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ABSTRACT. We analyze the long time behavior of solutions of the Schrédinger
equation iy = (—A —b/r + V(t,2))¢, x € R, r = |z|, describing a Coulomb
system in a spatially compactly supported time periodic potential V (¢, z). We
show that either the system has a Floquet bound state or, starting with an ini-
tial state ¢ € H1, the system delocalizes ast — oo, i.e. lims— oo fK [(t, z)|2dx
= 0 for any compact set K C R3.

We show further that if V(¢,x2) = Q(r) coswt, with Q(r) > 0 for r < Rp
and Q(r) = 0 otherwise, then delocalization occurs for all  and w.

Our method uses the analytic structure of the Laplace transform, in ¢, of ¢
combined with rigorous WKB analysis generalized to infinite systems of ODEs.
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1. INTRODUCTION

The long time behavior of solutions of the Schrédinger equation of a system with
both discrete and continuous spectrum subjected to a time periodic potential, as
occurs for an atom in an electromagnetic field, has been and continues to be the
subject of intense investigation. Many general and powerful results have been ob-
tained under various assumptions on the potentials, see [3, [l Bl [6 24], 34 [36], B7]
and references therein. None of these results however prove or disprove delocaliza-
tion (ionization) of a Coulomb—bound particle subject to time-periodic forcing of
arbitrary amplitude and frequency. In fact, such results have only recently been
obtained even for simple model systems, see [14] [15] [16], 42, [I8] BT] and references
cited there.

What experiments and simplified models show is that the behavior of a system
with both discrete and continuous spectrum subjected to periodic external potential
of arbitrary strength can be very complicated. For amplitudes where perturbation
theory is not applicable, qualitative departures from the behavior at small fields
are observed. There are even situations, see e.g. [15], where for small enough fields
ionization occurs for all initial states while for fields of order one there exist localized
time—quasiperiodic solutions of the Schrédinger equation, i.e. Floquet bound states.
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Though such situations are rather exceptional, constructive methods are required
to deal with arbitrary strength fields.

1.1. Formulation of the problem. In this paper we study the question of ioniza-
tion for the nonrelativistic Coulomb atom interacting with time periodic, compactly
supported potentials in three dimensions. That is, we consider the Schrodinger
equation for a forced Hydrogen atom (more generally Rydberg atom) with a nu-
cleus of charge ge and an electron with charge —e. Setting b = ge? > 0 we get

(L) ilte) = (= A=br V() )bt @) = (Ho + V(6 2)u(t o)

where r = |z|, x € R3, V(t,2) = V(t + 27/w, z) is compactly supported in z, L?
in t and ¥y = ¥(0,2) € H'. We can assume, without further loss of generality,
that V' (¢t,2) = 0 for r > 1. We are interested in whether this system will delocalize
(ionize) as t — oc.

Our results show that delocalization in the large time limit occurs iff the Floquet
discrete spectrum is empty. We prove furthermore that this is indeed the case
regardless of the amplitude or frequency of the forcing field, whenever the latter is
harmonic in time, spherical, compactly supported and nonvanishing on its support.

As in our previous work [I3] — [I8] on systems with short range reference po-
tentials, we convert questions about the time asymptotic behavior of the solution
of the Schrodinger equation to analyticity ones of its time Laplace transform. We
then use a modified Fredholm theory to prove a dichotomy: either there are bound
Floquet states, or the system gets ionized.

Mathematically the Coulomb potential introduces a number of substantial dif-
ficulties due to its singular behavior at the origin and, more importantly, its very
slow decay at infinity compared to the potentials considered before. This induces
a complicated structure of the discrete spectrum of the unforced Hamiltonian with
an accumulation of eigenvalues at zero. Consequently, the Laplace transform of 1
can have an essential singularity at zero.

These difficulties necessitate important modifications with respect to our previ-
ous analysis of ionization in simpler models, due to the essential singularity of .
To deal with these problems we develop new rigorous WKB methods for infinite
systems of ODEs. The approach is constructive and suitable for further generaliza-
tion.

1.2. Connection with Floquet theory. One of the simplest ways in which ion-
ization may fail for a given V (¢, x) is the existence of a solution of the Schrodinger
equation of the form

(1.2) ¥(t,z) = e"'v(t,z) with ¢ € R and v € L*(R? x [0,27/w]) time-periodic.
Substitution in (|1.1)) leads to the following Floquet equation:

0
(1.3) Kv=—gv; K i= iz — ( Al V(m))

where the Floquet operator K is defined on L?(R3 x [0, 27 /w]).

Although it may seem surprising, the existence of a Floquet bound state is in
fact —in a wide class of settings [24], (3], [14] [15 [I8]— the only possibility for ionization
to fail. As we will show this is also true for . This is due to the possibility
of reformulating the ionization problem in terms of a compact operator whose
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spectrum is closely connected to the Floquet spectrum. Generic delocalization is
then expected since L? solutions of the Schrédinger equation of the form are
unlikely. We prove that for V(¢,2) = Q(r) coswt, & > 0 on [0,1] and sufficiently
smooth, they do not exist. Whether they exist for any €2 periodic in ¢ and continuous
is an open problem.

2. MAIN RESULTS

If the probability to find the particle in any compact set vanishes for large ¢, i.e.
(2.1) / lo(t,x)|?de —0 as t— oo Ya€RT
r<a
we say that the system ionizes.
2.1. A general criterion of ionization. We write (1.1 in the form

(22) )= (= A=b/r+ Y Q@) )p(t ), ¥(0,2) = vo(a)

JEZ

with Q_; = Qij compactly supported in x, say in the unit ball By, differentiable
there, and sufficiently smooth in ¢. More precisely, we require that a weighted [y
norm in j is finite,

(2.3) D 19ll2(1 + 13)*? < oo
JEZ

where ||-||2 is the usual Ly norm in z. Consider the homogeneous partial differential
system corresponding to the Laplace transform of (2.2)), cf

(24) (“A=b/r+o+nw)v, = Zﬂj(x)vn,j; veE™H, Reo € [0,w),n€Z
JEL

where the Hilbert space H is defined in §3|and

(2.5) p=i(o +nw), withfY|Reo € [0,w), ncZ

Theorem 2.1. (i) In the setting tonization occurs iff has only trivial

(2.6) vp(x) =0 forall n<0 and x ¢ By

The proof is given in 7]

Note 2.1. Equation (2.6) makes the second order system (2.4 formally overdeter-
mined since the regularity of v, imposes both Dirichlet and Neumann conditions
on 0B, for n < 0. Nontrivial solutions are not, in general, expected to exist.

(D1n some parts of the paper it is convenient to relax this restriction on o.
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2.2. Ionization in the spherically symmetric case. It is usually difficult to an-
alyze the spectrum of the Floquet operator. In this paper we introduce a relatively
general method, based on Theorem (ii) and rigorous WKB analysis of infinite
systems of ODEs to show that exceptional solutions of the Floquet problem do not
exist in the case of harmonic, radially symmetric, compactly supported forcings
and thus ionization occurs. More precisely, we have the following result.

Theorem 2.2. For V(t,x) = Q(r) coswt, with Q(r) =0 forr > 1, Q(r) > 0 for
r <1 and Q(r) € C*[0,1], ionization always occurs.

Note 2.2. The condition Q(17) # 0 simplifies the arguments but our method can
allow € to vanish no faster than algebraically at 1. Some conditions on V (¢, z) are
almost certainly needed since there are simple models for which ionization fails, see

5], [31] and [35].

Note 2.3. The results can be extended to non-Coulomb systems where H¢ is
replaced by
Hy = —-A—=0b/r +W(r)

where b may be zero and W (r) decays at least as fast as r—17¢ for large r, W €
L (R3). The crucial part where the specific shape of the Green’s function of Ho—ip
is used is in Proposition and in the continuity with respect to an extended
variable X. With spherical symmetry, separation of variables and standard ODE
arguments would relatively easily give the necessary decay and continuity properties

of .

3. DOMAIN AND HILBERT SPACE

Let B be a ball of radius 7o > 1 centered at zero (thus containing the support
of V) and let X be its characteristic function. In our setting, —br—! € L + L?
and thus Theorem 5.4, [30] pp. 303, shows that, —A — br~! restricted to C§° is
essentially self-adjoint. Given a decomposition —br~! = g+ q; where gy € L>°(R3)
is say —br~1(1 — X) and q; = —br~! — qg, we denote by Qy and @Q; the maximal
operators associated to gp and ¢ and set Q = Qo+ Q1. Then, [30], Ho := —A+Q
is self-adjoint on D(Hp) = D(—A) = F~1D(k?)F where F is the Fourier transform
and k is multiplication by the Fourier space variable.

Note 3.1. For every t the potential Ho + V (¢, ) satisfies the assumptions of
Theorem X.71, [33] v.2 pp 290. Thus at all ¢ the solution of the Schrédinger
equation is in the domain of —A. This implies continuity in x of ¥ (¢, z) and
of its t—Laplace transform. It also follows that the unitary propagator is strongly
differentiable in ¢.

3.1. The Hilbert space H. To analyze the properties of a suitable integral version
of (|1.1) we use the Hilbert space(s)

(3.1) H =13,,(L*(B))
defined as the space of sequences {y, }nez, yn € L*(B) with

lyll3e =Y (1 + 12D ynllF2(m) < oo
nez

and B is any ball in R3.
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Note 3.2. The space H is different from the Hilbert space I2(L?(R%)) used in
Floquet theory. See also [18].

4. APPROACH AND ORGANIZATION OF THE PAPER

The proof of ionization is obtained by representing the solution of the Schrodinger
equation as an inverse Laplace transform of a function shown to be analytic in the
open right half plane in C, and in L' (iR); ionization follows essentially from the
Riemann-Lebesgue lemma.

Since the construction consists of many steps with relatively intricate proofs, we
begin by listing the main constituent results, relegating their proof to later sections
when necessary. We include at the end of the paper an index of definitions.

The key ingredients for Theorem [2.2] are Propositions and Theo-
rem [0.1} These allow us to conclude that for sufficiently large negative n, a nonzero
solution of the homogeneous system in the setting of Theorem would
have unacceptably singular behavior at r = 0.

The accumulation of eigenvalues at the top of the discrete spectrum of He,
stemming from the slow decay of the potential, creates an essential singularity in
the Laplace transform of ¢). Proposition[6.3]is essential to show that this singularity
is integrable (see also Notes and .

As shown in part of the content of Theorem[9.1] could be formally obtained
by WKB methods. The rigorous proof is delicate since one deals with an infinite
coupled system of ODEs and furthermore the (usually transcendental) multiplica-
tive constant in the asymptotics matters.

5. SOME AUXILIARY RESULTS

Let vpg € L?. The Laplace transform, in the sense of L?, of the unitarily evolved

o,
(5.1) de) = [ vt

exists for Rep > 0 and the map p — (-, p) is L? valued analytic in the right half
plane

(5.2) peH ={z:Rez >0}
Simple calculations show that if ¢ satisfies 1D then 1& satisfies the equation
(5.3) (He — ip)d(p,x) = —itho — Y _ ()i (p — ijw, )

JEZL

Clearly, lb couples &(pl,x) with '(/3(])2, x) iff (p1 — p2) € iwZ. With the notation
1' we have we deﬁn ygﬂ (o,2) = 1&(2’(0 + nw), z). Eq. 1) now becomes a
differential-difference system
(5.4) (Ho + 0 4 nw)yl? = —iyp — Z Q,(x) (S_jy[o])

JEL "
where S is the shift operator defined by
(5.5) (SY)n = Ynt1

(2 The superscript [0] is used since further transformations will be made later.
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We are interested in regularity properties of @Z(p, x) with respect to p in the closed
right half plane. These are most easily obtained from a Duhamel reformulation of
the differential system . But this reformulation is not so straightforward, since
H¢ has eigenvalues, of increasing multiplicity, accumulating at zero.

Lemma 5.1 ([30], pp. 304, Theorem 5.7). The spectrum of Ho = —A —b/r is
real (cf. @ and its restriction to R~ consists of isolated eigenvalues with finite
multiplicity.

We proceed as follows. Recalling that X is the characteristic function of a ball
B with radius ro > 1, we define

c>0if0<n<ne
(5.6) B= { 0 otherwise

where n, is chose sufficiently large so that —Re o — n.w is below the discrete spec-
trum of He by a fixed amount, say the same ¢ as in (5.6]).
Let

(5.7) Ag = He —ifBX(r) —ip =: Hoc —ifX(r) + 0 + nw

Clearly Ap is defined on D(Hy) and Aj = A_p + 0™ — a The dependence of
£ on p (through n. and ¢, which, for simplicity of notation we do not indicate) is
convenient for pushing the poles of the resolvent Agl into the left half plane while
allowing for an explicit formula throughout the continuous spectrum. We denote,
with slight abuse of notation,

(5.8) Ag=He —ip
Then .Aal is well defined for —ip = o 4+ nw for all n > n,, i.e., Imp > n.w.

