linear, L(x + y) = Lz + Ly, is bounded
(or continuous) if [|L|| := supj, =1 [[Lx| < co. Assume B is a Banach space
and that S is a closed subset of B. In the induced topology (i.e., in the same
norm), S is a complete normed space.

2.15.2 Fixed point theorem

Assume M : S — B is a (linear or nonlinear) operator with the property
that for any z,y € S we have

[M(y) = M(@)[| < Ally — ]| (2.420)

with A < 1. Such operators are called contractive. Note that if M is linear,
this just means that the norm of M is less than one.

Theorem 2.421 Assume M : S — S, where S is a closed subset of B is a
contractive mapping. Then the equation

z = M(x) (2.422)

has a unique solution in S.
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PROOF  Consider the sequence {z;}; € N defined recursively by

g =9 €S (2.423)
Ir1 = M(on)
T4 = M(z;)
We see that
212 — zjall = [IM(z551) = M(@5)| < Ml — 2] < -+ < NVl — o]
(2.424)
Thus,

2\
T /\||:c1 — x|l (2.425)
and z; is a Cauchy sequence, and it thus converges, say to z. Since by (2.420)
M is continuous, passing the equation for x4, in (2.423) to the limit j — oo
we get

l@g+pse = ziall < (W5 4+ X ) oy — ol <

z = M(x) (2.426)

that is existence of a solution of (2.422). For uniqueness, note that if x and
2’ are two solutions of (2.422), by subtracting their equations we get

[ =[] = [M(z) = M(@")]| < Mz — 2| (2.427)

implying ||z — 2'|| = 0, since A < 1. I

Note 2.428 Note that contractivity and therefore existence of a solution of a
fixed point problem depends on the norm. An adapted norm needs to be chosen
for this approach to give results.

Exercise 2.429 Show that if L is a linear operator from the Banach space B
into itself and ||L|| < 1 then I — L is invertible, that is x — Lz = y has always
a unique solution x € B. “Conversely,” assuming that I — L is not invertible,
then in whatever norm || - ||« we choose to make the same B a Banach space,
we must have | L]« > 1 (why?).

2.15a Fixed points and vector valued analytic functions

A theory of analytic functions with values in a Banach space can be con-
structed by almost exactly following the usual construction of analytic func-
tions. For the construction to work, we need the usual vector space operations
and a topology in which these operations are continuous. A typical setting is
that of a Banach algebra. A detailed presentation is found in [51] and [61],
but the basic facts are simple enough for the reader to redo the necessary
proofs.
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2.15b Fréchet derivatives

If \V is an operator in a Banach space, then the Fréchet derivative of N is
a linear operator A with the property

LW+ h) — Ny) — Ab]
h—0 1Rl

0 (2.430)

Note 2.431 It is easy to see that , if an operator is linear affine, that is, it
is of the form N(f) = fo + Lf where L is a linear operator then the Fréchet
derivative of A is L. It is also easy to check that if the derivative of an operator
is < 1 in a neighborhood of 3, then N is contractive in that neighborhood.

2.16 Solving the quintic*

We seek to determine explicit formulas for the roots 7(p) of the qunitic
equation

7_5

= +7=p (2.432)

Locally near p = 0, we can identify the roots in the following manner: There

is one root for which 7 = 0 when p = 0 which has a Taylor expansion found
5

through iterating the relation 7 =p — %,

5 9

r=mp)=p- T+ 5 +0p") (2.433)

For the four other roots, for j = 1,---4, with p = 5/4e*2I—1D7/44 e have

(2 1) 5 5 385
Tis1(p) = 5l/4i(2i—1)m/4 <1 9 2 3 4

e Y 5
1”37 T30 " gge? TOU )>
(2.434)

