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Chapter 1

Introduction

1.1 Expansions and approximations

Classical asymptotic analysis is a set of mathematical results and methods
to find the limiting behavior of functions, near a point, most often a singular
point. It is particularly efficient in the context of differential or difference
equations when the function has no simple representation that immediately
conveys the desired limiting behavior.

Asymptotic analysis may involve several variables; however, in this book,
we will be mostly concerned with limiting behavior in one scalar variable; in
the context of differential or difference equations, this can be the independent
variable or a parameter.

1.1a Notation

Let the special point of analysis be tg € C.

Some common notations are: f = O(1) if f is bounded near to and f = o(1)
if f - 0ast— ty. More generally f = O(g) if f/g = O(1) and similarly
f=o(g)if f/g = o(1). We also write f < g if f = o(g). It is understood
that g cannot vanish close to ty. The notation |f| < |g| is used to represent
|f] < Clg| in the domain of interest, where C' is a constant whose value is
immaterial. Clearly |f| < |g| in a small neighborhood of #; is the same as
f=0(g). We write f = Os(g); when both f = O(g) and g = O(f) near ty.

The point tg may be approached only from one direction, along a curve
in C or even along a given sequence of points tending to ¢y and when such
further restrictions are needed, they will be specified. For instance if tg = 0,
then t = o(1) as t — 0 and e~ /* = o(t™) for any m as ¢t | 0 (¢t € Rt decreases
towards 0), but the opposite holds, t™ = o(e~/*), as t 1 0.
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1.1b Asymptotic expansions

A sequence of functions {fx}ren such that f,, < f, if m > n is called
an asymptotic scale at ¢ = ty. In terms of it we can write the leading order
behavior of a function, f = fo + o(fo) and also successively higher order
corrections: f = fo+ f1+o(f1) etc. In a compact form, we write an asymptotic
expansion as a formal sum,

> felt) =1, (1.1)
k=0

where no convergence condition is imposed, and define asymptoticity by the
following.

Definition 1.2 A function f is asymptotic to the formal series f as t — tg
(once more, the approach of to may have to be restricted to a curve) if

ka o(fn(t)) (VN € N) (1.3)

Condition (1.3) can be written in a number of equivalent ways, useful in
applications, as the following result shows.

Proposition 1.4 If f = oo fk(t) is an asymptotic series ast — to and f
s a function asymptotic to it, then the following characterizations are equiv-
alent to each other and to (1.3).

(1)

N
F&) = fu(t) = O(fn11(t)) (YN €N) (1.5)
k=0
(i)
N ~ ~
F) =Y fult) = fvn(®)(1+0(1)) (YN €N) (1.6)
k=0

(i4i) There is function v : N +— N, such that v(N) > N and
v(N)

Z fe(®) = O(fn41(1)) (VN €N) (1.7)

Condition (iii) seems strictly weaker, but it is not. It allows us to use less
accurate estimates of remainders, provided we can do so to all orders.
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PROOF We only show (iii), the others being immediate from the defini-
tion. We may assume v(IN) > N, as otherwise there is nothing to prove. Let
N € N. We have

N ~ v(N) ~ v(N) ~ ~
FO =S R = 10 = > R0+ Y 5t = 0(fxva®) (8)
k=0 k=0 j=N+1

since in the last sum in (1.8) the number of terms is fixed, and thus the sum
remains O (fN_H) as t — to. I

Whenever possible, the scale is chosen to consist of simple functions, such as
powers, logs and exponentials, the behavior of which is manifest. Taylor series
are perhaps the simplest nontrivial asymptotic expansions. The following is
a way of restating Taylor’s theorem with remainder.

Proposition 1.9 Assume f is C* in an interval containing ty. Then

— ") (t0)

o~y

(t—to)* ast — tg (1.10)
k=0

Clearly, the asymptotic series of a function f converges to f iff f is analytic
at to. Otherwise, the series is not convergent, or it converges to a function
other than f (see Example 1.16).

Note 1.11 In Definition 1.2 none of the f, is allowed to vanish. For instance,
although all right derivatives of f; = e~/* vanish at zero, we cannot write
e~1/t ~ 0. This is a natural restriction since all the right derivatives vanish
at zero for many other functions, for instance fo = sin(1/t)e=*/ Vi with quite
different behavior ¢ | 0. We will however speak of asymptotic power series, a
weaker notion in which sense f; and f; above will be represented by the same
series.

Example 1.12 (A divergent asymptotic series) A simple example of a
divergent asymptotic expansion is obtained by calculating the Taylor series of

the function
1 -1/ 1 /OO e_t
= - FE (- ) = dt; 0 1.13
Fo = e (1) = [T o> (113)

where F1(z) = fzoo ?dt is the exponential integral. The exponential decay of

the integrand allows for differentiating (1.151) any number of times for z > 0,

0 _ ke—t
f(k)(z):k!/o (1(+t)zt)k+ldt (1.14)

Furthermore, f(*)(z) are continuous as z — 07 (right limit at zero) for all
k > 0. Elementary analysis tells us that f is C'°° at zero from the right. The
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integral representation of the factorial gives f()(0) = (—1)%(k!)? We have,
using Taylor’s theorem with one-sided derivatives [73]

oo

f(z) ~ Z(—l)kk!zk, 210 (1.15)

k=0

a series with zero radius of convergence, or in short a divergent series.

Example 1.16 (A convergent asymptotic series) Since all derivatives of
e~ 1/% vanish as z | 0 we have

L —1/ K 1 +
DI 250 1.17
1_Z+e k_oz T z ( )

Convergence of an asymptotic series does not thus imply that the function
equals the sum of the series. Note also that here, as it is often done in practice,
we have used the same notation Y -, 2" to mean two different things: an
asymptotic series simply displaying the asymptotic scale involved, which is a
formal object, and its sum, an actual function. We will discuss this ambiguity
later.

Example 1.18 (A convergent but antiasymptotic series) The following
Laurent series converges in C \ {0}:

o ,
1)

> (‘ Y e (1.19)
, jlzd

=0
Eq. (1.19) is not an asymptotic expansion as z — 0. In (1.19) fx < fr+1, the
opposite of what is required from an asymptotic series. We have |e*1/ ?

ZjM:O (;B] | 2 |==M~1 as 2 | 0 which means the approximations deteriorate
the more terms we keep, if z | 0.

In general, for understanding the behavior of a function near a point, an
antiasymptotic series, even if convergent, is not very useful. We can see that

if we try to determine whether

N (=1
=2 Gt TsmG) = (1.20)

j=0

(the Laurent coefficients are close to those in (1.19)) tends zero or not, as
z— 0.

By contrast, although (1.15) is divergent, by the definition of an asymptotic
series, in (1.151) we see that f(z) — 1 as z | 0, and that f(2)—1 = —z(1+0(1))
and so on.
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Stirling’s formula for T'(z) = [;* " ‘e~'dt, which will be derived later,
in §77, is an example of a divergent asymptotic expansion, where the scales
involve powers of 1/x and logs:

In(T'(z)) ~ (= 1/2)Inz —x + %1n(27r) + chx_2j+17 xr — +oo (1.21)
j=1

where 2j(2j — 1)¢; = Byj and {Bs;};>1 = {1/6,—1/30,1/42...} are Bernoulli
numbers, [1], eq. 6.140. This expansion is asymptotic as 2 — oo: successive
terms get smaller and smaller. For x = 6, truncating (1.21) at j = 3 we get
T'(6) ~ 120.0000002 (while I'(6) = 5! = 120). Stirling’s expansion converges
for no z, since In(I'(z)) is singular at all z € —N (why is this an obstruction
to convergence?).