Proposition 5.2. For large ¢ > 0 in @), see also Ag(p) is invertible for
Rep > 0 (that is, Imo < 0) and for Rep =0,Imp >0 (Imo =0, nw+ Reo > 0).
The inverse Mg is analytic in a neighborhood D of the set {p : Rep > 0} U {p :
Rep =0,Imp > 0}.

Proof. Note that Ag and Aj are densely defined, hence closed [33]. Once we show
that Ag(p) is invertible in H and on the ray {p : Rep = 0,Imp > 0}, invertibility
in D follows (the spectrum of the closed operator Ho — i8X(r) is a closed set).
Analyticity in D also follows readily (cf [33], vol. 1, Theorem VIIL.2 | p. 254).

Invertibility. We first show below that no ip € ¢D is an eigenvalue of Ho—i8X(r).
Assume we had (Ho —i8X(r))y = ipy, i.e., Agyp = 0; then, with o = 01 + oy we
have

(5.9) (W, (=A + (o1 +i02) +nw — br 1)) + (b, —iBXe)) = 0

The real part of (5.9) can only vanish if n. > n > 0. In that case, we would have
B = ¢ > 0. Taking the imaginary part of (5.9) we get

(510) 0= Uz(% ¢> - C<’§/J, X¢>
If 05 < 0 this immediately implies ¥ = 0. If o5 = 0 we get

(5.11) 0 = c(Xt, X1)

(3)Indeed, since A_g+o0* — o is well defined on D(—A), a larger domain for A% would entail
a larger domain for the already self-adjoint operator —A + Q on D(—A).
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implying (X®, X¢) = 0, i.e., X¢p = 0. But X¢p = 0 implies 0 = Agyp = Apyp. In
spherical coordinates the equation Ay = 0 becomes a system of ODEs

d? 2d Il(l+1
(__+<+>

5.12
(5.12) dr?  rdr r2
Since Xt = 0, the solution of (5.12)) vanishes identically on [0,7¢]; but then, by
standard ODE arguments the solution is identically zero. The rest of the proof of
invertibility is given in §11.1,

—br 4o+ nw) Ynim =0

5.1. Restriction to the ball B.

Note 5.3. To study ionization, we only need to know (¢, x) for z in a fixed (but
arbitrary) ball B with radius greater than one. As before, let X be the characteristic
function of B. We shall therefore need to study the properties of X9gX. This
sandwiched operator (which preserves information about L?(R?) through boundary
conditions on dB) is the one that we shall most often use below.

5.2. Integral representation of the system. We now use the invertibility of Ag
for Rep > 0 (Imo < 0) to write (5.4) in the form

B9 = oo - Y0 (54) |
jez "
Restricting (5.13)) to B, since € is supported there, we have
(5.14) W) = —ixRavo + XRX | — Byl = 3 Q) (577y) |
jez "

5.3. Definition of ¢. Setting Y0 = {yl?]}nez , YO[O] = {—iXR3¢0 tnez and
(€y)n = XRaX| = iByn — 3 (@) (S7y), |
JET
we write, compactly,
(5.15) YO =y 4 gyl

To ensure the decay in n of the inhomogeneous term and thus make it an element
of H, we take out several leading asymptotic terms in n: we write Y0 = YO[O] +
el + @2y + &3y + v, and let Yy = €Y. It follows from (5.15) that
(5.16) Y=Y,+¢Y
Proposition 5.4. For Rep large enough, has a unique solution in H. By

construction, this gives rise to a solution of , and therefore corresponds to the
Laplace transform of the unique L? solution of the initial value problem .

Proof. This follows from the fact that € has small norm for large Re p. Indeed, the
translation operator S is quite straightforwardly shown to be bounded in H: using
([2:3), the proof in Lemma 27 in [I8] goes through without changes for the norm
used in the present paper. By the second resolvent identity we have

Ry = (1 - wmox)flmo
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Since —A — br—! is self-adjoint, we have by the spectral theorem, for some C' > 0
independent of p,

[(=A —br~! —ip) Y| p2re) < C(Rep) ™

and thus |Rgl|r2(p) < C1(14 Imo|)~! where Cy does not depend on n or . By
the definition of H it follows immediately that ||€]|z; < C2(1 + [Im o)~ for some
Cy > 0 independent of o. |

Remark 5.5. As shown in it suffices to prove ionization on a dense set
of 1p; let this be C§°(R3). With this choice, Yy € H, as it is easily seen from
Proposition below. For spherically symmetric V', a more symmetric choice of
the dense set will be made.

Note 5.6. We know that the system has a unique L?(R3) solution corre-
sponding to 1[)(1), x) if Rep > 0. In the spherically symmetric case, the logic of
the analysis is as follows. We prove that the integral equation possesses a unique
solution for smaller values of Rep > 0 also, and that its solution is analytic in
p up to, but not including, the imaginary line, on which however it has an L'.
By uniqueness, this solution is nothing else but zﬁ and ionization follows from the
Riemann-Lebesgue lemma.

Proposition 5.7. As |[n| — oo, [[XRsX|| = [[XReX]|| = O(|n|~/21og"?|n|) (recall
that 8 =0 if |n| is large).

The proof is given in It relies, for n < 0, on the explicit form of the resolvent
for He, see §11.3] Using spherical symmetry, the explicit Green’s function could be
avoided, but in view of future generalizations we prefer this more delicate approach.

5.4. Compactness.
Proposition 5.8. ¢ : H — H is compact for p in H.

Proof. We first take Rep > 0, Imp > 0 not too large so that 8 > 0. We have,
by adding and subtracting ie with ¢ > 0 from Ag and using the second resolvent
formula (i.e. A=! — B™! = B~}(B — A)A~! whenever everything is well defined),
(5.17)

XAGIX =: XRpX = X(—A +ie) "X — XRp(—br~" —ifX —ie —ip)(—=A +ie) ' X

The Green’s function for —A + ie is given by ([33])

1 —Hativee—y

(5.18) G(z,y) = P y|e vz

Now if [|¢;|2(p) < 1 then the functions f; = (—A+i€) "' X¢; are seen by straight-
forward calculation to be equicontinuous on the one point compactification of R3.
A subsequence, without loss of generality assumed to be the f;’s themselves, con-
verges in L2(R?) as well (to a function with exponential decay, since there isa §; > 0
small enough e%1#l(—A + i€) “1X¢;) is also equicontinuous on the compactification
of R?). The first term in is then compact by definition.

The functions f; are equicontinuous with exponential decay, so that the sequence
{gj}ien, g; = (=br=' —iBX —ie —ip) f; is also convergent in L?(R?), to a function
with exponential decay rate at least d;. Since Rg is a bounded operator on L?(R?)
Mg converges in L2(R?), and this case is completed.
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For Imp < 0 or larger Im p > 0 we have 8 = 0. In this case, compactness follows
from the explicit expression of the Green’s function see cf. also [29].

By Proposition and the previous argument, € is a norm limit of compact
operators (the truncations of € to the subspaces of H with vanishing components
for [n| > N). |

Note 5.9. Compactness versus reqularity. The term —iGX was introduced in §5.2]
to ensure that the poles of the modified resolvent, g, are not in the closed right half
p plane. Since —i3X is localized in x, the shifts in the poles created by the discrete
spectrum of He are smaller as p — 0 (the size of the orbitals of the Hydrogen atom
grow when the energy approaches zero.) The resulting integral operators have an
essential singularity at p = 0. If instead of —i5X we had added a nonlocal operator
on both sides of before inversion of the operator, it would have destroyed
compactness and created technical complications (albeit, clearly, with no impact
on ionization).

6. TONIZATION CONDITION.

We consider the homogeneous equation (2.4]), v = €v, associated to , and
look for a nontrivial solution in H. We multiply by ©,, integrate over the ball
B (with radius 79 > 1), sum over n (this is legitimate since v € H) and take the
imaginary part of the resulting expression. Noting that

(61) Z Qj(m)vn,jﬁ: Z Q,j@n,jvn = Z Qj6n+jvn

Jn€EL J,nEL J,n€EL
= Y (@)Tmvm—

JymEZL
so the sum (6.1]) is real, we get from ([2.4)
(6.2) 0=1Im (—O‘Z/ o, () |2 dz +/ ZdwvnAvn>
nez neZ
=—-Imo Z/ |vp (z |2d$ + — / (Z 7, VU, — vann> -ndS
neL nez
It is convenient to decompose v,, using spherical harmonics. We write
(6.3) = Y Rogm(n)Y"(0.9).
120,|m|<

The last integral in (6.2)), including the prefactor, then equals

(6.4) —2mirg Z Z [ nam i By it — Fn,m,an,m,l]
neZ m,l
—QWZTOZZW n,m,ls nml]

n€Z m,l

where W[f, g] is the Wronskian of f and g. On the other hand, we have outside of
B

(6.5) Av, + br~ o, — (0 +nw)v, =0
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and then by (6.3), the R, ; ., satisfy for r > rq the equation

2 (l+1
(6.6) R"+ ;R' +br 'R~ %R =(c+nw)R
where we have suppressed the subscripts. Let g, 1m = 7Ry 1,m. Then for the g, 1 m
we get

1(1+1)

(6.7) g - 5+ (0 +nw)—br~tg=0
Thus
= 99 |9l
and
(6.9) mWI[R, R] = WI[g, g] =: Wh.

Multiplying (6.7) by g, and the conjugate of (6.7]) by ¢g and subtracting, we get for
r > T,

(6.10) W = (o —3)|g|* = 2i|g|*Im o
Remark 6.1. Direct estimates using the Green’s function representation
below tmply that

(6.11) vp(x) = 7<cn(9,¢) + O(r_l)) as r — 0o

with ¢, (0, ¢) independent of r and with

(6.12) Ky =+/—ip =0 + nw

(when Rep > 0, Imo < 0, Ky, is in the fourth quadrant)
(i) We first take Imo < 0, to illustrate the argument. Using we get
(6.13) g~ Cef“"rr_ﬁ(l +o0(1)) as r — o0

There is a one-parameter family of solutions of satisfying and the
asymptotic expansion can be differentiated [44]. We assume, to get a contradiction,
that there exist n for which ¢ = ¢, # 0. For these n we have, using ,
differentiability of this asymptotic expansion and the definition of k,, that

1
(6.14) 57 ,Jim |gn]"2W,, = —=Im k,, > 0.
1 r—oo

It follows from and ll that Q%WH is strictly positive for all » > ry and all
n for which g,, # 0. This implies that the last term in is a sum of nonnegative
terms which shows that cannot be satisfied nontrivially.

(ii): Imo = 0. For n < 0, we use Remark (and differentiability of the
asymptotic expansion as in Case (i)) to calculate W, in the limit r — co: W,, =
2i|cn)?|kn|(1 4+ 0(1)). Since for Imo = 0, W), is constant, cf. , it follows that
Wi, = 2i|cn|?|kn| exactly. Thus, using and we have
(6.15) vp(x) =0 for all n < 0andr>rg

For r > r9 > 1 (where V(t,z) = 0) we have Dv,, = 0, where O is the elliptic
operator —A — b/r + 0 + nw. The proof that v,(z) = 0 for » > 1 then follows
immediately from , by standard unique continuation results [26], 32, @3] (in
fact, O is analytic hypo-elliptic). See also Note



12 O. COSTIN, J. L. LEBOWITZ, S. TANVEER

Note 6.2. As a result of the choice explained in Note[5.9] the poles of the resolvent
R accumulate at p = 0 from —H, along a curve tangent to the positive imaginary
p-axis. As a result, while being uniformly bounded, fRg is not continuous along the
imaginary p line at zero but oscillates without limit. Boundedness of X?RgX (which
is not difficult to prove) does not ensure boundedness of the solution. We do have
however continuity in an extended parameter. Let X := (o, Z) with

(6.16) Z=e%; (where \? = o)

(The dependence of Z on A reflects the nature of the behavior of the solution.)
The resolvent is continuous in X and a useful Fredholm alternative can be applied.

Definition Let D} a half disk of radius € in the right half complex plane and let
D be the unit disk.

Proposition 6.3. For any ro > 1 (i.e. outside the support of Q) we can choose a
cn (@ (see below) such that the following statement holds.

The resolvent XRgX is analytic in p = i(oc + nw) for Rep > 0, p # 0. For
n = 0 and € small enough, it is continuous in X (cf. ) on the compact set

K = (—=iD&) x D; in particular, XRsX is bounded in K.

Proof. The existence of an analytic limit of X?RgX as iR\ {0} is approached follows
e.g. from [9] pp. 385. The behavior in X is more delicate and we obtain it in
from an explicit calculation.

6.1. Regularity of the solutions. The behavior of Y for p € iR is crucial for
ionization. Indeed, by Proposition[6.5] below, the inverse Laplace transform contour
can be pushed to this line. We next show that analyticity of ¥ on iR \ {0} and
boundedness at zero and decay at infinity imply ionization. This follows from
Proposition below. We first need two results.