We want to have general expressions of 7 = 7;(p) for any p in terms of hyper-
geometric function. This is known through other methods, but Borel trans-
form provides a simple derivation. First, we notice on direct substitution and
integration by parts

y(z) = / et /5 (2.435)
C

where C' is a path joining c0e?#7/5 to coe??(k+D7/5 for | =0, --- , 3 provides
for four independent solutions {ykJrl}i:O to the fourth order Airy equation

y ) f oy =0 (2.436)
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We note that a change of variable in (2.435) leads to the representation

coe2ik+1)m/5

y= x1/4/ exp [—x5/4 (r+ 75/5)} dr , (2.437)
e2ikm /5

We deform the path to lie along the Steepest descent path, which goes through
saddle 1, = i*e™/4 Since

p=14+7" -1 —77/5 (2.438)
is real and monotonically increasing from 0 to co on steepest descent path
connecting 75, to coe!@F+/5 and decreasing from oo to 0 on the steepest

descent path connecting coe?2¥7/% to 75,. This implies

4 o dr
y(x):m1/4exp [—57762}/0 e P? ;p dp

4 o0 dr(2)
—z'/*exp |:—’TkZ:| / e P dp where z = /% (2.439)
5 0 dp

where 7 = 7 (p) and 7 = 72 (p) are the inversion of the relation (2.438)
along the path connecting 75, to ooe??(*+1)7/5 and the one connecting 75, to
00ei2k7/5 respectively. Using a complex path Cj, that wraps around the branch
point p = %Tk, (2.439) implies

d
y(z) = x1/4/c efpzd—;dp (2.440)
k

Therefore, x~/4y(z) is amenable to a Borel transform. Using change of vari-
able
y =z 4(z) (2.441)

then v(z) satisfies

dtv  2d% 3 d%*v 3 dv 256 231
— -+ —— —_—— =0 2.442
dz*  zdz3 5z22dz?2 523 dz <625 625z4> Y ( )
which on Borel transform and taking four derivatives gives rise to
256 ; 267 6144
4 (iv) 3y 271 ’ _
v 14p°V —p V"' +57pV' + —V =0 2.443
<p+625) U VT =tV 5TV o ;o (2.443)

We note, as expected, the ODE (2.443) has singular point at p = py, = %i"ce”/4

the path of integration C} to obtain v(z) wraps around p = py. Since

d
U(Z):/ e’sz(p)dp:/ e Lap, (2.444)
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it follows that for suitable choice of constants any root of the quintic 7(p) =

Co + fé) V(s)ds. Since the integral of hypergeometric function is again a
hypergeometric function, we obtain

1 234 1 35 625
7(p) = Co + Cip 4F3({ ],[ }7 4)

5°5°5°5| 127474 2567
7 9 11 13] [5 3 7] 625
3 sy e o2 _eY 4
+Cep 4F3([10’10’10’10]’{4’2’4}’ 256p)

9 13 17 217 [3 5 3] 625
C 2 F e e _eY 4
+Cap” 4 3([20’20’20’20]’{4’4’2}’ 256”)

1 3 7 117 [1 1 3] 625
Fl-— 2 = | = =2, —=2p%) (244
01 3([ 20’20’20’20}’[4’2’4}’ 256p> (2.445)
Taylor expanding at p = 0, we obtain
77

7(p) = (Co + C4) + C1p+ Cs3p* + Cop® + =———Cup* + O(p°)  (2.446)

2048

It follows that if we want to recover the root 7 = 7 (p) in (2.433), we must
choose (Cy, Cy,Cs,C5,C4) = (0,1,0,0,0) giving rise to

12314 1 35 625
—paBs (2,222, 15,2, 2], - 220 2.44
Tl(p) P4 3(|:5a5;5,5:|,|:2>474:|7 256p) ( 7)

The other roots 7 = 7;41(p) can similarly be identified by determining (Co, C1, C2, Cs, C4)
so that the Taylor series (2.447) matches (2.434).