Remark 1.22 Asymptotic expansions cannot be added, in general. Indeed,
we note that 1/(1 — z) has the same expansion (1.17) as —e~/% 4 1/(1 — z),
as z | 0. Adding these would give e~ /% ~ 0, which is not a valid asymptotic
expansion, see Note 1.11. This is one reason for considering, for restricted
expansions, a weaker asymptoticity condition; see §1.1c.

Remark 1.23 Sometimes we encounter oscillatory expansions such as

sinz(1+ajz™t +azx™2 +---) () for large =, which, while very useful, have
to be understood differently. They are not asymptotic expansions, as we saw
in Note 1.11. Furthermore, usually the approximation itself is expected to
fail near zeros of sin. However, if small neighborhoods of the zeros of sin are
excluded, the expansion remains valid in the sense defined. Also, usually there
are ways to present the asymptotics in a way that avoids these exclusions,(see

§27).

1.1c Asymptotic power series

A special role is played by series in powers of a small variable, such as
S=> it 20" (1.24)
k=0

With the transformation z = t —tq (or z = 271, when z is large) the series
can be centered at z = 0 (or & = 400, respectively).

Definition 1.25 (Asymptotic power series) A function is asymptotic to
a series as z — 0, in the sense of power series if

N
f(z) =Y a2t =0ENT) (YN EN) asz -0, (1.26)
k=0

where, as for general asymptotic expansions, it may be necessary to restrict
the approach z — 0 to a particular set of curves.
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Remark 1.27 If f has an asymptotic expansion ( in the sense of Definition
1.2) that happens to be a power series, it is asymptotic to it in the sense of
power series as well.

However, the converse is not true, unless all ¢, are nonzero, i.e. it is possible
that f ~ f = Z;OZO cxz® in the power series sense, without f being the
asymptotic expansion in the sense of Definition 1.2.

For now, whenever confusions are possible, we will use a different symbol,

~p , for asymptoticity in the sense of power series.

Remark 1.28 Noninteger asymptotic power series, e.g., series of the form
o0
2y ™, Re(B) >0 (1.29)
k=0

as well as asymptoticity of a function to (1.29) can be defined by easily adapt-
ing Definition 1.25, and replacing O(z"™) by O(zV#+%) which is the same as
O(zReatNRe(B))  More generally, in (1.29), instead of 2%, we could have other
simple functions such as exponentials or logs.

. . . 1752 - . .
The asymptotic power series at zero in R of e~'/#" is the zero series, which

is not its asymptotic expansion in the sense of Definition 1.2, see again Note
1.11. The advantage of asymptotic power series however is the fact that they
form an algebra.

1.1d Operations with asymptotic power series

Addition and multiplication of asymptotic power series are defined as in the
convergent case:

oo

A Z k2 + B Z dy 2" = Z(Ac;C + Bdk)zk
k=0 k=0 k=0

k=0 \j=0

Remark 1.30 If the series f is convergent and f is its sum, f = > ;o cp 2",
(note the ambiguity of the sum notation), then f ~, f.

The proof follows directly from the definition of convergence
The proof of the following lemma is immediate:

Lemma 1.31 (Algebraic properties of asymptoticity to a power series)
Iff ~p f=reockz® and g ~, G = pediz", then

(i) Af + Bg ~, Af + Bj

(i) fg ~p f§



Introduction 7

Corollary 1.32 (Uniqueness of the asymptotic series to a function)
If f(2) ~p Yoneockzt as z— 0, then the cj, are unique.

PROOF  Indeed, if f ~, Y20 ck2” and f ~, > 7o di2®, then, by
Lemma 1.31 we have 0 ~;, Y77 (¢ — dy)z" which implies, inductively, that
¢, = dy, for all k. I

However, division of asymptotic power series is not always possible. For
instance, e1/=* ~, 0 for small z in R while 1/ exp(—1/22) has no asymptotic
power series at zero. Also, classical asymptotics cannot distinguish between
functions differing by a quantity which is o(z™) for all m > 0 as z — 0.
Indeed, we have the following result (see also Example 1.16)

Proposition 1.33 Assume f and g have nonzero asymptotic power series as

z — 0 and f — g = h where h = 0o(2™) for allm > 0 as z — 0. Then the
asymptotic series of f and g coincide.

PROOF  This follows straightforwardly from Definition 1.26 and the
assumption on A.

1.1d.1 Integration and differentiation of asymptotic power series

Asymptotic relations can be integrated termwise as Proposition 1.34 below
shows.

Proposition 1.34 Assume f is integrable near z = 0 and that

1) ~ f) = ast
k=0

Then

k+1

z z B s Crz
/Of(s)dsz /0 f(s)ds .—kZ:O ]

PROOF  This follows from the fact that [ o(s")ds = o(z"*!) as it can
be seen by straightforward inequalities. I

Differentiation is a different issue. Many simple examples show that asymp-
totic series cannot be unrestrictedly differentiated. For instance
e~/ gin el/*" ~p 0 as z — 0 on R, but the derivative is unbounded and
thus it is not asymptotic to zero.
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1.1d.2 Asymptotics in regions in C

Asymptotic power series of analytic functions can be differentiated if they
hold in a region which is not too rapidly shrinking as z — 0. This is so, since
the derivative is expressible as an integral by Cauchy’s formula. Such a region
is often a sector or strip in C, but can be allowed to be thinner:

Proposition 1.35 Let M > 0 and denote
Soe={z: |2/ >R, [z|Y[Im(2)| < a}

Assume f is continuous in S, and analytic in its interior, and
oo
flz) ~ E e ™ asx — 0o in S,
P
k=0

Then, for all o’ € (0,a) we have

o0

() ~ Z(—kck)x_k_l as © — 00 in Sy
k=0

PROOF Here, Proposition 1.4 (iii) will come in handy. Let v(N) = N+M.
By the asymptoticity assumptions, for any N there is some constant C'(N)
such that |f(z) — Y0 ez < C(N)[x|7*™)=1 (*) in S,

Let a’ < a, take x large enough, and let p = %(a — a’)|z|=™; then check
that D, = {2’ : |z — 2’| < p} C S,. We have, by Cauchy’s formula and (*),

V(N . V(N) i
/ —k—1| __ —k
R e R ey S VOED St Fes
k=0 P k=0
C(N) 1 dls| 2C0(N) _ 4C(N), \_n_s
il < < 1.36
= (el - )"+ 27 ?g o < ety = o T (159
and the result follows. I

Note 1.37 Usually, we can determine from the context whether ~ or ~,
should be used. Often in the literature, it is left to the reader to decide which
notion is in use. After we have explained the distinction, we will do the same,
so as not to complicate notation.

1.2 Asymptotics of integrals

Often when differential equations have closed form solutions, these can
be expressed in terms of elementary functions or special functions admit-



Introduction 9

ting integral representations. These integral expressions allow for finding the
asymptotic behavior of solutions in different regions of the complex domain.
Important examples include the equation

22y + zy + O'(IQ — Ju2)y =0; o==1 (1.38)

For o = 1, (1.38) is the Bessel equation [1]; the solution which is regular at the
origin is J, (z) — the Bessel function of the first kind and a linearly independent
one is Y, (z) — the Bessel function of the second kind. For o = —1 (1.38) is the
modified Bessel equation; the solution which is regular at the origin is I, (x) —
the modified Bessel function of the first kind and a linearly independent one is
K, (z) — the modified Bessel function of the second kind. The Airy equation

y' —xy=0 (1.39)

has solutions Ai(z) and Bi(z), the Airy functions. The hypergeometric equa-
tion

iz —1)y" +(a+b+1)x—cly +aby=0 (1.40)
has linearly independent solutions o F (a, b; c; x) and x'=¢ o Fy(a—c+1,b—c+
1;2 — ¢;x) where oFy is a hypergeometric function. All these functions have
integral representations, in fact a good number of representations suitable

for different asymptotic regimes. For instance, see [27] 10.9.17, [8] (Equation
6.6.30, page 298),

1 oo+
Ju(z) = %/ exp(zsinht — vt)dt; Re z > 0 (1.41)

co—Tre

and [27] 9.5.4, and [8] (p. 313, Problem 6.75, with the change of integration
variable t — —t).

ni/3

Ai(z) ! /OOe exp (t3/3 — zt) dt, (1.42)

ICLTI —
Finally, for |z| <1 [27] 15.1.2 and 15.6.1,

I'(c)

oF (a,b;¢;2) = m

/1 P71 (1—=t)*" (1 —2t) % dt Re(c) > Re(b) > 0
’ (1.43)

1.2a *The Laplace transform and its properties.