Proposition 6.4. Let Cx be a collection of bounded operators depending continu-
ously on a parameter X € K where K is a compact set. Assume furthermore that
I — Cx is invertible for oll X € K. Then

(6.17) (I-Cx)™!

is continuous in the operator norm in X € K. In particular, since K is a compact
set, there is a constant ¢ such that for all X € K we have

(6.18) I(1-Cx)7Y<e
and the solution of the equation
(6.19) Yx =Yy +CxYx

is continuous i X.

This follows from the second resolvent formula, in a standard way. Indeed,
(I — Cx)_l — (I — CX/)_l = (I — CXI)_l(CX — CX/)(I — Cx)_l

(6.20) (I —Cx)t [1 +(Cx — Cx)(I — CX)-l] = (I—-Cx)

We fix X and let X’ — X. Since (I — Cx)~! is bounded, then ||(Cx — Cx/)(I —
Cx)7 Y —0as X' — X and

(6.21) I+ (Cx — Cx)(I-Cx)™!
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is invertible when X and X' are close enough and [[—(Cx —Cx/)(I-Cx)~ Y7t — 1
in operator norm as X’ — X. Thus
(6.22) (I-Cx) ' = (I-Cx)!

in operator norm, as X — X'.

Proposition 6.5. Y is analytic in p for Rep > 0, and it is continuous in X €
(sz) x D. In particular Y is bounded for p € iDF. Furthermore, there exists
a p-independent continuous C(x) > 0 such that [¢b(p,x)| < C(x)(1 + |p|)~>/? for
z € B.

Proof. Regularity is a direct consequence of Propositions and The large p
inequality follows from the fact that the norm || - || is also continuous in X € K.

6.1.1. The Fredholm alternative. We can now formulate the ionization condition in
terms of the Fredholm alternative.

Proposition 6.6. If the homogeneous equation associated to has no non-
trivial solution, then the system ionizes as in .

Proof. The function 1[)(2‘5; x), s € R, is analytic for s # 0 and, by Proposition
bounded at zero. It has sufficient decay at infinity by construction. Thus its inverse
Fourier transform, 9 (¢; z), decays as t — oo. The required integral also goes
to zero as shown in §11.10l I

7. PROOF OoF THEOREM [2.1]

It is easy to check that the discrete time-Fourier transform of the eigenvalue
equation for the Floquet operator, Eq. (1.3), Kv = —¢v, coincides with (2.4]), the
differential version of the homogeneous equation associated to ([5.16)).

Part (ii) is simply (6.15).

For part (i) we first note that the existence of a Floquet eigenfunction entails
failure of ionization since it implies the existence of a solution of for which the
absolute value is time-periodic. In the opposite direction, the result follows from

Proposition since (6.15) and (6.11]) show that a solution of the homogeneous
system Y = €Y is necessarily in L*(R?).
8. SPHERICALLY SYMMETRIC 2
We consider the case V (¢, z) = Q(r) cos wt.

Remark 8.1. (i) Define as usual the angular momentum operators

0? 1 0 1 92

12 =4 = 4 - 2

902 T tan000 " s 942
and 5
LZ = _'L%

Let P, be the orthogonal projector on the space of functions for which L* =
I(1+1),1e NU{0} and L, =m € Z, |m| < ; define Py =3 1<) nc) Pim-
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(ii) It is enough to show ionization for initial conditions vy in a dense set (cf.
, In fact, by linearity, and since for any lg there is a finite number of pro-
jectors P, with | < Iy which in the spherically symmetric case commute with the

propagator, it suffices to show ionization for 1y € Py, (C{)’o (R3)) for alll and m.

(iii) With this choice of 1y, the function Yy defined below, see is in 'H for
Rep > 0 as follows easily from Proposition[5.7

We thus restrict the analysis to P, (Cgo (R%)). By separation of variables in

spherical coordinates, the system lb reduces to an ODE syste which now
takes the form

(8.1) Ap oyl = —ipg — Xyl — Q(r) > (S‘jy[o])

j=+1 "

where
d? 2 d I(1+1) b

(82) AﬁyT:_W_;%—’— T2 —;-i—a—i—nw—zﬁX
Applying PR to both sides of (8.1) we get

8.3 O] — 9l — g — iBXylY) — Q G y/[0]
(3.3) o = | —ivo — iBxy - ) Y- (57yY) |

j==1
To ensure the needed decay with respect to n we proceed as for (5.16)): we write
YO = v 4 € Vil + 2 v + @ Y + v and let Yy = € VT to gef®)
(8.4) Y=Yy+¢,Y

Remark 8.2. The operator €, = P, & is compact. This follows from Proposition

238

8.0.2. The Fredholm alternative in the spherically symmetric case. Let v = {v, }nez
and write the homogeneous equation associated to (8.4)):

(8.5) v=Cnmu, v=o(r) eH
Then, by the Fredholm alternative for compact operators, (8.5) implies v = 0 iff
(8.4) has a unique solution in H.

9. FURTHER ANALYSIS OF ([8.5))

In view of Proposition[6.6] we see that the homogeneous equation holds the necessary
ionization information.

Proposition 9.1. Assume there exists a nontrivial solution v € H of . Then
there exists some ng > 0 such that either (i) vn,(1) # 0; or (ii) vn, (1) = 0, but

vy, (1) # 0. By homogeneity, we can assume that vy, (1) = 1 in case (i) and
vy, (1) = =/Q(1) in case (ii).

If this was not the case, contractive mapping arguments show that the solution
vanishes identically. Lemma (where v,, = r~1g,) deals with the details.
Proposition 9.2. There is no nonzero solution of mn H.

G simplify the notation we drop some ! and m indices.
(5)As in the previous footnote, the indices I, m are dropped in Y, etc.
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The proof relies on the detailed behavior of a hypothetical nonzero solution of
the homogeneous system, rewritten as a differential system using the conditions at

r = 1 implied by Theorem see
Definition 9.3. For r € (0,1] we define the function s by

(0.1) 5(r) = / Vapdp

By our assumptions Q > 0 and r — s(r) is a smooth change of variable.

Definition 9.4. Let

(9.2) Qo = 2(0), Qp =Q(0), s, =5(0), a = ,

0

We let 7 =0 in case (i) and 7 =1 in case (ii) as specified in Proposition[9.1] and
define

52k+7'

(9.3) mg(r) = ka(r)
where

2 = OV O] ex 1/ Sws(s) H(akr)
(9.4) Fi(r) = Q Y4mQ'4(1) pl4 1 d \/@1 ICD)

In (9.4) H(Q) = Ho(€) + k= H(C: k. 1), Ho(Q) = \/2e5C"/2K141/2() and H(G: k1)

is the unique solution of the integral equation

¢
(05) H(C k1) = Ho(C) /0 ¢2Go(sYR(Hy + k= VH)(s)ds

¢
— Gy(Q) /k =2 Ho(sYR(Ho + k1) (s)ds

(e

where Go(¢) = 7T_1/26C11+1/2(C),

Q(1+2 bH
O R

2a
and Kji1/o and Ijq9 are the modified Bessel functions of order [ 4+ 1/2. It can
be checked from that H = Hy + k' H satisfies

v i, W QA +20) | T (+1) b
9.6) H' = 2H (1 st e ta) F e aa

with the following asymptotic condition:

W+1) +blogC+O<l(;iC,<12

2¢ 2ka
Remark 9.5. From the expression for H it is seen that as ¢ — 0 we have
H(¢; k1) ~ const.( 'Y for 1 # 1 and H ~ const. + constC log ¢ for I = 1. For any
7, H is less singular than Hy at ¢ = 0.

0.7  HQ~1+ ) (€, — 00, < a)
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Corollary 9.6. To leading order in k as k — co we have

H(¢) ~ \/zegcl/QKHl/Z(C)
It follows that for small C,
Ho(¢) ~271¢7201/1

Theorem 9.1. If there is a nontrivial solution to , then there exists a subse-
quence k; — oo such that for any r € [0,1],
(9.8) gk (1) = 0 my, (7)[L+ Ry, (r)], where  lim Ry, (r) = 0

Jj—00
and ng is given in Lemma with u; := rlmkj (r) uniformly continuous in r €
(0,1] and u;(0) — const # 0 as j — oo.

The proof is given in . For a heuristic discussion see §14.2)

10. PROOF OF THEOREM

Theorem shows that (r'*1v,,)(0) = m,, # 0 for a subsequence of n < 0. For
I > 0 this means the solution of the homogeneous system is not in H. The case
I = 0 is special. The kernel of the operator $Rg can be written in the form
(10.1) Ke.y) = U g 0.y

|z =yl

where K is uniformly continuous (as follows from [9] p. 385 and the explicit
resolvent). It is then immediate to show that if v,+; behave like r~*!, oy < 1 near
r = 0. But v, satisfy an integral system which this entails that they are bounded
at r = 0, a contradiction. Thus there is no admissible solution of the homogeneous
system and the result follows from Theorem (i). See also the remarks in

11. PROOF OF AUXILIARY STATEMENTS

11.1. End of the proof of Proposition The absence of eigenvalues of
Ag was shown in the main text. If Imp > n. then Ag = Ag, and we are, by
construction, outside the spectrum of Ag. Thus we are left with analyzing the case
Imp € [0,n,) for which 8 =¢ > 0.

(1) The range of Ag is dense. Indeed, the opposite would imply@Ker(AE) # 0,
which leads to the same contradiction as in Step 1 (note that A% is simply Ag with
the signs of § and o9 changed at the same time).

(2) For any p € D there is an € > 0 such that | Agy| > €||¥].

(a) fImo < 0 and ||¢]| = 1 then || Agy| > —Imo since

(11.1) Al = [{(Apt, ) = [(Aoyp, ¥) — iB(Xep, Xep)| = [Im o (3, ¥)

(b) Let now Imo = 0, and assume o 4+ nw > 0 is between two eigenvalues of
—H¢, the distance to the nearest being § > 0. To get a contradiction, assume that
145l = 1 and [|Agt;]| = €5 — 0. Then

(11.2) &5 = [ Ag;ll = [(Aptbs, ¥j)]
= (Ao, ¥;) — iBXej, Xeby)| = c[(Xab;, Xps)| — 0

©)@0], p. 267
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thus X¢; — 0, and by the definition of Ag and Ay we get
(11.3) [ Aow;ll — O

which is impossible, since our assumption and imply noninvertibility of Ho +
0 + nw while —o — nw is outside the spectrum of He.

(c) In the last case, Imo = 0,0 + nw € o04(—H¢); then if we assume there is a
sequence v;, ||¥;]| = 1 such that || Agy;|| — 0 as j — oo we get

(11.4)  [[Agll = [(Asvy, i)| = [(Aoty, i) — iB(Xes, Xap5)|
> |B(Xv;, X¢;)] — 0
Since [|Ao;ll < [AsY51 + Blixvsll, implies [|Aot;|| — 0. On the other

hand, with P the orthogonal projection on the finite dimensional eigenspace of H¢o
corresponding to the eigenvalue —o — nw, we have AgP = 0 = Ay = Ao(I — P)
and then since Agy; — 0,

(11.5) [ Ao (I = P)ipj|| — 0

But by definition Ay is invertible on (I — P)L?(R?) and then implies ||(I —
P)y;|| — 0, i.e. Py; —1; — 0. Since ||¢;]] = 1, ||[Py;]| — 1. Then Py; is a
bounded sequence in the finite dimensional space PL?(R?), hence we can extract
a convergent subsequence, which we may without loss of generality assume to be
P itself, Pij — 1, ||[¢|| = 1, and also 1; — Pi; — 1, thus Py = 1. Therefore,
Aoy = Ag Py = 0. Also, since multiplication by Gy is a bounded operator we have
By — Bxtb = 0, since Bxth; — 0. Therefore, || Agy]| < Aot + |3xe] = 0 in
contradiction to the absence of eigenvalues.

(3) Definition of the inverse. This is standard: we let ¢ € D(Ag), Agy = ¢
and define $8g¢ = 1. This is well defined since Agy = Agy, entails, by Step 1,
1 = 1. By Step 2, Ry is defined on a dense set. By Step 3, for any p there is
an € > 0 such that ||Rg|| < e~'. Thus Rz extends by density to L*(R*) and by
construction AzNRgp = ¢ whenever Rgp € D(Ag). Conversely, if ¢ € D(Ag), and
Az = u then Rgu = ¢ entailing RzAz¢ = ¢ on the dense set D(Ag).