2.17 Appendix: The Euler-Maclaurin summation for-
mula

Assume f(n) does not increase too rapidly with n and we want to find the

asymptotic behavior of
n

Sn+1)= Y f(k) (2.448)

k=ko

for large n. We see that S(k) is the solution of the difference equation
S(k+1)—S(k) = f(k) (2.449)

To be more precise, assume [ has a level zero transseries as n — oo. Then we
write S for the transseries of S which we seek at level zero (see p. ??). Then
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S(k+1) = S(k) = 8'(k) + 8"(k)/2 + ... + ST () /K! + ... = S'(k) + LS (k)
where

o0
1 it
L= Z T d T (2.450)
j=2
is contractive on level zero transseries (check) and thus
S'(k) = f(k) — LS (k) (2.451)
has a unique solution,
- e o 1
"= -1YLf= —— 2.452
$ ;O( YU f= 7 f (2452)

(check that there are no transseries solutions of higher level). From the first
few terms, or using successive approximations, that is writing S’ = g and

g=1f- %gf - égz” - (2.453)
we get
S'(k) = f(k)— %f’(k) + 1i2 (k) — %O PO+ =3 C D (k) (2.454)
=0

We note that to get the coefficient of f(") correctly, using iteration, we need
to keep correspondingly many terms on the right side of (2.453) and iterate
n + 1 times.

In this case, we can find the coefficients explicitly. Indeed, examining the
way the Cjs are obtained, it is clear that they do not depend on f. Then
it suffices to look at some particular f for which the sum can be calculated
explicitly; for instance f(k) = €*/™ summed from 0 to n. By one of the
definitions of the Bernoulli numbers we have

=> (-1
j=0

25 i
i z (2.455)

Exercise 2.456 Using these identities, determine the coefficients C; in (2.454).

Using Exercise 2.456 we get

k 1 [eS) BQ' (2-1)
S(k) ~ ; f(s)ds+§f(n)+0+jz::lﬁf 2= (k) (2.457)

Rel. (2.457) is called the Euler-Maclaurin sum formula.

Exercise 2.458 (*) Complete the details of the calculation involving the iden-
tification of coefficients in the Euler-Maclaurin sum formula.
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Exercise 2.459 Find for which values of a > 0 the series
ivk
ka

o0
>
k=1

1§ convergent.

Exercise 2.460 (*) Prove the Euler-Maclaurin sum formula in the case f

is C*° by first looking at the integral f:“ f(s)ds and expanding f in Taylor
at s =n. Then correct f to get a better approximation, etc.

That (2.457) gives the correct asymptotic behavior in fairly wide generality is
proved, for example, in [41].

We will prove here, under stronger assumptions, a stronger result which
implies (2.457). The conditions are often met in applications, after changes
of variables, as our examples showed.

Lemma 2.461 Assume f has a Borel summable expansion at 0% (in applica-
tions f is often analytic at0) and f(z) = O(z?). Then f(+) = fooo F(p)e "Pdp,
F(p) = O(p) for small p and

n—1 0o . F(p) 0o e F(p)
E%ﬂUMA ep?ij@*é‘fp;;j@ (2.462)

PROOF  We seek a solution of (2.449) in the form S = C+ [ H (p)e™*Pdp,
or, in other words we inverse Laplace transform the equation (2.449). We get

F(p)

e P —1

(e’ —1)H=F= H(p) = (2.463)

and the conclusion follows by taking the Laplace transform which is well
defined since F(p) = O(p), and imposing the initial condition S(ko) =0. [

For a general analysis of the summability properties of the Euler-Maclaurin
formula see [48].

2.18 Taylor coefficients of entire functions of order one

Let F' be an entire function of exponential order one, meaning that p +—
|F(p)|e P! is uniformly bounded in C. By changes of variables we can assume
w.l.o.g. that ¥ = 1 and the uniform bound is 1. We have

k[ F(s)
k _
FHO0) =95 ¢

ds (2.464)
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We take as C a circle of radius k around 0. estimating |F| < e/l on this
contour we obtain immediately,

|F*(0)] < kll—f;k <V27k(1 4 o(1/k)), k — 0o (2.465)

by Stirling’s formula.
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