The Laplace transform L£f of a function F' is defined by

f(z) = /000 e *PF(p)dp, Re(x)>v >0 (1.44)
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Here it is assumed that F' is locally integrable in [0,00) and does not grow
faster than exponentially, for instance

Pl =sup P < s or [Fllyy = [ [P)le™dp< o0 (145)
Pz 0

(see §2.12a) for some v € R. Both ensure the existence of Lf if Rex > v.

As will be seen in the sequel, solutions of linear or nonlinear differential
equations, including (1.42) and (1.41) above, can often be written as Laplace
transforms of simpler functions. It is then important to understand the asymp-
totic behavior of Laplace transforms. A general asymptotic result is the fol-
lowing:

Lemma 1.46 Under the assumption in (1.45), we have

/ e *PF(p)dp — 0 as Re (z) = o0 (1.47)
0

PROOF This follows from the dominated convergence theorem, see §2.12a.
Indeed, [ |e™*PF(p)|dp < [, |[e”™PF(p)|dp < oo for Re (z) > 2 > v, and
e "PF(p) — 0 as Re (z) — oo for all p € (0,00). I

Furthermore, convergence is exponentially fast iff F' is identically zero on
some interval [0, ), where € > 0 is independent of x as shown in the following
proposition. For the notation, see §2.12a.

Proposition 1.48 Assume that F is exponentially bounded in the sense of
(1.45); let 1 = Re(x). Then

/ e " PF(p)dp = o(e™**¢) asxy — o0 iff F =0 a.e.' on[0,¢] as 21 — oo
0

(1.49)
Also, [ e ™PF(p)dp = O(e ™) & [ e *PF(p)dp = o(e” ™€), implying
F =0 ae. onl0,e].

PROOF (i) Assume that F' =0 a.e. on [0,¢). This implies that

/ e *PF(p)dp = / e *PF(p)dp = 6%/ e "PF(p+e)dp = e " o(1)
0 € 0

(1.50)
as 1 — oo by Lemma 1.46.
(i) For the converse, assume that [~ e *PF(p)dp = O(e~"*¢). We write

/ODO e P F(p)dp = /Of e F(p)dp + /:" =P P (p)dp. 151)
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The rightmost integral in (1.51) is shown to be o(e™*1¢) by using the change
variable p — p + € and using Lemma 1.46. Thus

g(x) == em/ e PF(p)dp=0(1) as x1 = Re © — +o0 (1.52)
0

It is easy to see that g is entire. Furthermore, it is bounded for z € R*
by (1.52) and also manifestly bounded for x € iR, and x € R™. Since g is
of exponential order 1, using the Phragmén-Lindel6ff theorem in all of the
four quadrants (see [21] pp. 19 and 23 for more details) shows g is bounded.
From Liouville’s theorem, ¢ is a constant. The Riemann-Lebesgue lemma
implies that g goes to zero as © — oo along the imaginary line. Thus g = 0,
implying fog F(p)e P*dp = 0, Vx € C implying that the Fourier transform
75 e X0 (p)F(p)dp = 0 ¥Vt € R and thus, by inverse Fourier transform,
F(p) =0 a.e. on (0,¢). Now, (i) implies that [ F(p)e P*dp = o (e~=*1). I

Corollary 1.53 (Injectivity of the Laplace transform) Under the con-
dition (1.45), if LF =0 for all z > 0, then F =0 a.e. on RT.

PROOF  Since, in particular, LF = O(e~**) for any a > 0, from Propo-
sition 1.48, F' =0 a.e. on RT.

First inversion formula

Let H denote the space of analytic functions in the right half complex plane.

Proposition 1.54 (i) £: L*(R") — H and ||LF|e < ||F||1-
(ii) £ : LY(RT) — L(LY(RT)) C H is invertible, and the inverse is given by

F(x) = F HLF(it)}(x) (1.55)

for x € RT where F is the Fourier transform (in distributions if LF ¢
L(iR)).

PROOF (i) The fact that LF is analytic in H follows from the exponential
decay of the integrand: by dominated convergence we can differentiate in
2 under the integral sign. The estimate follows simply from the fact that
le=*P| < 1.

(i) We note that (LF)(it) exists since F' € L', and it is, by definition the
Fourier transform of F' extended by F'(p) = 0 for p < 0. The rest is just Fourier
inversion, in the in a generalized sense —in distributions—if LF ¢ L!(iR). I

Second inversion formula

Proposition 1.56 (i) Assume f is analytic in an open sector Hy := {x :
|arg(x)] < 7/2 + 6}, 0 > 0 and is continuous on OHs, and that for some
K >0 and any z € Hs we have
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[f(@)] < K(ja]* + 1)~ (1.57)

Then L7 f is well defined by

1 “+100
F=L1f= 2—7”/ dteP! f(t) (1.58)

—100
and

/ooo dpe P"F(p) = LL7'f = f(x) (1.59)

We have |[L7H{f}Hloo < K/2 and L7{f} — 0 as p — oo.

(ii) If § > 0, then F = L71f is analytic in the sector Ss = {p # 0 :
|arg(p)| < d}. In addition, supg, |F| < K/2 and F(p) — 0 as p — oo along
rays in Sy.

PROOF Clearly, F in (1.58) is well-defined since f(is) € L}(R). (i) We
have

o

2mil [L7' f] (x)z/ooo dpe—f’l‘/ ids e f(is) (1.60)

—00

_ /OO ids f(is) /OOC dpe e — [ f()(e— 2)"1ds = 2mif(x) (1.61)

—o0 —100

where we applied Fubini’s theorem? and then pushed the contour of integra-
tion past = to infinity. The norm of £~ is obtained by majorizing | f(z)eP®| by
K(|z2| +1)~1. The behavior [ﬁ’lf] (p) — 0 as p — +oo follows by applying
Riemann-Lebesgue Lemma to (1.58).

(ii) For any ¢’ < § we have, by (1.57),

[ ([ Yoo
(L[ Yo oo

Take any p € S5. Choose 0’ < ¢ so that p € S§. Analyticity of (1.62) in p € S
is manifest, given the analyticity and exponential decay of the integrand. For
the estimates on F(p), we note that (i) applies to f(xe'®) if |¢| < 6. D

2This theorem addresses the permutation of the order of integration; see [74]. Essentially,

if fe LY(Ax B),then [, pf=[afgf=Jglal



Introduction 13

Many cases can be reduced to (1.57) after transformations. For instance
if f1 = Zjvzl aj(1 +z)7k + f(x), **where k; > 0 and f satisfies the as-
sumptions above, then (1.58) and (1.59) apply to fi, since they do apply, by
straightforward verification, to the finite sum. .

Proposition 1.63 Let F be analytic in the open sector S, = {e!RT : ¢ €
(=0,0)} and such that |F(|p|e’®)| < g(|p|) € L'[0,00). Then f = LF is
analytic in the sector Sy = {x : |arg(z)| < w/2 + §} and f(x) — 0 as
|z] — oo, arg(x) =60 € (—7/2 — 6, 7/2 + ).