11.2. Proof of Remark Let ¢ € L%(R3) and € > 0 be arbitrary. Let U be
the unitary operator associated with the Schréodinger evolution . Take a ¢, in
the dense set for which we have proved ionization, and such that ||¢ — ¢| < €/2
and choose Ty such that for all ¢ > to we have |[U¢||r2(5) < 3e. We have for all
t>1Ty

U2y = U — ¢) + U2y < U — Ol L2@s) + U L2(m) < €

11.3. Specific behavior of Coulomb systems. The retarded Green’s functions
G = G is defined as the solution of the equation

(11.6) AoG(x, 25 k) = 6(x — 2')

in distributions, satisfying the radiation condition

(11.7) G(z,2';k) ~ F(0,0)e* r 17" as r — oo
where

(11.8) k=+/ip (Imk >0 if Rep > 0), u:%

Equivalently, G is the R?\ {0} solution of (11.6)) with zero right hand side, satisfying
(11.7) and |z — 2'|G(z,2"; k) — (47)" ' as x — a2’ — 0.
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Proposition 11.1.

(11.9) RoXg = /BG(x,x’; k)g(x')dx'
Proof. The function

(11.10) = / G(z,2';k)g(z")dz'
solves, as can be checked, the equaiion

(11.11) Aof =Xg

with the radiation condition . Such a solution is unique since the difference of
two solutions satisfies the equation Agf = 0 (with the radiation condition (I1.7)).
Multiplying by G(z, z’; k), integrating over a volume and passing to the limit where
the volume approaches R? we see that f =0. |

Special symmetries of the Coulomb potential —b/r allow for a closed form of G
(we note that the Green’s function in [29] is defined as minus our Green’s function)
in terms of Whittaker functions W and 9.

gy LA—w) (90 i i
(11.12) G(:c,:c,k)—4mk|$_x/| % 9 Wiy, 1 (—ik€)M;,, 1 (—ikn)

where Imk > 0 , 2kv =,
(11.13) =z + 2|+ |z =2y n=zx|+ 2| - |z 2|

The Whittaker functions are defined in terms the Kummer functions M and U by
the relation, see [I] Chapter 13,

z ].
(11.14) My u(2) = e Fyrtr) (2 +uﬁ,1+2u,z>, —nm<argz <
_z lJrH 1
Wi u(z) =e 222700 §—|—u—n,l+2u,z , —m<argz <7

Let

(1115) 16)= [ erraagran Ho)=- [ et a vt
0 0

1 1
() = / L= (1 — 1)V dt; J(z) = / e*I=iv (1 _ pyiv gy
0 0

The following integral representation follows from [I] Chapter 13, for the values we
are interested in, 23 = —ik, 20 = —ikn, a =1 —iv, b = 2 (a different “b” than the
one in our Coulomb potential)

e*’%ZzJ(z) W (2) = e*%ZzI’(Z)
1—a)T(1+v) 2 (1 —iv)
in the regions where the integrals converge (in particular, |[Imv| < 1). For other

values of v of interest, the integrals can be replaced by appropriate contour integrals.
For instance J would be replaced by

-1 . .
(1 _ e—QTrV) j{ eztt—zu(l _ t)u/dt
C

(zs

(11.16) M,,.1(2) = r(
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where C' is smooth simple curve encircling [0, 1], as it can be checked by calculating
the jump across the cut of the integrand. It follows from these integral represen-
tations that the Green’s function is analytic at any (small) o # 0. It is also clear
that for k£ > 0,£ > 0,7 > 0 we have

(11.17) |I(—z'k;§)|</ e keS| ds < S—;
0 k&
. e2™ . 1
—q < — —q <1 —q <=
[(—ik)| < G5 [J(=ikn)| <1 |J(=ikn)] < 5

11.4. Expression of the Coulomb resolvent. It can be checked that
ik(n — &)1 — K2En[lJ — JI] =&+
(1 —ww)(1+ i) 4|z — 2|

Continuity away from p = 0 is clear from the integral representation of the kernel.

(11.18) G(x,2'sk) =

11.5. Proof of Proposition for n > 0. For large positive n this is an easy
consequence of the second resolvent formula. Indeed, with A\?> = o 4+ nw large and
Ry the resolvent of —A + A2, then MRy, the resolvent of —A + A2 — br~1 we are
looking for, should satisfy
(11.19) Ry — Ro = Ro(—br Ry = Ro = (I —br'Ry) 'Ry
For Re A > 0, the resolvent Ry is well defined on L?(R3) by
(11.20)  (Rof)(z) = i/ Lﬂp_ggllf(x')dm’ = i/ ﬂf(x + 2')dz’

' 0 AT Jgs |z — o] CA4m Jgs |2
and it follows that
(11.21) [Rofl < I fIIO(1/ReA)

for large Re A. Thus the right side of (11.19)) is well defined and it is easy to check
that it is the limit of our resolvent, for Re A large.

11.6. Proof of Proposition for n < 0. The proof when o + nw is negative is
more delicate; we are now in the spectrum of both the free problem and the Coulomb
system, and no useful resolvent formula restricted to B is readily available, since
the boundary condition on the solution is a condition at infinity and not one
natural to 0B; we need a more detailed information on the Green’s function.

Proposition 11.2. We have
(11.22)

1/2

XRoX|| < 4mrd sup Gz, 2" k)G (z, 2" k)|dz < Ck™Y?logk as k — oo

0
(z’,2")eBxB JB

Proof.
Note 11.3. In J and J the functions

1 1
(11.23) (1 + T)/ e” T —t)yvdt; J = (1+ T)/ e~ THI=v (1 — )Vt

0 0
are continuous in T and uniformly bounded on R™. Thus, with some constants C;
and Cy we have the estimates

(11.24) [T (—ikn)| < Co(1+ k)~ | (=ikm)| < Co(1 + k)~
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which are especially useful for large kn.
We note that the variable ¢ is bounded away from zero in R®\ B.. If we use the

bounds ((11.17)) and ((11.24]) in (11.12)) we get the following estimate for the Green’s

function for some constant C and all =, z’.
(11.25) |G(z;2"; k)] < Clo —2/|*
Asymptotic expansions for large k.

11.7. Case 1: |z — 2’| < k7 llogk or |x — 2| < k™!logk. We start with the

estimates (11.25). Now

202 C? C?
11.26 <
(11.26) o=l 2] o oF oo
and thus
Cc? C?
11.27 G k)G " k)| <
( ) | (l‘,l‘, )” (a:,a: ’ )| 2‘x _1./|2 + 2‘.% —$/'|2

Finally, we obtain, over the set P := {|z — /| < k~'logk and |z — 2”| <
k~logk},

(11.28) L ::/ |G (x,2'; k)G (2, 2" k)|dr < 47C%k logk
P
11.8. Case 2: = ¢ P,z € B. We start with J, which is given by
(11.29)
J(—ikn) = / ety =iv( )Vt = / e thknt i / e~ Rt [ (1 — )™ — 1] dt
0 0 0
= Jo(—ikn) + Jy (~ikn)

Lemma 11.4. If ' € B then n is bounded. For bounded m, we have, as k — oo,

(11.30) |(1 4 kn)Jy(—ikn)| < Ck~'logk
and
(11.31) |(1 + kn)Ji(—ikn)| < Ck~'logk

where C' does not depend on k or 1.

Proof. The first statement follows immediately from . We prove , the
proof of being similar. If |kn| < 1 then we break the integral into inte-
grals over [0,k71], [k71,1 — k7] and [1 — k~1,1]. Since the integrand is bounded,
the contribution of the first and third integrals is O(k~1). As for the middle in-
tegral, we note that the integrand is O(vlogt,vlog(l — t)) hence the integral is
O(k~'logk). Let now |kn| > 1. It is convenient to split the interval into [0, 3]
and [3,1]. By obvious symmetry, the two integrals can be treated similarly, so we
focus on the first one. In this interval f = (1 — ¢)~% is analytic, and we retain
that f =1+ iv= 1t +O(k™2). In Jo = f01/2 vt wemiknt dt we integrate by parts
(differentiating t'~%) and we get Jo = O(k~2n~1!). We are left with estimating
01/2(t*i”71)e’ik’7tdt. We deform the contour into [0, —ioo] and [1/2, —ico]. The in-
tegrand is analytic at 1/2 and Watson’s lemma applies yielding a contribution of or-

der O(k~2n~1) of the second contour. The first contour integral evaluates explicitly
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&is const. {(kn)' =" [ (1 —iv) — 1] + (kn) " [(kn)~™ — 1]} = O((k~'n~ ")k~ 'logk).

‘We now consider I which we write as

(11.32) 1:1’1—1’”/ e ke sT (1 4 is)ds
0

= ilm (kg ! /0Oo e Tt " exp [iu log (1 + ;—2)} dr

It is easy to check by dominated convergence that for k¢ > log k which holds in
this section, the integral

(11.33) / e TT" exp [iy log (1 + Z—T)} dr

0 k&
can be expanded convergently in powers of k. This leads to the uniform expansion
of I
i b (
&k 28k
where 7 is the Euler constant, I is the contribution from zero Coulomb potential

(the b = 0 term), and I is the remaining contribution. Therefore, we obtain the
bound

(11.35) k€| < Ck™tlogk

(11.34) I= log(k€) —im/2 4+ ~) + O(k 3 log? k) := Iy + I,

A similar calculation yields for I

. 1 ib T _ ; ;
(1036) T= 5~ 507 <log(k£) F(y—1)— 15) + Okt 10g? k) == Iy + I
This gives rise to the bounds
(11.37) E2€%1| < Ck~tlogk

It is convenient to write
(11.38) ik(n — ) 1T — K*¢n(IJ — JI) = ik(n — &) IoJo — K*&n(IoJo — Jolo)
Vik(n — &) (LT + IoJy) — k2€n (Ilj T Iody — Jid — J0f1>

Then, using 2 € B,z ¢ P implies k{ > logk, and the bounds {@Ta7), (11.24),
(T1.30), (T1.31), (11.35), (T1.37)), together with Relations (T1.18)) and (11.38), Fy :=
G — Gy (Gyp is the Green’s function in the absence of Coulomb potential i.e. for
b = 0) satisfies

(11.39) |z — 2'||Fy (2, 2")] < Ck™*logk

Therefore,

(11.40) / |Go(x,2")||Fy(x, 2”)|dz < Ck™log k
B

Using again (11.27) we get

(11.41)

[XRoX||? < const./ |Go(x,2")||Go(z,2")|dx + O(k™ ' log k) = O(k~* log k)
B
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where for the integral we used [2] formula (A2") p. 203, retaining only the o = 0
term there and keeping in mind the compactness of the domain. [

11.9. Completion of the proof of Proposition [6.3

11.9.1. Part (i), 8 > 0, corresponding to n € [0,n.). Since we have in our conven-
tion Reo € [0,w), and we are interested in the neighborhood of —ip = ¢ 4+ nw = 0,
we will take n = 0. The function f = JRgg is the solution of the equation

2 b
(_i_%i l(l—'_l)—*-i-)\z—ic)f:g; r < To
r

dr?2 rdr 72
2 2d I(l+1) b,
S — 24N =0 7>
( dr2  rdr P2 r+ )f r=To

(11.42)

such that f decays at infinity, is regular at the origin and C! at r = ry. We note
A = /o = y/—ip is in the closure of the fourth quadrant for Rep > 0. We let
a=+vVA —ic, k1 =b/(2a), Kk =b/(2)\), p = 21 4+ 1 and define

(11.43) my(s) := s "M, ,/2(2s); wi(s) := 5" W, ,/2(208);
wa(s) =5~ Wy ,1/2(2)s)
For r > ry we have f = Bws(r) while, for r < r¢p we must have
(11.44) f=Ami + fo
where [7], pp. 25, [1], pp 505, 508
(11.45) mjfo = wl(r)/o s*mi(s)g(s)ds
+mq(r) /70 52wy (s)g(s)ds

The integral representations of the functions 9t and W |'”/| entail immediately that
the functions fo, f and M., ,/2(2ar) depend analytically on A for small \.

11.9.2. Matching. We now impose the condition of regularity at » = rg; Continuity
of f and f’ at ro > 1 imply that A defined in ((11.44)), is given by
fo(ro)wy(ro) — fo(ro)wa(ro)

(11.46) A= o) wa (ro) = ma (ro)wh (o)

The functions w; and m; depend analytically on A for small A (because of the
presence of the factor —ic). As to wy we use [7] pp 105, (see also [41] §4.4.1 and
4.4.3), with 25 = b/X. We have Rex > 0,Imk > 0, 0 < |A?r/b| < 1 in the region
of interest) and with

ey = 271b1/4ﬁn71/267,‘€,

(11.47) ¥/ (r) = {2(1 —i)e VI 4 7711 4 i)eQim} (1+0(\/2)

(7)[7J, pp. 60 (1) and pp. 63 (5)
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This asymptotic expansion is differentiable since we have by [I] p. 507

1 k 1
(11.48) Wy . (2) = (2 - z) Wi u(2) — ;Wk-&-l,u(z)
and thus
(11.49)

4T gl = {—(3 F4iVbr) (1 — )e 2V 7 (3 — 4ivbr)(1 + i)Z‘l} (1+0(\/2))

11.9.3. Estimating A. Vanishing of the determinant, the denominator of A, would
clearly mean the existence of an eigenvector of .Ag which we ruled out already for all
values of p except Rep = 0,Imp < 0. Multiplying the numerator and denominator
of A by Z and defining ro = i4/brg, nqy = iedivVtro m = mi(ro),m' = mi(ro), f =
f(ro), f"= f'(ro) we get

[(3 + 4’/’2)22 + (3 — 4r2)n1]f + 4rg [22 + nl] f/

11.50) A = —
( ) [(3+4r2)Z2+ (3—47“2)n1]m+4r0 [Z2+n1]m’

{1 +O(A1/2)}

11.9.4. Part (ii), B = 0, corresponding to n ¢ [0,n.). Since |p| is small, in our
original convention, we have n = —1 and ¢ — w small with Re ¢ < w. However,
since —ip = nw + o, this is equivalent to choosing n = 0, with |o| small, but with
Re 0 < 0. As before, we still have Im o < 0, corresponding to Re p > 0, implying
tat o = A? is in the third quadrant. Also, in this case, since ¢ = 0, wa(r) = wy(r).
By using the behavior of Whittaker functions near the origin [I], pp 505, 508, it
follows that
W(wy, m1)(r0) = m (ro)wi (r0) — ma (ro)w} (re) = C(\,b)ry 2

where

2AL(1 + )
r ( +5 - n)
It is to be noted that since A2 is in the third quadrant, and therefore kK = % stays
away from R and thus C(),b) # 0 for any small A # 0 in this region. Furthermore
c =0 implies k1 = K, @ = A in the representation ([11.45)); since wy = w1, a simple
calculation in [11.50 shows that A = 0. Therefore, we only need to bound fo(r)
independently of A for r € [0,70]. From (11.45)) we now obtain

o) = 5075 <w1<r> [ #mlgteds + mai) [ s%l(s)g(s)ds)

In this case, using [7] p. 105, in the regime A™! > r > 1, for 0 = A2 — 0 in the
third quadrant we have
(11.51)

C(\b) =

wi(r) = C1(\, b)—= 2iv/br — i <z+ 2) vrz) (1+0(?)

f mFeXp< 1

1
11.52) m Ca(\,b 2f—< >7r—) 1+0(\/2
(11:52) m(r) = Ca(08) 7= [ cos e D) aronry,
for some nonzero Cp(\,b), Co(A,b). We further note that Equation (11.42) with
¢ = 0 is regularly perturbed with respect to A for any fixed r. Therefore, the
solutions wi, m; must approach, as A — 0, the A = 0 solutions of (11.42)), which
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are linear combinations of r~1/2Jy1(2vbr) and r~/2Yy 1 (2Vbr) (where Jojqq
and Y541 are the usual Bessel functions). The large r matching conditions ((11.51))

and ([11.52) imply that
wy (r) ~ CL (A, D)™ V2HY) | (2v/r)
ma(r) ~ Ca(A, b)T_1/2J21+1(2\/§)

(where H®) is the type one Hankel function, [I]). Therefore, the expression for
fo(r) for 0 < r < rg simplifies to

(11.53)  folr) ~ W(r—vmggl(zm) /0 "2 L1 (2B)ds

To
+ 172 T (2V0r) / 33/2H2(l111(2\/%)d3)
Since
COND) /12 = W(wy,m1) ~ Cr(\,B)Ca( N, D)W (r*1/2H2(}il,r1/2Jy+1)

It follows that Cy (A, b)Ca (A, b)/C(), b) has an upper bound completely independent
of A since Jyi1(2Vbr) and Hopy1(2v/br) are independent of A. Thus, fo(r) is
bounded independent of .

Proposition 11.5. The denominator in cannot vanish if |p| is small and
p € H, i.e for small 0 € —iH. A is continuous in (Z,p) € D x iDZ.

Proof. We note that since m, m/, f and f’ all have finite limit as A — 0, it is clear
that to the leading order in A, the dependence of A only comes through Z.

Lemma 11.6. For large enough c the denominator of A in (11.50) is nonzero for
all Z inside the closed unit disk.

Proof. Tt can be checked using the asymptotics of 91, [I] Chapter 13, or directly
from the defining differential equation, that for large ¢ > 0 we have m//m ~
V/ce~™/%_ For the denominator to vanish we must have

re 22 — 4 ~m/ 3

roZ2+mn1
The left side of is a linear fractional transformation in z = Z2. It is easy
to check that if z is on the unit circle, the left side is purely real, while for z = 0
it equals 4. It thus maps the unit disk into the upper half plane, whereas the right
side is, as we have seen, in the open lower half plane for large c. |

11.54 —
( ) m 4rq

The only thing remaining to prove is continuity. But this is manifest now from
11.50)), the fact that m; and fy are analytic in A for small . ||

11.10. Interchange of limits. We have

o0 oo

(11.55)  472|y(t, x)|? :/ 6it31/}(i3;:c)ds/ e ) (is'; z)ds’

— 00 — 00

[e%e) 2
/ (1+|p)~*2dp| <ec

— 00

</ " iss )| ds / i 2)lds' < C(a)?

—00 —00
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for some ¢ € RT. This is because by Note ¥ (p, x) is continuous in x implying
that C(x) (see Proposition [6.5)) is continuous too. Now we can apply dominated

convergence to conclude tlim / [ (t, x)|*de = / tlim [ (t, z)|?dx = 0.

12. PROOF OF PROPOSITION
We seek to show that the only solution to the homogeneous system
(12.1) Y=¢,Y

in the space H is Y = 0. Equation (12.1) implies that the components of ¥ =
{rilgn}n cz satisfy the differential-difference system

d? _ I(1+1 .
(12.2) 229~ (—br "dnwdo+ ( - )) Gn = 12 (gny1 — Gn-1)

First, we notice that for n < 0, Theorem implies that g, (r) = 0 for r > 1. Thus
9n(1) =0, g,,(1) =0 for all n < 0.

Lemma 12.1. IfY # 0, then there exists some ng > 0 so that either gn,(1) # 0
or g, (1) # 0. In the sequel, we shall define ng to be the smallest such integer.

Proof. To get a contradiction, assume the statement is false. The functions g,, are
in the domain of A, thus, in particular for any n, g, is continuous. Thus, the
set Z, := {r : go(r) = 0} is closed and so is the (possibly empty) left connected
component of 1 in Z,, call it K,,. Let

K:ﬂKn

nez
Assume to get a contradiction that K is nonempty: let then K = [a,1]. If a = 0,
then Y = 0 since g,(1) = 0, ¢/,(1) = 0 imply g,(r) =0 for r > 1. Then Y # 0
implies a > 0. We first take 0 < a < 1. We write the differential equation for g, (r)
in integral form and use the conditions g,(a) = 0 = ¢/, (a), since g, vanishes on

[a, 1]:

a 1— 672\/%(57'&}
12. nUJTn — [ nws
(128) V™ g,(1) /( )¢

{ [l(l t Yoot f/(s)] Gn(8) —is) (gn_1(s) — gnﬂ(s))} ds

S

Consider the Banach space of sequences

{gn(M}n=—

in the norm

sup  |eV™g, (7“)‘
neZ,r€la—e,al
It is easy to see that the rhs of is a contractive mapping if € is small enough
and then g, (r) = 0 for r € [a — ¢, a] contradicting the definition of a. The same is
true if @ = 1, since g,(1) = 0 and ¢/,(1) = 0 would imply, with the same proof as
before, that g, = 0 for r € [1 — ¢, 1], for some € > 0, contradicting the definition of

a. |
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13. PROOF OF THEOREM

13.1. Outline. In the proof we transform the differential system to an integral
system. The fact that there are two competing potentially large variables, k and
1/r makes it necessary to resort to rigorous matched asymptotics. We state the
main steps, proved in

Lemma 13.1. For any e; > 0 and v € (0,1), there exists C3 > 0 independent of k
and €1 so that for k > ko = Cgefl, and for r € [e1, 1],

k v
(13.1) [7lloe < Cako (,f)

where Cy is independent of €1 and k and
(13.2) G-k (1) =t ¥ my(r)he(r)

C4C
Definition 13.2. We denote L, = aCs ( 473
ve

)7 and ¢ = akr.

Finally, in what follows, ¢, is a positive “generic” constant, the value of which
is tmmaterial.

Lemma 13.3. For ¢ € [L., ka] we have (note that ¢ = ka implies r = 1)
(13.3) |hi(r) — 1] < e
Definition 13.4. Let hy(¢) = hi(C/(ak)).

Lemma 13.5. There exists a subsequence S = {Bkj }ien that converges to a con-
tinuous function h for ¢ € [0, L¢]. The limiting function h satisfies

|h(¢) — 1| < 2 for any ¢ € [0, L]
In particular lim; .o |y, (r) — 1| < 2¢ and h(¢) =1 for all r € [0,1].

The proof of Theorem now follows from the definition of hy, Definition [0.4]
Corollary [9.6] and the last equality in Lemma [13.5]

13.2. Proofs of Lemmas [13.1}, [13.3] and [13.5]
Lemma 13.6. For any j,k € NU{0} we have at r = 1:

oItT o — . .
8sﬂg+i £ ls=0 = 02k i* for 0 < j <2k
Proof. In case 7 = 0 (i) note that (12.2)) may be rewritten as
4 Qr .
(134) (gn()*k)sﬁ - 2973/2(97107]@)5 + ﬁg"LO*k) EY) (gno—lc+1 _ gn07k71)

Since gn, k(1) =0 =g, (1) for all k > 1, while g, (1) = 1, the statement follows
from (13.4]) for any 0 < j < 2, if 2k > j. Assuming the statement holds for some
j =2 for 2k > j, we prove it for (j + 1) for 2k > (j + 1).
Taking (j — 1) s—derivatives of (13.4) at s = 0, we obtain
8j+1.gn —k . aj—l . aj—l
85J+[i = Zasj_l gno—(k—l) - ngno—(kj—‘rl) + L

where L is a linear combination of derivatives of g,,—x up to order j, which are all
zero since 2k > (j + 1) > j. The first two terms on the rhs give a contribution of
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iiké(j_l)’g(k_l)—FO since Qk 2 (]+1) implies 2(]{1—1) 2 (]—1) and 2(]434—1) > (j—l)
completing the inductive step.

In case 7 = 1 (ii) Since gy, (1) = 0 and g,,—«(1) =0 = g, (1) for all k& > 1,
it follows from (13.4)) that gxo_k = 0 for all £ > 1 implying the conclusion for

j=0and j =1. By taking an additional derivative of ([13.4) with respect to s and
evaluating at s = 0, we obtain

63971 —k . 0 . g/ (1)
70 = 5 —_— n 5= = 6 774() = '6
953 ? 2,2k859 0\ 0=1 2,2k_ Q(l) 1022k

so the statement holds for j = 2 and any k with 2k > j. The rest of the proof is
very similar to that for 7 =0. |

Lemma 13.7. The system forn =ng—k with k > 1 is equivalent to the
following set of integral equations:

(13.5)  gno—k(r) = Z/ Q(8) (gno—k+1(8) = Gno—k—1(s)) Gr(r,s)ds  k >1

where
(13.6) G, ) = Y1e(1)2,5(8) — P2,k (r)¥1k(s)
Wy
where Y1 1, Y21 are two independent solutions of
(13.7) Ly =0 ;and Wi, = 1 k(r)g (1) — 2,k (r)iy 4 (r)

is the Wronskian, which is independent of r because of the form of the differential
operator Ly, defined by:

(13.8) ﬁszw”+{b—<no—k)w—o—l(l+21)}w

T T

Proof. The proof simply follows from the well-known variation of parameter for-
mula, the two boundary conditions at 7 = 1 and g, (1) = g;,, (1) =0. 1

Lemma 13.8. For k > 1, my(r) (note Definition[9.4]) satisfies
(13.9) Lymy — Qmy_y = J?kmk ; with mp(1) =0, m4(1) =0

where ji (1) is given by and in the Appendiz. Furthermore, for any
€ [0,1], |jk| < ¢« for a constant c, independent of k, while for r > k=1, |j;.(r)| <

E=rC1r=2 + Cs.

Proof. The proof simply follows from the form of ji = s[Lrm—Qmg_1]/my ((14.1)
and in the Appendix), using the differential equation for H(¢) and the
definition of a. Careful examination shows that the O(k?) and O(k) terms
drop out as k — oo; we are left with a finite limit for any ¢ € (0, ka]. In fact, even
as ¢ | 0, we still obtain a finite limit independent of k as k — oco. Also taking the
r— derivative of j; (see Appendix) and using the asymptotics of H(() for large ¢
we get the bounds we stated. |



28 O. COSTIN, J. L. LEBOWITZ, S. TANVEER

Lemma 13.9. For k > 1, hi(r) defined in satisfies the system of differential
equations:

(13.10) hg+2h;€ﬂm1—;;+ (gh:n’;l + f) hy = Q) (mﬂikl hi1(r) + mﬂizl hHl(r)) :
and the system of integral equations 1s equivalent, for k > 1, to
L Q(s)mp_1(s)
my(r)
[ o
e ()

Proof. This simply follows by substituting gn,—x(r) = i*my(r)hy(r) into (12.2)) and
(13.5), and using

(13.11) hk(r):/ Gr(r,s)hi—1(s)ds

Gi(r, s)hi41(s)ds := Aghr—1 + Brhit1

which follows from Lemma [13.8] |

Remark 13.10. When r € [e, 1], where € > Cok™t for Cy large but independent
of k, it is convenient to rewrite Ay and By, in (13.11) in terms of s (see (9.1))).