PROOF Because of the analyticity of F' and the decay conditions for large
p, the path of Laplace integration can be rotated by any angle ¢ in (—d,4)
without changing® (LF)(x). The fact thatg € L' also implies that The decay
of (LF)(z) in x follows from Lemma 1.46 with = replaced by e~ and ¢
chosen arg (xe*w) € (*%, g)

Note F need not be analytic at p = 0 for Proposition 1.63 to apply.

1.2b Watson’s Lemma

As will be seen, many integrals after appropriate changes of variable can
be cast in a form where Watson’s Lemma can be applied. In the following
example, we determine the asymptotics of the incomplete Gamma function
which we will need later.

Example 1.64 Assume that Re8 > 0 and a > 0. Then as x — oo along an
arbitrary ray in the open right half plane, H

{z :argx = a}; where a € (—g, g) (1.65)
Then,
‘ ')
Prleprdp v —= 1.66
/0 prie P dp ~ —5 (1.66)

Indeed, changing variable to ¢t = px we get

iarg(z)

oo 1 ooe” 1 e I
/ pPle Prdp = — e P dt = —/ Sy A Cll
0 xﬁ 0 l'ﬁ 0 Iﬂ

(1.67)
by a homotopic change of contour and the definition of the Gamma function.

3The fact that g € L' implies that liminfr_, Rg(R) = 0; thus there is a subsequence Ry,
s.t. Rng(Rn) — 0. By straightforward estimates, or by Jordan’s lemma, we see that the
integral of Fe™P* along an arc of a circle of radius R, goes to zero with n.
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Lemma 1.68 If z® fooo e *PF(p)dp has an asymptotic power series in z =
x= B for some B with Ref > 0 as Rex — oo, then for any fized ¢ > 0,
z® fOE e *PF(p)dp has an asymptotic power series as well, and the two power
series agree.

PROOF This is an immediate consequence of Propositions 1.48 and 1.33.

I

Watson’s lemma allows us to integrate power series term by term as stated
below.

Lemma 1.69 (Watson’s lemma) Assume that ||F|lp1 < oo (cf. (1.45))
and

m
F(p) =p~! Z cxp™ + o(p*~H™BY as p — 0% for all m < mg € NU oo
k=0
(1.70)
for some a and B, with Rea,Re > 0. Then as x — oo along an arbitrary
ray in H, see (1.65), we have *

(LF)(x) = /OO e "PF(p)dp = Z al(kB+a)z= P 40 (afo‘*mﬁ) . (1.71)
0 k=0

for anym < mg. The asymptotic expansion (1.71) holds if (LF)(x) is replaced
by [y F(p)e P"dp (a independent of x) F € L'(0,a), and F has the same
asymptotic series as above as p — 0.

PROOF By Lemma 1.68, the conclusion follows if it holds for the integral

fos e "PF(p)dp for some fixed € > 0. On the other hand, by assumption and
the definition of asymptotic power series we have, for any § > 0, F(p) =
D heo kPP g(p) where |g(p)| < 8lp* | for p € (0,¢) if € = £(8,m)
is small enough. Following the calculations in Example 1.64 we get

£ 1>
[ e raian| <5 [ ety < g,
0 0

noting that that % is finite along a ray Now, following Example 1.64,

£ m m
/ e Pz Z Ckpa-‘rk,@—ldp ~ chr (a + k‘ﬁ) x—a—k,ﬁ,

0 k=0 k=0

4By writing foa F(p)e P*dp = fooo F(p)e™P®x[0,q)(P)dp where X[g q is the characteris-
tic function of [0,a], we see that the same result holds for a finite Laplace transform
f(;l F(p)e Pxdp.
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finishing the proof for (LF)(z). For the last part, note that [, F(p)e™"dp =
fooo F(p)X0,q)(p)e”"Pdp and F(p)Xo,q](p) satisfies the assumptions in the first
part of the lemma. I

Note 1.72 Intuitively, we see that, for a fixed F', the larger Re z is, the more
damped is the contribution of any region that is not very close to zero. The
behavior of a Laplace transform is gotten from the immediate neighborhood
of zero. This will be seen in the next example and is formalized in Watson’s
lemma following it.

6
Note 1.73 Watson’s lemma holds for [ F(p)e P"dp as |z| — oo if the
asymptotic behavior (1.70) is valid along a ray arg p = 0, where F' € L'(0, ae®)

arg(x) satisfies 6 4+ argz € (—57 5). The proof is manifest by changing vari-
ables p — pe'?, x — ze~% and applying Lemma 1.69.

Exercise 1.74 (A generalization of Watson’s Lemma) Assume that for
some € > 0, we have sup|,|.. [[F'(:; )|z, = C' < 0o and that

F(p; Z) — pa—l Z Chi pkﬁlzZBQ + O(pa—1+mﬁlznﬁ2)

0<k<m
0<I<n

as (p, z) — (07, 0) for all (m,n) < (mg,ng) € (NUoo)? (1.75)

where Re a, Re 8; and Re 35 are positive. Then, show that °

< 1 cul' (kB + o o—mBi—n
/0 e pF(p,gg)dp: Z %4—0@ PronmB2) - (1.76)

o<k<m
o<ign

Corollary 1.77 (Laplace asymptotics, maximum at an endpoint)
Assume that F is continuously differentiable on [0,a) (as usual when we close
the interval we mean right derivative) and F' > 0 and g is continuous. Then

C P de ~ —vr(0)_9(0) 1.78
/O e g(x) x ~ e I/F'(O) as v — o0 ( )

PROOF By choosing F' = F(z) — F(0) we reduce to the case F(0) = 0.
Since F’ > 0, F is invertible near zero and, with h(z) = F~!(z), we have

a F(a)
| e g@de = [ e gt )y (1.79)
0 0

By continuity g(h(p))h'(p) = g(0)'(0) +o(1) as p — 0. Noting that h’(0)
1/F’(0), the rest follows from Watson’s lemma.

=l

51t is tacitly assumed m and n are chosen so that no term in the sum is o (x’a*mﬁ’l’"lg?).
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Corollary 1.80 (Laplace asymptotics, maximum at an inner point)
Assume that a > 0, F is twice continuously differentiable on (—a,a) F'(0) =0
and F"(z) > 0 on (—a,a), and that g is continuous. Then,

“ 27
—vF(x) ~ o~V (0)
/ e g(x)dx ~ e 9(0) JF(0) (1.81)

—a

PROOF  As in Corollary 1.77 without loss of generality we may assume
F(0) = 0. Define h(z) = signum(z)+/F(z) and denote 3F"(0) = A%, Clearly
h is continuously differentiable away from zero. For z close to zero, we have
F(z) = X2% + o(2?) and thus h(z) = Az + o(x) for small x. It is then
easy to show that h is continuously differentiable on (—a,a) and k' > 0.
We calculate only the integral from 0 to a: the one from —a to 0 can be
computed similarly and has an equal contribution to the final estimate. We
make the change of variables h(z) = y/u and and note that by continuity

g(v/a)/h (W= (\/u)) ~ g(0)/'(0) to obtain

a F(a)
e—uh2(w) 2)dx = eV g(\/ﬂ) 1 U~ g<0)m
/o g(@)d / ) v aur Y

by Watson’s lemma and the fact that I'(1/2) = /7. {0

Note: Only the leading order asymptotic calculations are given in Corollar-
ies 1.77 and 1.80. Watson’s Lemma can be used to determine higher order
corrections in the asymptotic expansion if F' and g are smooth enough near
0.

Exercise 1.83 Formulate and prove a generalization of Lemma 1.80 for the
case when F'(0) = --- = F?™=1(0) = 0 and F?>™(0) > 0.