Furthermore, changing the variable of integration from s to t = s(s)/s(r), we obtain

(13.12) [Aphi-1](s) = 2k(2k — 1 + 27) /1 tQk_2+TTk(57 )hye_1 (st)dt
0
where
A/ QUr(st)) Fr—1(r(st)
(13.13) Ti(s,t) = oF(1(s)) Gr(r(s),r(st))
and
53

(13.14)  [Bihoals) = oo s 1520

1

F t

></ \/Q(r(st)t%*”TMGk(r(s),r(st))hk+1(5t)dt
0 F(r(s))

In evaluating Ay, for large k, it is useful to calculate the Taylor expansion of Ty (s,t)

and its s derivative at t = 1:

(13.15) T = (1—1t) + (_Zfl n f2) (2(1_t)3 o ;t>2>

r2 ) \3
1—8)% (1—-1)3 (1—1t)3 (1—1t)?
+0(( 7ng) ’( kr3) ’( . ) 7( kr) )
1) ko, f3) (2 (1—1)2
(13.16) 6::<—4f1+703) <3(1—t)3— b )
(1=t A=0)° (1=t (1-1)?
+O( rd ket T 2 kr2>
where
(13.17) fi(s) = ws?
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(13.18) o) = LD
I(1+1)s?
(13.19) s = LD

When r € [0, €], for small €, it is sometimes more convenient to express Ay in terms
of ¢ = kar. For that purpose, we define

B 1/4 r wsl(s
L R [ R ()

where we recall the relation (ﬂ) between s and r = =, ¢ € [0,kae]. A series
expansion in k=1 leads

C(w 2'(0) ¢ 2'(0) ¢
13.21 =C-2(—= - > (1 >
320 QO =¢=7132 " 100)0) T T ano)) 7O\
We choose €1 — € = Cok~'logk, with Cy large but independent of k, and define &,
by

(13.22) (1 — (51)5 (lfa) = 5(61)
Since é € [0, €], it follows that for some constant Cs,

s(er) _ » logk
13.23 6 =>1-— > C. ,
( ) ! s(e) >k

It is convenient to rewrite

(13.24)  [Aphy—1] (¢) = (1 - 21k>

kaeq _ 1.1
% /C e~ QIM+QO) (1 + ‘Lkl) Mg(g’ Mhe_1(n(1 — kfl))dn

H(C)
1 2k—2
b2k 4 7)(2k 7 — 1)/ EE;;] Q(s)G (r(s), r(st)) ?};((:)) o1 (5(s))ds
=: [ARhi-1](Q) + [Afhi—1](r)
where G(¢,n) is defined by
(13.25) G(¢,m) = K ®Gr(r(C),r(n)re(n),
while
L [RO0/ k) ]
a = 52(0)Q(n/(k;a)) — in case ((ii
00 = | e ()
while for large k and ¢ € (0, kera] we have
r'(0)

) 0+ O(P /), in case (i)

()
a(0)

(13.27) a1(n,¢) = (1 2000

@(,Q) = 3 (C+ 1)+ e+ Ok, C2/R), in case (i)
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Similarly, for kar = ¢ € (0, kei), defining

[Pk )
(13.28) bi(n, () =k 2(0)0200) 1] ((4)),
$(n/(ka))Qn/(ke)) T o
0 =k | e " (@)
we have
Q(0)s%(0)

(13.29)  [Brhisa] (¢) = a?k2(2k + 1+ 27)(2k + 2)

haer b\ H(n(1+ k!
o[ e (1+ %) s ot et + k)i
52

T ek r 2k 11 2n)
1-6,

X ) VQ(r(st)Gy (r )t2k+2+Tth+1(5t)dt

= [BRhyr] + [Bl]
Lemma 13.11. For k 2and ky =k —1,k ork+1, Gg(r,s)Fy, (s)/Fr(r) (see
definitions and (13.0 ) satisfies the followzng bounds
(1) Ifr €(0,1) and s € (r,r +6), where § = min {C2k~"logk,1 -},
Fy, (s) F, ( 1/2
1 < 1 k /
’Gk(T,S Fo(r) ’ k1/2’ 8r( k(r,s )Fk )‘<

(2) Ifr €(0,1), 6 = Cok~tlogk with v+ < 1, then for s € (r +6,1),

0 F,
5 (G | <
Proof. It suffices to find bounds for G (r, s)H (akys)/H (akr) since the other func-
tions involved are regular everywhere for r,s € [0, 1], see . We first consider
k — 4o00.

It is easily verified that G((,n), defined in ([13.26)), is the Green’s function for
(1+1) v [ w b

UVt — |5+ — +i[a+n0w]
¢? E|la?2  aC k2a?

F, (s
‘Gk(r,s) []‘:((7«))‘ < e kY212,

(13.30) L=t —

and is given by

)4 v - v v
(1331 G(G) = koGi(r(Q),r(y) = T TlOT),
where Uy, ¥y are two independent solution of LU = 0 and W = U ({)¥5(() —
Wy ()W) (C) is their constant Wronskian.
Standard asymptotic results show there exist two independent solutions ¥y, ¥y

such that for large k, we have uniformly in z € [0, Vwk]

21 w
(13.32) Uy~ “n ,/ Yl+1/2( z) ; where z = ,/ﬂC = Vwkr

271121+ 2)! [z
(1333) \IJQ ~ W 7Jl+1/2(z)
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The Wronskian W is asymptotic, for large k, to (20 +1)/w/v a2k. The expressions
(13.32)) and (|13.33)) may also be used to determine the asymptotics of ¥} and W}
Using (13.31)), (13.32), (13.33)) and (9.4]) and the bounds on W, it follows that

H (aﬁz’)
H (a\/gz)

X {Yl+1/2(2)Jl+1/2(ZI) - Jl+1/2(2)Yl+1/2(ZI)}

Fi, (5) |2

Fk(’l’)

Cs|22

k1/2

(13.34) ‘ Gi(r, s)‘ <

where 2’ = ny/w/V a2k = Vwks. A similar bound holds for

We now prove part 1. We break this case up into two cases: (a) r € [k~2/3,1] and
(b) r € [0, k=2/3]. In case (a), we note that s € [r,r + 6] implies s/r and therefore
z'/z are O(1). The function H in is close to 1 because its argument is
large. Furthermore, note that \/zYj11/2(2) and \/2J;11/2(2) are bounded for large
z, while they are asymptotic to constant multiples of z=! and z!*! for small z.
Using (13.34)), part 1 of the Lemma follows on inspection for case (a). For case (b),
further simplifies since 2,2’ is small and
H(kin/k) _ H(kin/k)

TG r(Q ) = T e

(13.35)

H(kin/k) 41,1 41, 1

kaH (C)(20 + 1) [ = ]
If ¢ € [logk,ak?], then n € [¢,Cylogk + ak'/3]; therefore [1/¢]' is bounded in
this regime and

H (k1) _ [Hlkm/b) .
@] = | gt < 55

The same inequality holds if ¢ € [0,log k], since n € [(, (C2 + 1) log k] since in this
regime ¢(~'/H(¢) is bounded and the logarithmic growth in k of terms involving n
can be bounded by, say, k'/2. The bounds on derivatives follow in a similar manner
using % = kad%.

Part 2 (which is only relevant for 74§ < 1) follows similarly on careful inspection
of , from the asymptotic behavior in different regimes of z and z’.

If k£ is bounded, since the coefficients are regular, all solutions to L1 are regular
except possibly at » = 0. We note that the asymptotics for ¢ (r), ¥o(r) as r —
0 is similar to the asymptotics of ¥1({) and ¥5(¢) as k — +oo for = O(1).
Hence 11 (r) ~ const.r~!, while 15(r) ~ const.r'*! near r = 0. Now, for small r,
H(akr) ~ const.r~! as well for small r. Using these, the Lemma follows when k is
bounded, noting that the dependence on k is immaterial. [

Lemma 13.12. The operator A} defined in satisfies for r € (0,€| the
bounds |[ALf](r)| < ek!/*F2(1 = 61)"* 2| flloc < b | flloo and | [ALF1(r)] <
k231 = 61)% 72| flloo < k™3| floo for some constant c, > 0.
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Proof. Consider A}, given by (13.24). We note that s~2Q(s) and its r—derivative are
bounded, while Gy (s, 7)Fi(s)/Fi(r) and its r-derivative are bounded by ¢, k!/2~1/2
and ¢, k!/?t1/2 respectively for any 7 (cf. Lemma . Further |s(s)/s(r)| <
(1 —61) and from (13:23), we have

(1—01)%%72 < exp [~Cqlog k]
and hence for large enough Cs, the lemma follows. |
Remark 13.13. Since for r € (0, €|, the bound in Lemma on A} is O(k™4),
we will see later that Ay, is dominated by A} as k — oo.

Lemma 13.14. Define Go((,n) = limg—oo G((,n) and Ho(¢) = limg_o0 H((),
where ¢,n < kY2 as k — oo. Then,

- Ho(n)

13.36 G (C,m) = gy = 1

<o Ho(n) H; (<)
13.37 ¢ )=y = —1 4+ =0
(18.37) [ emontcm g Ho(C)
Proof. Recall that in the proof of Lemma we had for ¢,n < k'/2,

) l+1c—l _ Cl+1"7_l

(13.38) Go(¢.m) = Jim G(¢m) = T—=5 ==

and Ho(¢) = limg_,oo H(¢) = §1/264Kl+1/2(o. Now, using the modified Bessel
function equation, it is easily verified that p(¢) = e =S Hy(() satisfies
b W+1)
2
with p(¢) ~ e~¢ as ¢ — oo. Using variation of parameters to invert the left hand
side of the above equation, and using the boundary conditions at co we obtain

= /COO Go(C,m)p(n)dn

Dividing through by p(¢), the first identity in the Lemma follows. By differentiating
the first identity with respect to (, and using the first identity in the resulting
expression, we obtain the second identity. [

Lemma 13.15.

mk 1(s)
(13.39) [l41) 1| = ‘/ Qo) Gy, s~ 1] < &
d [* me—1(8) Cs
_|a O >
(13.40) ’d ](7’)‘ ’dr/r Q(s)————= o G(r, s)ds’ k2 k;37"2 for kr > 1

while for any r € [0,1],
5(8)}2k_2+7—

(13.41) (2k)(2k — 1+ 27)/ Q(S)W

% (Gk(r,s)F;;(ls)) ‘ds <k
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Proof. We note from Lemma [T3.8] that

(13.42) Lymyg — Qmy_1 =

Jr(r) -
5

where ji(r) = O(1) as k — +oo for any r € [0,1]. We can check that m(1) = 0,
mj,(1) =0 for k£ > 1 and thus

(13.43) my(r) = / G (r,s) {Q(s)mkl(s) + j;((j)) mk(s)} ds

Therefore,

(1344) /Gk(rﬂs)wds = 1 - /Gk(T,S)’MdS

: 5 log k - .
First, we choose 6 = ( + ) 5(7‘)—og. We define 47 so that d1s(r) =
2 2) 2k+7)/Q(r)
. A 5+1)logk ;
s(r+0). Itis clear that 1—0, ~ % for large k. The bounds on ?’Zﬁg Gi(r,s)

in Lemma [13.11] and the fact that

(1 o 51)2k+1+‘r 1

1/2+1/2 < =
K 2k +1+7 k4
give
1 . 1-46
Ji(s)mi(s) gy
(13.45) Ga(r, s)ids‘ < ] §2hetT
s s(s)my(r) 0

Fy(r(st)

2 (st) Fr(r(s)

Now, consider the contribution from f:+6. There are again two cases: (i) 1 > r >
E=2/% and (ii) 0 < r < k~2/3,

In the first case, it is convenient note from the Taylor expansion of Gy (r, s) for
small s—r that G = (s—7)+0((s—7)3Qr) = /Q(r)s(1—t)+O0(k*/3(1—t)3, (1—t)?).
Hence,

. Cx . Cx
Gr(r(s), r(t))jn(r(st))dt| < 5 liilloo < 75

T+t§ . 1
(13'46) / Gk(T‘, S)Mdsl < C*H]k”oo/ t2k+771(1 _ t)dt < cl

s(s)mi (1) -3, Sw

For case (ii), we rewrite the integral in terms of { = kar, to obtain

- n()mi(s)
[

CHkad
Cy |\ . B H(n
< Sl [ (¢ HDg,
¢

(13.47)

(€)
< Cyx C+ka5d _n+§g HO(n)
B ﬁ C ne 0(<7n)H0(<)
e [ e Holn) _ .
< ﬁ ¢ dne a gO(C777)HO(<-) < ﬁ

by Lemma [13.6] So, using (13.44) and (13.47), the first part follows.
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To prove (|13.40]), we first note that for rk > c, with large ¢, > 0, Taylor
expansion (similar to that of T'(s,t)) gives rise to

(13.48) Uy(s,t) i= Fk(( ) Gk(r(s),r(st))

\/ St Fk
— A1) 10 ((1 07 k(1 1),

(1-1)? <1—t>2>

r2 7 kr?
for some f; differentiable at » = 0 (the precise form of f4 is unimportant), while

1-t° 1- f)2>

r3 7 kr3

2t = i1 -0 +0 ((1 S0k 1),

Therefore, it follows that

s ‘
(13.49) %/ " Gk(r,s)j:(s)ﬂdszi Q(T(S)){

1 9 1 9
2k+7—1 s _ 2k+17—-1 Y .
<[ e S [ S s )

Since Lemma implies |j(r)| < cx and |}, (r)] < cx + i/ (kr?) for kr > 1, it
follows from the local expansion of Uy (s,t) and its s-derivative in (13.49) that

‘d/ G”Sjk(s)) (( | <t

Differentiating (13.44) and using the equation above, ([13.40f) follows, since the
contribution from fr 4518 easily checked to be subdominant by transforming to ¢,
using the bounds on Gy from Lemma [13.11{ and the smallness of (1 — §,)2F+7.