Example: Asymptotics of the I' function The Gamma function is defined

MNx+1)=al= / e Trhdr, = / e"l8 T dr (1.84)
0 0

for £ > —1.% zlogT — 7 is maximal when 7 = 2. This suggests rescaling
7 = xs. This leads to

o0

I(z41) =2t / e 2(smlogs) gg — x“‘le_“/ exp [—x (t —log(1 +t))] dt
0 -1
(1.85)

6This representation is valid for complex x as well in the domain Rexz > —1.
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To put it in a form where one of the preceding Lemmas may be used, we
introduce

2t — 2log(1+ 1) ]/

o= [

Through Taylor series at ¢t = 0, it is readily checked that ¢ — ¢ is an analytic
change of variable near ¢ = 0, with ¢’(0) = 1. Further, ¢ — ¢ is monononic
and maps the the real axis interval (—1,00) to ¢ € (—o0,00). We define the
unique inverse function to be t = T'(g). It follows from (1.85) that

(1.86)

Mx+1) = x””“e*m/ e /2 T/ (q)dq (1.87)

We decompose the integral in (1.87) as fi)oo + fooo. We introduce change of
variable ¢ = —+/2p in the first integral and ¢ = /2p in the second to obtain
e P

i f( (—V20) + T' (V) dp  (188)

Using Taylor series T(q) = >-7°, bj¢’,

D(z+1) =2 e™

1 > :
—— (T +T'(V2) = Y 24t (202N (1.89)
&z i odd
J=L3=o0
It follows from Watson’s Lemma that
D(z+1) ~a™ e > 2/20(j/2)jb2/? (1.90)
j=1,j=odd

The first few b; is easily computed by substituting a truncation of ¢ = b1q +
bag® + bzq® + .. into (1.86) and equating like powers of ¢ and solving result-
ing equations. This gives by = 1, b3 = %7 bs = ﬁ, the even b;’s being
inconsequential in (1.90). Using I'(1/2) = /7, the first few nonzero terms are

T(z+1) = V2ra®t/2e® (1 + ot 28;x2 + O($_3)> (1.91)

The three term evaluation at = 6 gives 720.0088692 versus the exact value
of 720. If the general term in the asymptotic expansion (1.90) is desired, we
can use Lagrange formula for inversion of a series:

1 o
b = — —fﬂH 2t — 2log(1 4 ¢)] /> dt

2mi qﬁ‘1
92— j/2—1 (eu _ 1)2
= - d 1.92
i }{(eu_l_u)g/ﬂl u, (1.92)

where the closed loop contour integrals are assumed to circle the origin in the
respective variables in the positive sense.
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1.3 Oscillatory integrals and the stationary phase method

In this setting, an integral of a function against a rapidly oscillating expo-
nential becomes small as the frequency of oscillation increases. Again we first
look at the case where there is minimal regularity; the following is a version
of the Riemann-Lebesgue lemma.

Proposition 1.93 Assume f € L'[a,b]. Then ff etf(t)dt — 0 as © —
+o0. The same is true for [° €™ f(t)dt for f € L*(R).

It is enough to show the result on a set which is dense” in L'. Since trigono-
metric polynomials are dense in the continuous functions on a compact set®,
say in Cfa, b] in the sup norm, and thus in L'[a, b], while continuous functions
with compact support are dense in L!(R), it suffices to look at trigonometric
polynomials, thus (by linearity), at e’*® for fixed k; for the latter we just
calculate explicitly the integral; we have

b
/ e®se®sds = O(z~ 1) for large x. o

No rate of decay of the integral in Proposition 1.93 follows without further
knowledge about the regularity of f. With some regularity we have the fol-
lowing characterization.

Proposition 1.94 For n € (0,1] let the C"[a,b] be the Hélder continuous
functions of order n on [a,b], i.e., the functions with the property that there
is some constant ¢ > 0 such that for all x,z’ € [a,b] we have |f(x) — f(a")] <
cle —2'|".

(i) We have

(b—a)
2

feCa,b] = < ez + O0(z7Y) as x— o0

/ab f(s)e™5ds

(1.95)
(ii) If f € LY(R) and |z|"f(x) € L*(R) with n € (0,1], then its Fourier
transform f = [75. F(s)e™sds is in CM(R).

7A set of functions f,, which, collectively, are arbitrarily close to any function in L'. Using
such a set we can write
b

b b
/ eixtf(t)dt :/ emt(f(t) _ fn(t))dt+/ ei:ctfn(t)dt

a a

and the last two integrals can be made arbitrarily small.
80ne can associate the density of trigonometric polynomials with approximation of func-
tions by Fourier series.
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(iii) Let f € L'(R). If z"f € LY(R) with n —1 € N then f is n times
differentiable. If for A > 0, el*lf € LY(R) then f extends analytically in a
strip of width A centered on R.

PROOF (i) By rescaling, we can choose [a,b] = [0,1]. We have as x — oo
(| -] denotes the integer part)

)el T ds| =
L% —1 (2j+1)ma? } (2j+2)mz " A
Z / f(s)e”sder/ f(s)e™sds || +O(x™ 1)
j=0 2jm—1! (2j+)mz—1

o5 —1] (2j+1)ﬂ'z_l

|5 [ - e e+ 06

n 1
— _ _ n n
< c( ) <o 0@ ) (1.96)

(ii) We see that

—ixs

e —e —ixs’

f(

S—S

(xs — xs' )"

'/ o—izs _ gine’ e s 7/0@
- (1.97)

is bounded. Indeed, by elementary geometry we see that for |¢p1 — o] < 1 we
have

lexp(ign) — exp(id2)| < [p1 — ¢a| < |d1 — p2|” (1.98)
while for |¢p1 — ¢2]| > 1 we see that
|exp(ih1) — exp(ig2)| < 2 < 2|¢1 — a”

(iii) Take any x € Sy := {x € C:|Imz| < A}. Choose A" < A so that
x € S4. Choose h € C so that |h| < A_zA/. Then,

D) = L= 2) D [ pege ("h‘l) os

and it is readily checked that |e—%*¢ (”7_1)| < Ce?lsl and by the dom-

inating convergence theorem f’(x) = limp,—o[Dnfl(z fR —isf(s)e”®%ds
implying f is analytic in a strip of width A.

‘x f(z ‘dx
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Note 1.99 In Laplace type integrals Watson’s lemma implies that it suffices
for a function to be continuous to ensure an O(z~!) decay of the integral,
whereas in Fourier-like integrals, the considerably weaker decay (1.95) is op-
timal as seen in the exercise below.

Exercise 1.100 (*) (a) Counsider the function f given by the lacunary trigono-
metric series f(2) =3 1 _on nen k~"e** € (0,1). Show that f € C"[0,27].
We want to estimate f(¢1) — f(¢2) in terms of |¢p1 — ¢2|7, when ¢ — ¢o is
small. We can take ¢1 — ¢3 = 27Pb with |b] < 1. use the first inequality in
(1.98) to estimate the terms in with n < p and the simple bound 2/k" for
n > p. Then it is seen that fOQTr e~ f(s)ds = 2mj~" (if j = 2™ and zero
otherwise) and the decay of the Fourier transform is exactly given by (1.95).

(b) Use Proposition 1.94 and the result in Exercise 1.100 to show that
the function f(t) = > ) _on nen k~"tF analytic in the open unit disk, has no
analytic continuation across the unit circle, that is, the unit circle is a barrier
of singularities for f.

Note 1.101 If we are dealing with an analytic function except for isolated
singularities (or branch points), then decay is typically better than the one
obtained in Proposition 1.94.

Note. In part (i) of Proposition 1.94, compactness of the interval is crucial.
In fact, the Fourier transform of an L?(R) entire function may not necessarily
decrease pointwise. For example, consider f = F~1f, where f () = 1 for
x € [n,n+ e’”Q] for n € N and zero otherwise. Since f € L'(R) N L%(R)
and for any A > 0, el f(z) € LY(R), it follows that f = F~1f is entire.
Yet [Ff](x), which equals f(z) a.e., evidently does not decrease pointwise as
T — 00.

Proposition 1.102 Assume f € C"[a,b]. Then we have

b n n
/ e f(t)dt = '™ Z cpr P 4 etel Z drz™F +o(z™™)

k=1 k=1
' ’ (n—1) b
-t (B - G - BB e, o

where cp = —fFV(a)/i* and dy = fFFD(b) /i,

PROOF  This follows by integration by parts and the Riemann-Lebesgue
lemma since
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b

b it _ e (f@) @) _qyn—1 fF @)
/ae f®)dt=e ( , —= + ...+ (-1) ) )
(

_l)n ’ (n) eizt
T / FO(Bertdt (1.104)

a

+

I

Corollary 1.105 (1) Assume f € C*|0,2n] is periodic with period 2m. Then
02” f(t)e™tdt = o(n™™) for any m >0 as n — +oo,n € Z.
(2) Assume f € C§°la,b] vanishes at the endpoints together with all deriva-

tives; then f(z) = fab f(t)e®®t = o(z=™) for any m > 0 as x — Foo.

Exercise 1.106 Show that if f is analytic in a neighborhood of [a, ] but not
entire, then both series in (1.103) have zero radius of convergence.

Exercise 1.107 In Corollary 1.105 (2) show that limsup,,_,._ /"l f(z)| = 0o
for any € > 0 unless f = 0.

Exercise 1.108 For smooth f, the interior of the interval does not contribute
because of cancellations: rework the argument in the proof of Proposition 1.94
under smoothness assumptions. If we write f(s+/z) = f(s)+ f/'(s)(7/x) +
1f"(c)(m/x)?* cancellation is manifest.

Exercise 1.109 Show that if f is piecewise differentiable and the derivative
is in L', then the Fourier transform is O(z~1).

1.4 Steepest descent method

We seek to determine the asymptotic behavior of I(v) as v — +o00, where
I(v) = /g(z)e_”f(z)dz (1.110)
c

for f and g that are analytic in some some region of the complex plane?, and
C is some simple curve that may be finite or infinite. Further, we may assume
f is not a constant, as otherwise the asymptotics is trivial. The problem is to
determine the asymptotics of I as v — +00. More generally, if v — oo along

9The region of analyticity will be dictated by the need to deform C into one or more steepest
descent paths and will depend on the specifics of the problem.
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some complex ray argyv = ¢, we can replace v by |v| and f by e f in the
ensuing discussion to obtain asymptotics along complex rays.

The idea of the steepest descent method is to use the analyticity of the
integrand in (1.110) in z to deform C homotopically into one or more paths,
each of which is characterized by Im f = ¢, a constant. If C is homotopically
equivalent to just one steepest descent path Cs = {z: 2 =~(t),a <t < b},
where ' exists (and assumed nonzero, without loss of generality) then we
may rewrite (1.110)

b
I(v) =6_i”“/ g(v(t)) exp [=v (f(7(t)) —ic)] ¥/ (t)dt (L.111)

Since f(y(t)) — ic is by assumption real valued for ¢t € (a,b) and g(y(t))7y'(t)
can decomposed into real and imaginary parts. After breaking up the integral
into subintervals where f — ic is monotonic, Watson’s lemma can be applied
to determine the complete asymptotic expansion of I(v). Indeed, for analytic
f, the real valued funciton f(y(t)) — ic, which is the same as Re f, is mono-
tonically increasing or decreasing in any interval in ¢ that does not contain a
singular point of f or a saddle point where f' = 0 (The term saddle refers to
the behavior of the harmonic function Re f(z + iy) for (z,y) near a critical
point, where f/ = 0).

Generally, multiple steepest descent paths, each with a different value of
¢, are involved in homotopic deformation of fc; these paths join up at sinks
where Re f — +o0o. Multiple descent paths will definitely be needed when
Im f is different at the end points of C, as in the example in §1.4a In such
cases, the calculation of I(v) generally requires adding up the contributions
on each steepest descent path sz in the manner outlined in the last para-
graph. Therefore, the only new element in the steepest descent method is to
determine steepest curves which are homotopically equivalent to the original
path C. For a point on each such curve, Re f varies most rapidly relative to all
other directions, as may be concluded easily from applying Cauchy-Riemann
conditions. This explains the terminology steepest descent'® It should be fur-
ther noted that without homotopic deformation into descent paths, (1.110)
will generally be an oscillatory integral; asymptotics obtained through the
stationary phase method leads to substantially weaker results, see note 1.99.
The stationary phase method, however, does not require analyticity of f and

g.

10This terminology is confusing, since descent or ascent depends on the direction a path is
traversed. Calling it steepest variation path is more appropriate; nonetheless, we will stick
to the standard terminology.
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1.4a Simple illustrative example

Consider

1 ivz?
e
I(v) = d 1.112
)= [ S (1112)

In the notation of (1.110), f(z) = —iz?, g(z) = lerl' Steepest descent paths
emanating at z = 0 are determined by

Im f =Im f(0) implying Re2? =0, i.e. z= rer ™/t for 1 e (—00,00)
(1.113)

as r — 00, it follows that ooe’™/4
iﬂ'/4.

However, since Ref — +00, when z = re'™/4
is a sink that is connected to z = 0 along the steepest descent path z = re
Steepest descent paths from the other end point z = 1 in the integral (1.112)

is found by setting

Imf =Im f(1) = —1 implying Rez? =1, i.e.hyperbolic path z? —y? =1
(1.114)

Since only one branch of this hyperbola passes through (1, 0) and asymptotes

toy = x, i.e. approaches the sink coe’™/4, a homotopic deformation of the f01

may be made to coincide with descent paths z = re'™*, 0 < r < oo followed

by integration along steepest descent path C' that connects coe’™* to 1 along
the hyperbola!? 22 — y? = 1. Therefore,
coel™/t i12? ivz?
e
I(v) = d dz=1 I 1.115
W= [ et [ ft=nwene) )

For I;(v), using z = re’™* for 0 < r < 0o, we obtain after change of variable
and application of Watson’s Lemma

71/7‘2

. o0 . o0 7Vpdp
I _ wr/4/ e : dr = wr/4/ € .
1(v) =e o l+trein/s r=e o 2pV2[1 + pl/2ein/4]
1 . > (i1 o
~ im/4 _ J T2 ijmw/4 (7+1)/2
5¢ Z( 1)31“( 5 >eﬂ yU (1.116)
7=0
As far as I(v), we know p = f(z) — f(1) = —iz% + i is real valued and

monotonically increasing on the parabolic path C from z = 1 to z = ooe'™/4,

since f’ # 0 on this path. Therefore, solving for z, inversion leads to

z=Z(P)=(1+1ip)'/?, (1.117)

1'We do not have the option of going along re~"/4 0 < r < oo since Re f — —oco and so
contribution at coe™?"/4 cannot be ignored as it can be for a sink.
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where we can readily check that for this branch of square-root, as p — 400,

z — 0oe'™* as required. Therefore,
L(v) = —e / T . (1.118)
o 1+Z(p)
We note that Taylor expansion:
Z'(p) i SN —1 . -1 — j
2% _ g /2 [1 1 1/2] =Yg, 1.119
where the first few coefficents are: ag = ﬁ, a = 137)'7 as = —3‘%, az = —2%.

Applying Watson’s Lemma to (1.118), it follows

L(v) ~ ="y a;p 7 'T(j + 1), (1.120)

Jj=0

The full asymptotic expansion of I(v) = I1(v) 4+ I3(v) is then obvious from
(1.116) and (1.120).