We now prove the last part of the Lemma. By differentiating (13.44}) with respect
to r we see that

1 §)|2k—2+7 _1(s
(13.50)  (2k +7)(2k + 7 — 1)/ Q(S)W; (Gk(“ S)F;k(ﬁ))> s

= (2k+7) s'(r) /1 Q(S)Lk_l(s) Gg(r,s)ds

s(r) mi(r)
— (2k + T)i((:)) / i (s) Gr(r, 8)jr(s)ds

.
1 . 2k+T1
Jr(s) [s(s) 0 Fy(s)
—= G d
[l w(enagg)e
Using the first part of Lemma, besides equations (13.45)) and (13.46)), it is clear that

the contribution from the first two terms on the right side < c.k. We are left with
the last term on the right side. As before we break up into separate contribution

from le__ ; and f:+5. The contribution from f:+8 is easily shown to be small, using

Lemma 13.1ll For f:”, we note that since s € (r,r + 3), again by Lemma [13.11
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it follows that
T+ S (s §) 12T S
[ w(eeansg)«

2k+7—1
<ck‘1/2/1 s(5)]™ ds o e
DR A TS sr) S k7
Therefore, (13.50) implies

/T+$ Q(s)w2 (Gk(r, s) Fkl(s)) ds‘ < ek

Ck+71)2k+7-1)

[s(r)]** Or Fi(r)

Now, we note that for 44 >s>1r >0 we have

0 (s) Fk—l(S) Fi1(s) Fi(r)

67” (Gk r, S ) aer r,Ss Fk(T) Gk(r,s)w
We see that for large k, 6‘TGk(r,s) ~—-1<0forr >k~ 2/3, r<s<r+6. The
same is trule for 0 < r < k;z/?’ since 0,Gy(r(¢),s(n)) = 7=G:(¢,n) and G¢(¢,n) ~

+1 -
—atr (2) -4 () <0. Therefore,
T BP0 Fi 1 (s)

(13.51) (2 +7)(2k +7 — 1)[ ) | (Gk(r ) ) )ds

r+8 [5( )}21«—2 o

Q(S)War CUEE ook
2&(\/‘ () G . )

<(2k+7)2k+T7-1)

(r) (r)
k+fp A + S5 < ok
I
Lemma 13.16. For any f € L®[0,1],
(13.52) [ Ak flloo < (1 + %) 1/ lloc
(13.53) Hiwwwvwggwﬂm

Proof. Consider the expression for Ay f from ((13.11)). We break up the integral

contribution frw + frlJré, where § = Cyk~!log k, with C5 large enough so that

2k—2+4 Cx
(1 - 51) "< W
where 07 is determined by s(r +J) = s(r)(1 — 61). If r +6 > 1, then it is not
necessary to consider fr1+ s and it suffices to consider the entire integral frl at the

same time. ;From (9.3) and Lemma [13.11] part (2), transforming the integration
variable to t, it follows that
1

Gi(r)f (5)ds| < 751l
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Now, consider the contribution from f:” to Agf (we replace upper limit r+§ by
1if 746 > 1). We consider two distinct cases. (i) r € [k*2/3, 1], (ii) » € (0, k*2/3].

;From the the positivity of Ty (s, ) in (13.15)) for t € (1—01,1) when §; = O (4 log k)
for case (i) and and the simplification (13.35) for = € [k=2/3,1], it follows that
Gr(r,s) 2 0 for s € [r,r + J). Therefore,

" (s)ymp—1 (s c
(13.54) Ak flloe < 1l {{/ L S>} ’ k}

mg (1)

(From the argument in the last paragraph (with f = 1), we have

1
/ Q(S)Lk_l(s)Gk(ns)ds‘ < S
40

mg (1) k2
Hence
46 Mmi_1(s 1 mr—1(S
(13.55) /T Q(s)mGk(r,s)ds/r Q(S)WGk(r,s)derO(le)

Using Lemma [13.14]in (13.54)), the first part of the Lemma follows.

For the second part, we have

(13.56) dii"/ Q(s)le(s)Gk(r,s)f(s)ds

mg (1)
5(5)}2k72+7— )

1 s

s'(r)
-2k 5(7,,) [Akf](r)

By the first part of Lemma, the last term on the right bounded by c.k|| f||co- On

the other hand,
PVNCO) Fr_1(s)
[ o0 e gy (G ) 0
0 Fk_l(s))

1 [5(5)}2k+772
<l [ 020 | (619 Tt ) [as < cotl

(13.57) (2k+7)2k+7-1)

by Lemma [13.15] 1

Lemma 13.17. For any f € L£[0,1],

Cx
1Biflloe < 51l

d *
|- Bef 1)l < T5 [ e

Proof. As before, we choose § = Cok™'logk large Cy independent of k. Using
Lemma [13.11} it follows that

LQ(s)m 5 _ Cx
[ I G ) 51| < a1 8022 o <
r+4 Mi(r)
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5)mi11(s)
(13.58) ‘/+5 5 { e Gk(r,s)} f(s)ds‘
< a1 = 8™ R g < 251 e

Now consider the contribution from f:”. Lemma [13.11] implies
r+6 1
’/ mk+1( )Gk(T’,S)f(S)dS’ <ec. Hf”OO / t2k+2+'rdt < C*HI;Z;HOO
0

T2
r+6 b
(13.59) ‘/ { (s )Gk(ﬂs)}f(s)ds‘
Mks(r)
C*”f“oo/ 2k+2+ el £l
< —— t Tdt < ——=—
k 0 k2
|
Lemma 13.18. Given hy, € L>°(0,1) we have, with ¢, is independent of k,
(13.60) |hilloo < cx
Proof. Define 1, = Byhi41. Note that
(13.61) hi = Ak (Ak—1hg—o +16—1) + 7%

By induction, we get after k — kg steps

k*ko*l m

(13.62) hi = ApAk—1.. Axg+1hi, + Brhiy1 + Z H Ai—jt1 | Beemhk—m+1

m=1 \j=1
We write this abstractly as
(13.63) h=h"+9Np
where

k}*k‘ofl m

by = AcAr—1Akgp1hrg ;3 D], =Beherr + Y | [ Ae—iir | Beomhromia

m=1 Jj=1

Lemmas|13.16/and[13.17]imply that the linear operator 91 on the space {*° (L>°(0, 1)),
of sequences b = {hy},_, ., in the norm

(13.64) 6l = sup |lhglleo,
=z 0+

satisfies

(13.65)  [[Nb]

k—ko—1 m

Cx Cy 1
S| = * 1 : oo 9
e 2 H[+(k_j+1)2 Gz | 10l <ol

m=1 j=1

where v < 1 can be chosen independent of k for k¢ large enough. Thus, I is
contractive and it follows that there is a unique solution b in this space. [

Lemma 13.19. | h;| < c.k.
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Proof. Lemmas and imply

) d d
B < 15 kb)) + 5 B ) 1) < ek

since hy, is bounded from Lemma[13.18] |

Lemma 13.20. For allk > 1, hx(1) = 1.

Proof. In case (i), simple computation using g, = i*myhy shows that
an
952k

since from the differential equation satisfied by hy, all the derivatives exist at s = 0
(r = 17) by the assumptions on 2. Therefore, using Lemma for j = 2k we get

k an k
= ﬁhzogno—k =1 hk(l)

|5:09n0—k = ikhk<1)

Hence the result follows in case (i). In case (ii), using Lemma a similar
computation involving g,,_, = i*myhs shows that

) §2k+1 N
v = W|s:09no—k =1 hk(l)

Hence hi(1) = 1 in this case as well for all k > 1. |

Definition 13.21. [t is convenient to define

(13.66) Ti(s,s) = s~ 2FH1-7 / t%’z”s(%Tk(s,t)dt,
0

where Ty(s,t) is defined in (13.15).

Lemma 13.22. For s € (0,0), where § = k™ 'logk, and r(s) > k=1Cy for large
enough Cy, the asymptotic behavior of Ty for large k is given by

sf3(s)

(13.67) Tu(s,s) = 5Su(s) — sflf#u o+ S
LS00 (=8P (-9 (=5 Q-3 (13
+ ( krd 7 ket 0 k3pt 7 A3 7 k2 7 k292 >
(13.68) 5k<5>=§5/01t2’“—2:rk(5,t)dt

Proof. This simply follows by integrating the asymptotic expansion of Tj(s,t) in
13.15) from ¢ =1 to s and using Ty(s,1) = sSk(s). |1

Proof of Lemma [13.1]
JFrom Lemma [13.17] it follows that
d Cx Cy
Hds[Bkth] < ﬁ”hk—&-l”oo < =
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where we applied Lemma [I3.18] Further, we note that

1 d
(1369) ks r =1 as 1)

1 T 1
:/ t%“—Q%(s,t)hk_l(st)dH/ t2RFTLT (s, t) By, (st)dt
0 0

We note that we may write

1 1
(13.70) / =290k (o syt = By (5)Sk(s) — / =200k oy
0 Os 0 Os

1 1 s T
< [ Hstos)ds = e a(6)5u(e) — [ i (os) [ / t%”-%%ﬁ’“(s,t)dt} ds
t 0 0

— i1 (s)Sk(s) — /O L (58)825 T (5, 8)ds = (2K + 7 — 1)Sk(s)

1 1
. / PR (s5)ds — / SR [T (s, 5) — Tils, 1)} (s5)ds
0 0
Therefore,

A Ay hi—1](s)
k+7m)2k+7-1

(13.71) -/ [Bu(o.5) ~ Ti(e,) + 581 (e)}s?47
) "o

1
X Wiy (ss)ds o+ (27 = )Sy(e) [P 2 (os)ds
0
‘We note that

(2 7)(2h -+ 7= DS) = 5 (A1) =0 (1 )

k32’ k2

and that (2k+7—1) fol s*+7=2p; 1 (ss)ds has a bound independent of k. Further,
combining the asymptotic expansion (|13.15) with Lemma [13.22} it follows that for
all k for which ke; is sufficiently large,

(13.72)  Ti(s,s) — [Tk(s,5) — 5Sk(s)] = (1 — 5) + (—Zfl + fg)

x {—(1_8)24-2(1—3)3}—5(—{—1— f3 )(1_5)3

krd 7 k2t 7 ESpd 0 kA3 7 kr2 7 k2p2 7
(1-s)" (1-5)® 1-5)° (1- 8)2>
r3 7 kr3 7 kr
(From ([13.72)), it is clear that for s € (1 — 4, 1), for re; sufficiently large, Tk (s, s) —

T (s, s) + 5Sk(s) > 0. Further, we note that since 351533
r

a lower bound greater in size than any term that follows it on the right of (13.72).
Thus, if we define

(13.73) My = sup |hj(s)|
r(s)€ler,1]

(1 —s)3 is positive and has
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(13.74)
! G2ktr—1 kfl
I, (s)] < <2k+7><2k+71>Mk_1{/ 47 [( 9+ ( )
1-61

x[—%(l—s)z—kg(l—s)}—i—s—l—s } } 2—*%

Therefore, since f1175 s 1 (1= 5)2 + 2(1 — 5)%]ds = O(55) it follows that

2k—14+717 ¢ Cx X Cx
13.75 My < Mp 1| ——m+ 5+ == — + =
(13.75) kS M 1<2k+1+7' 32 k3€§>+k2+k36§
Now, choose
C
(13.76) ko(e1) = ?27
1

with Cs large enough, but independent of €; so that for k > ko,
2k+7'71+ Cx +c* < E—1\"
2k+7+1 &k k2] k

Y
(13.77) My < () My + S+

Then for k > ko,

This implies,

) ap < (o) ap ey Lo !