Remark 1.121 A change of variable ¢ = 22 at the outset in (1.112) converts

the problem into I(v) = fol 2(2%(2‘140,
descent lines connecting each end points are given by ( = ¢r and { = 1+ ir
respectively. However, after the change of variables the integrand is generically
not explicit. In such cases, finding the steepest descent lines cannot be done
explicitly either. Fortunately, descent lines are connected to ODEs amenable
to phase plane analysis and we will exploit this connection in the following

section.

corresponding to which the steepest

eiuz2

ivz?
Note 1.122 If we replace the integrand < - in (1.112), by where

2o is in the upper-half plane region between e'™/*R*t and steepest descent
contour C' connecting ocoe’™/* to 1, for e.g. zo = %, then the singulariy at
z = zg interferes with the homotopic deformation into steepest descent paths.
Nonetheless, since this singularity is a pole, after collecting residue at z = zq,
we can use the same descent paths as in Example 1.4a. Since Im 23 > 0, the
residue contribution will be exponentially small in v relative to (1.120) and
(1.116). If this zp were a branch point instead, in addition to the steepest
descent paths, the homotopically deformed path will include a contour that
wraps around zg. Nonetheless, as in the case of the pole, the contribution of
the branch point is exponentially small in v.

z—z0

1.4b Finding the steepest variation lines

Prior discussion shows that the main challenge in evaluation of asymptotic
behavior of

/Cg(z)exp(—yf(z))dz (1.123)
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is the determination of steepest descent path(s) that are homotopically equiv-
alent to C. We now discuss how steepest descent paths may be found when
f(2) is not as simple as shown in Example 1.4a.

To simplify the discussion, we will assume that both f and g are entire, and
if parts of C’ extend to infinity, the integral along those parts converges. If the
functions are not entire, then the contours can be deformed inside the domain
of analyticity, and beyond that only in special cases, for instance when the
singularities of g are poles. If an integral extends to infinity and the integral
would not converge, then we truncate the contour at some large enough z
(see Note 1.132) at the price of introducing exponentially small relative errors
in the estimates.

When v is very simple, as in 1.4a, one can just plot the curves v(z) = C. If
not, we can use tools from elementary ODE analysis to find these lines.

If along a curve z(t) = (x(t),y(t)) we have v(z) = C, then

avdj 81}@_

wdt  ordt =0 (1.124)

which happens along the solution curves of the system

dr Ov  Ou ,

&=y = o =R (1.125)
dy ~ Ov _Ou ,

@ ey U

where we used v = Im f to write the system in terms of f.

Note 1.126 The system (1.125) is autonomous, and the task is to draw the
phase portrait. The direction field is parallel with Vu, that is, it points toward
steepest ascent directions of u or steepest descent of e~**. To draw the phase
portrait more easily we note that:

1. Eq. (1.125) is at the same time a Hamiltonian system as well as a
gradient one.

2. There are no closed trajectories since f, thus v, are not identically
constant. Indeed, v = Im f is harmonic, and a harmonic function in
a domain attains its maximum and minimum value on the boundary;
since we are dealing with a level set of v, call it ~, if v is closed then
max v = minv in the int(y) implying that v is constant in an open set,
thus constant everywhere.

3. All critical points of the field (& = ¢y = 0) are saddle points, the points
of interest for our analysis. Indeed, v cannot have, by the maximum
modulus principle already used in 2, any interior maxima or minima.
(If f is not entire, then of course singularities of f are also singularities
of the field.)
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4. At a critical point zy we have
f(z0)=0 (1.127)
by (1.125) and (1.127), the local behavior of u near zg is

u(z) — u(z0) = %Re (90— 20)*) (L HoL)  (L128)

where k, generically k = 2, is the smallest such that f*)(zy) # 0. This
is a simple way to plot the directions of steepest ascent of u at zy. These

are the directions
FH®) (20)(z — 20)F € RT (1.129)

5. Trajectories can only intersect at critical points of the field.

6. The properties above, together with the behavior of f at infinity com-
pletely determine the topology of the direction field.

7. To find the steepest descent line decomposition of a contour C we let ev-
ery point zg = zo+iyp € C flow with the field: (zo,yo) — z(t;z0), (y(t;y0));
we denote the set of such points by C(¢). The connected components of
the limiting set:

{z: lim d(z,C(t)) = 0}
t—o0

represent the sought-for decomposition.

8. By construction, on each C;, u is strictly monotonic and v is constant,
thus f is one-to-one, and the change of variables f(z) = f(z;) + ¢ where
z; is an endpoint of C;, brings the integrals to a Watson’s lemma form,
see Note 1.134.

9. The asymptotic expansions are collected from the endpoints of the steep-
est descent lines from which u increases, since e ”* decreases rapidly
starting from such a point.

We illustrate this on a simple example: we start with the integral

0ebTi/4

/ e V== g, (1.130)
ocoeim/4

where v — 400, and the integral is taken along any curve C is staring at +ico
and ending at —oo. Because of the rapid decay in z, the integral converges.
We want to find a curve homotopic to C that consists of paths of steepest
descent of e~™. In this example, (1.125) becomes

d ,
d—f = 1— 2% + 3ay? (1.131)
d (
= 3a?y P

dt
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FIGURE 1.1: Phase portrait of (1.131). The white arrows point towards
steepest ascent directions of u (steepest descent of e**). The orientations
of the paths L; and Lo are shown with dark arrows; z; = exp(2kwi/3) ,
k =0,1,2 are the saddle points.

The equilibria of (1.131) are, by (1.127) the solutions of 1 — 23 =0: 2, =
e2kmi/3 =0, ...,2 and near a critical point the directions of descent of e~*
are obtained from (1.128), —327(z — 2;,)? € R™.

For large t = |t|e’?, we have f = —|t|*e%¢(1+0(1)), and thus asymptotically
there are, up to homotopies, four curves of steepest descent of e™*, cos(4¢) =
—1 and four of steepest ascent, cos(4¢) = 1. All needed qualitative features of
the phase portrait, sketched in Fig. 1.1, follow from this information and the
fact that trajectories do not intersect except at critical points. In the phase
portrait, the arrows point towards steepest descent. We illustrate the detailed
arguments that leads one to Fig. 1.1 by showing how we can argue where each
of the two steepest descent and ascent lines for e~ emanating at the saddle
2o = e"™/3 must end up. First, note that each of the descent paths must
end up at sinks ooe” /4 or coe 3"/* since the paths cannot cross the real
axis, which is an invariant set of the dynamical system (1.131). Each of the
two ascent paths at zo must end up at —oo or —i0o, since they cannot cross
the real axis or approach +oo without crossing the lower-half plane descent
path emanating at the sadde zgp = 1. Further, noting that the two ascent or
the two descent paths cannot approach the same sink or source at oo without
crossing each other, we are qualitatively led to Fig. 1.1.
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Note 1.132 Note that if a path of integration starts at oo in some direction
and ends at oo in some other direction, then for large ¢ on the curve the
arrows should point towards infinity to ensure convergence of the integral.
This is indeed the case for (1.130). The steepest descent line decomposition
for (1.130) consists of the curve L; joining coe’™/* to coe™*"/* passing through
the saddle zg = 1 together with the curve Ly connecting coe™ /4 to coe?™/4
passing through the saddle zo = e*™/3, as shown in Fig 1.1.

Note 1.133 If the example above were modified to f;o::;M g(z)e‘”(z_z4/4)dz,
where g(z) grows too fast along coe™*"/4 to allow meaningful homotopic defor-
mation as shown in Fig 1.1, for e.g. g(z) = exp [e~"/625], then we truncate
the paths Ly and Ly at some large enough zr,, 21, independent of v. With
such a choice, it is easily seen that the straight line path connecting the two

points is exponentially small relative to the saddle point contributions.