<. o Cx Cx
=Tk kLT ke

The Lemma follows by substituting the relation between kg and €¢; and noting that
the latter terms are bounded by a multiple of the first.

Proof of Lemma By Lemma and using the relation between ko and
€1, it follows that

C4CI+'Y
h; < — =
()] < ke i+7

for k > Cze; 71 = kg. Using hi(1) = 1, it follows that

1 14+
CyC
_ < I~ I < 3
| (r) 1|\/T Hi )l < s

It follows that when

14y el
akr > (Wy) =L, then |hk(r)—1|<e
€

Proof of Lemma For ¢ € [0, L], using the a priori boundedness of hy, in k
and bounds on hj, from Lemma we note that both hy(¢) := hy(r (¢)) and its
derivative (hk)( are bounded 1ndependently of k. Hence the sequence {hk}k>2 is
bounded and equicontinuous. Therefore, by Ascoli-Arzela’s theorem, there exists a
subsequence izkj (¢) that converges to a continuous function h. The first part of the
Lemma is complete.
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We know from Lemma [13.3] that
(13.79) |hi(¢) — 1] < € for ¢ € [L, k] for sufficiently large &

Now, let hk be a subsequence that converges to h for ¢ €10,L]. Let ¢, and
denote values of ¢ € [0, L] where the limiting function A attains a minimum m
and a maximum M respectively within this interval. By continuity and applying
at ( = L, it is clear that M > 1 — e and m < 1+ e. We will assume
M > m, as otherwise there is nothing to prove. Since h is continuous, there exists
an interval [a,b] C [0, L¢] containing ¢, so that

- 1
(13.80) m < h(n) < i(M +m) < M for n € [a, b]

It is convenient to break up the operator ,,42 (see (13.24)), for L>L. independent
of k, as follows:

(13.81)  [Af] (C) = (lzlk)

kaey a1 S _
/ +f 1 2@ (14 9) U ZE D606 a1~ 1y
= AP0 + AL 11(O)

We will denote by K the kernel of AY (or A,

(13.82) (AR £1(¢ / K(¢,n)f(n)dn
For any fixed ¢ and 7,

. _ - gHO(n)
(13.83) Jim K (¢,n) = Ko(¢,m) = e Ho(C)gO(C’n)

We note that n > ¢ on our mterval and then Go > 0 (see ([13.38))); Go can vanish

only if nn = ¢. Furthermore, by (13.80) we have (s ¢ [a,b]. We can then define
3M
J=——— where K, = K ,m) >0
Ry e Ko = i, Ko(Gur)

Note that Q(n) ~ n for large k and aside from the exponential term, the integrand
in (13.81) is algebraically bounded. We can thus choose L > L. large enough
independently of k, so that

(13.84)

AL < G o 2. ke

We take, if necessary, a subsequence of Bkj that converges for ¢ € [0, L] (applying
Ascoli-Arzela); for simplicity, we will use the same notation hy ; for the subsequence.
It is clear that this subsequence will converge to h(¢) for ¢ € [0, L]. Therefore, we

can use the bame notatlon for h for limit function in the extended [0, L] interval.
We note that (13.79)) implies

(13.85) |h(¢) — 1| < e for ¢ € [Le, L]

We denote the maximum and minimum values of h in this enlarged interval [0, L] by
M and m and the corresponding maximum and minimum points by (;; and (. If
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both (7, G € [Le, L], there is nothing to prove since implies | M — | < 2
and hence
|h(¢) — 1| < 2¢ for ¢ € [0, L)

So, we will assume that either

(1) Case (i): ¢ € [0, L], in which case we may take (y; = Ca and M = M,

or

(2) Case (ii): ¢m € [0, L], in which case m = m and we may take (7 = (-

We consider Case (i) first. For sufficiently large k;

~ ~ b ~
[ﬁm@mz/ MWWMWM+/K&WWMn

ne[ovf‘]_[avb]

1 b L
<M [ KGumdnt (O m) [ K(Crmdn =M [
WE[O’L]f[a’b] a 0

(b—a)
3

b
<K (Carm)dn = 5 (M =m) [ K (Carmhdn < MAR()Gar) ~ 5 (M - m) K,

Since (see ((13.24]) and (13.81)))
Au, 1] = AP+ AL + AL 1]

Lemmas|13.15] [13.12{and (13.84)) imply that for any €2 > 0 and any correspondingly
large k; we have

ARONG) <1+ 5 + e

Hence, for sufficiently large k;

— 2 (M — m)(b - a)

)=

(13.86) [ALR)(Car) < M (1 + 5 te

Now, there exists N so that if j > N,

g, — h||w7[0,ﬁ] <€

and
Aj = Apy Ak
satisfies
A = Il < €2
while

kjy1—kj—1 m
i1 = Br,, + Z HAk.j+1—l+1Bkj+1—m
m=1 =1
satisfies the estimate
rja] < e
Therefore, from the relation
ilkj_H = Aj.Akj }lej + 741
it follows that } R
hi,p (Car) = h(Car) —€2 =M — €3
On the other hand, at { = (s

~ Km
Aj A g, + 7541 < (14 €2) M(1+§+62)+6277(M7m)(bfa) te
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Thus,

M — e < (1+€2) [M(1+;+62)+62—K;(M—m)(b—a)} + e

This is true for any €3, hence as ez | 0. Thus,

M < [M(H;) —Kgm(M—m)(b—a)]

However, from the definition of J, this implies M — m < 2¢ contradicting the
assumption. Case (ii) where Cm = (m € [0,L] is similarly proved, applying the
argument to —h, which has a maximum at Cp,. Thus |h(¢) — 1] < 2¢ for ¢ € [0, L].

Combining the above result with Lemma , we obtain that there exists a
subsequence {hk]. }Joil so that for any r € [0, 1],

lim |hg (r) — 1] < 2¢
j—o0
Since this holds for any € > 0, it follows that
lim Ay (r) =1
j—o0

Therefore, the limiting function h equals one for any ¢ € [0, ak], i.e. for r € [0, 1].

14. APPENDIX

14.1. Calculation of ji. The remainder ji = s[Lrmi — Qmy_1]/my in case ((i))
is

(14.1)  j = k*a’s

40 (1  H(ak)H(C - g/k)) LHQ U+

a?s? H(a(k —1))H(() H(() ¢?
LH(©Q W2ed 20 H(ak)H(C = (/k))
YHo | 5{ 22 (1 Hah- 0 )
b ws Q 4N | H )
+047C+ 2\/§a—2a9+k<2—75) (C)}
552 ws2Q) Q" ws 263
607 1052 40 4 T 160
3
(om0 — —_OSH(C+ /R Hak)

(2k+1)(2k+2)H(Q)H(a(k + 1))
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In case (3) we obtain

19 () HDHC= Ry 1O 10+

a?s? H(a(k—1)H()/ = HC) ¢

0T g { JHQ) 20 HERHC - ()

(14.2) i = k%ﬂs[

H(¢) H(¢)  a’s? H(a(k—1))H(C)
b ws Q 4/ H'(¢)

N 55¢)'? B wsZ QY 50" 3ws N w?s3
1602 403/2 49 4 1692
O3 H(C(1+ k1Y) H (ok)

(2k + 2)(2k + 3)H(O)H(a(k + 1))

Examination of the differential equation for H(¢) shows that for ¢ = kar = O(1),
the O(k?) and O(k) terms cancel out and we are left an O(1) contribution. When
¢ = kar > 1, from the asymptotics of H({) for large ¢, it follows from close
examination of the terms that j(r) = O(1/¢) and therefore ji (r) = O((kr?)~1).

— (wno+o0)s —

14.2. Heuristics: how to obtain the asymptotics of g; formally. We take
V(t,x) = Q(r) cos(wt). Recall from Lemma [13.6] that for case (i),

ag|5:09n0—k = ’L'k(Sj,zk for j < 2k

This suggests that at least locally, near s = 0, i.e. r =1, gp,_x ~ i*52%/(2k)!. To
obtain the behavior for more general s, we seek a generalization of the above form

i) ~ 5 0)

calculate the remainder Rj, defined as

Ry = [Lrgno—k — 17)(Gno—k+1 + Ino—k—1)]/Gno—k

and consider the asymptotics for & > 1. We find that for r = O(1), the O(k?)
terms cancel out; however, the O(k) term involves a first order linear differential
differential equation for f(r). Requiring that the O(k) contribution vanishes, we
obtain (aside from a multiplicative constant)

F(r) = QY441 exp [31 /1 ds ”;(2)1

Therefore, at a formal level we conclude that as k — oo for r = O(1)

2k r
5, 5(r) —1/4 1/4 1 / ws(s)
no—k(T) ~ i Q Q5 (1) exp |- ds
The multiplicative constant is fixed to ensure the normalization condition g,,—x(1) =
1. However, the above formal expression cannot be valid uniformly as r — 0 since
Ry, defined above, contains an O(r~2) term originating from the r=21(I + 1) term
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in L. When r = O(k™1!), we must look for a correction factor tending to 1 as
kr — o0o. Therefore, this suggests we seek

oy S s 0 e | L[ g 25(5) | H (k)

for some suitable function H (« is some constant to be determined later). The
remainder Ry is recalculated in terms of ¢ and we demand that the O(k?) and
O(k) terms vanish as kK — co. This can be done by requiring H(() to satisfy
for 7 = 0, where a = 2,/(0)/s(0). The remainder jj (defined as Ry /(f(r)H(()),
rewritten in terms of ¢ is shown explicitly in (14.1]) and it is seen that the O(k?) and
O(k) terms cancel when ¢ = O(1) provided (9.6 is satisfied with 7 = 0. Similar
considerations leads to the formal asymptotics for case (3). Thus

-k
Gno—k ~ UMy

and it is indeed the asymptotic behavior that has been proved in earlier sections.

14.3. Generalization. In fact, the same asymptotic arguments hold more gener-
ally if

M ..
Vit,x) = Z et (r)

j=—M

with Q;(r) satisfying the conditions we used for 2. We substitute for r = O(1)

C

M
Ino—k(T) = W]\mexp klog fo(r) + Y K7™ fi(r)

j=1

and calculate the error term Ry, as before. By demanding O(k?>~2//M) vanish for
j=0,..,M, we obtain (M + 1) first order differential equations for f;. To leading

order, we find
2/M

hin = [ 1 Yommery

The expressions for f;(r) for j > 1 are more complicated and involve some arbitrary
constants that have to be determined from information for small k at » = 1. Again
because of the presence of 7=2I(l + 1) in Ly, the remainder is O(r~2), which is
O(k?) when r = O(k™1). Once again we correct the above expression

M
_j H(akr)
14. B ~ Cy 1 1—5/M ¢ _ P\
(149 gogos0) ~ e [Klow flr) + F 50| iy
Then, to leading order if ( = O(1), we find H({) ~ Hy(¢) where
I(l+1

provided we choose o = 24/Q_37(0)/s(0) where

5(7‘):/ \/Q,M(s)
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As for M =1, we have to require Hyo(¢) ~ 1 as { — oo. This leads to

Ho(¢) = \/Ze%WKH;(C)

For nonzero g, —, the constant multiple in is expected to be nonzero. On the
other hand, the asymptotic behavior as ¢ | 0, Ho(¢) ~ ¢.( ™! implies that g,,_x/r
has unacceptable behavior as r | 0, implying the only solution to the homogeneous
problem should be g,, = 0.

14.4. Further remarks on the asymptotics.

Remark 14.1. Note that a weaker statement than Theorem [0.T]suffices to complete
the proof of Theorem [2:2] For instance, it suffices to show that for sufficiently large
J, |Ri,j] < 1, where

rlﬂvno,kj (r) = iki rlmkj ()1 + Ry, (1)]

Remark 14.2. Stronger results than those in Lemma hold. Noting that for
any integer ¢ > 0 we have

~ ad Cy ~
Ao Ap 4o Ak 11 AR [h — 1|00 < 1+ — ) |Ih— 1]
|| k]+q k1+2 k3+1 k][ ]” q]/!()( + (k]+q/)2> || ||
while
Akj+q""Ak)j+2Akj+1Akj[1] =1+ O(kj_l)

and the fact that ||Bk]+qi~z||OO < c*kj_Q, it follows that the sequence hy, satisfying
hi = Axhi—1 + Bihyi1,

has the property limy_. o hix = 1. Indeed, this is in accordance to the the heuristic
arguments presented in §14.2 While these results completely justify the formal
asymptotics, they are not needed in Theorem [0.I] and their detailed proofs are
omitted.
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