Note 1.134 (Connection with Watson’s Lemma) For a general entire
f, the set of saddle points through which the steepest variation curve passes
cannot have accumulation points, because of the assumed analyticity of f.
Then along any steepest descent line, the equation u(x(t),y(t)) = T has a
unique solution, and T'(u) is smooth except at the saddle points where it has
algebraic singularities. Furthermore, by construction, exp(iv(z(t),y(t)) =
const along such a curve. The change of variables f(z) = f(z0) + ¢ brings the
problem to the Laplace form to which Watson’s lemma applies.

Exercise 1.135 Use the analysis in this section to find the asymptotic be-

havior of (i) (1.130), and (ii) of fi3+ie*’/(t*t4/4)dt.

1.4b.1 A singular example

Consider the problem of finding the asymptotic behavior of the Taylor co-
efficients ¢y in the expansion

o0
et = chzk, |z| <1 (1.136)
k=0
We have
1 % eﬁ 1 S S— |
Ck-1= — ——ds=— eT—s Mg (1.137)
210 Jigj=rc1 S* 270 J\gj=r<1

The rightmost integral is of the general form (1.123). What distinguishes this
case from the case we considered throughout this section is that g(z) = eT=
has an essential singularity at z = 1.

The steepest descent lines of f are simply rays towards co, but it is not pos-
sible to deform the |s| = r path along these lines of steepest descent, since the
singularity at z = 1 is not integrable The function g contributes nontrivially



Introduction 29

to the geometry of the curves of interest. We instead plot the steepest descent
lines of h(s;k) = 11 — klns for fixed k and let k — oo; we see that h(s; k)

has two saddle points, at s = 1+ k~1/2(1+0(1)) We expect that the behavior

Fing] contour

Original contour
T

FIGURE 1.2: Deformation of contour for (1.138). The circle around s = 1
has radius of k~1/2. The large contour can be pushed to infinity and the
integrals along the sides of RT cancel each-other by single-valuedness.

of ¢ relates to the behavior of h on a scale of order k~1/2 near s = 1. This
becomes obvious if we change variable to s = 1 + k~'/2u. In anticipation, we
deform the contour-clockwise contour |s| = r into the contour shown in Fig
1.2. We note the the cancelation of contributions from coinciding straightline
positve real axis segments traversed in opposite directions. Furthermore, the
integrand s—*e!/(1=%) vanishes rapidly enough so that the counter-clockwise
circular arc of radius R as R — oo contributes nothing. We are simply left
with a clockwise closed contour C' around s = 1. We write s = 1 + u/v, with
v = k'/? and we have

Ch—1 = u‘lﬁ o exp [-v(u+u™') = v’ [In(l +u/v) —u/v]] du (1.138)
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We note that the function
22 [In(1 + 2u) — zu] = —2u® + F2u® + - (1.139)

is analytic at z = 0 and we can expand convergently in z = 1/k, as k — oo

3 4 6
exp [—V2[1n(1+u/l/>—u/y]] — o¥’/2 1_,_“7_ u u

—_— 1.140
3 42 + 1812 + ( )

Noting that the saddle point of /(") with f(u) = u+ 1/u is at u = 1, it
is clear that the counter-clockwise C' may be chosen to coincide with |u| =1,
which is a steepest descent path since Im f = 0 on u = €. We get

1 2
_ —v(utl/u)+u™/201 4 Lo L
Ch—1 5im fuZle ( + N l(u) l/))
1 2 1
_ —v(u+l/u)+u/2 1 _F 1 d 1.141
— 7{4_16 ( + - 1(u, 1/v) ) du ( )

where Fi(u,z) is analytic in (z,u) € D1 x T where T' is a neighborhood of
the circle D;. Now the substitution u + 1/u = —2 4 v brings the integral to
a sum of two integrals, for each of which Exercise 1.74 applies. This gives, to

leading order,
2VEk

e
k-1 = 2\ /mek3/4 (

Alternately, we may use u = e and use Laplace’s method to each of the
following integrals to obtain the same result

1 /2 37/2 1 ..
— / + / dfe=2V<os% exp [ew + ie} (1.143)
2y —m/2 /2 2

It is to be noted that the contribution from the saddle © = +1 is exponentially
small in £ relative to the contribution from u = —1.

Higher order corrections are obtained more simply as follows. We note that
f(z) = exp(1/(1 — 2)) satisfies the ODE

(1=2)°f"(2) = f(z) =0 (1.144)

The general analytic theory of ODEs implies that there is a on-parameter
family of solutions analytic at zero of the form f(z) = CY jo,cx2®. On
inserting this power series into (1.144) and collecting like coefficients of powers
of z, we obtain recurrence relation for c¢;. With normalization ¢y = 1, we
obtain C' = 1 in order that f(0) = e. Recurrence relation shows ¢; = %co = %7
while for k£ > 2,

1+ 0(1)) (1.142)

e = (2= 1/k)cp_1 — (1 — 2/k)cp—o (1.145)

from which we can get, as we will see in the sequel, the asymptotic behavior
of ¢, by seeking formal asymptotic solutions of (1.145).
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1.5 Formal and actual solutions

Consider the differential equation

% =f+A+z2f% f0) =1 (1.146)
which we analyze in a neighborhood of z = 0. The general analytic theory
of ODEs ensures existence and uniqueness and analyticity of the solution in
a neighborhood of z = 0. We can calculate the power series solution in a
number of ways, for instance by substituting f(z) = Yo, cx2" into (1.146)
and identifying the coefficients c;. We get

11
f(z):1+22+gz2+€z‘*fz4w (1.147)

If we write the equation in integral form

f2) =1+ / 1)+ () + s 5(9)] ds

and iterate,

fasa(z) =1+ / a(9) + 22() 4 sf2()dss fo(z) =1 (1.148)

we can check that, for small z the sequence {fx}x is uniformly Cauchy, and
thus convergent. This can be seen using the fact that if a function A is bounded

and integrable, then
/ h(s)ds
0

The recurrence (1.148) can be used to generate the power series at zero, by
inductively replacing f, by its Maclaurin series truncated to O(z") and in-
tegrating the resulting series term by term. We will not go over the details
here, as we will develop more general tools shortly.

Consider instead the equation

< |7| max h(s)| (1.149)

s|<|z|

dg —2 -1

— =z z)—z 1.150

Y = () (1.150)
The point z = 0 is a singular point of (1.150), in fact an irregular singular
point; there are no analytic solutions near zero. An initial value at z = 0 is not
well defined. Nonetheless, we can find a formal power series formal solutions

ey cxz*. In this simple example it is easy to insert the power series into
(1.150) and identify the coefficients. We get ¢, = I'(k), and formally

g(z) “=7 Zf(kj)zk, (1.151)
k=1
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where the power series in (1.151) has zero radius of convergence. To generate
the power series inductively, we now note that, if we formally differentiate
g(z) = Os(2"), then ¢'(z) = O(z""') < z72g(z). It then follows that the
natural direction of iteration, one in which we place the lower order terms on
the right side of the equation is

gnt1(2) = 229, (2) + 25 go(z) =2 (1.152)

The iteration (1.152) is well defined, and it is solved by the polynomial g, (z) =

Zii I'(k)z*. The sequence of polynomials has no limit. Whenever the size
of the term containing the highest derivative is formally small with respect
to terms involving lower order derivatives, the natural direction of iteration
would place the highest derivative on the right side of the equation. However,
in general, we cannot bound ¢’ in terms of g, so an iteration of the type
(1.152) is not expected to converge. Does the expansion (1.151) relate in any
way to the solutions of (1.150)7 In this example, we can write down the exact

solution of the equation as
g(z) = Ce V% — e_l/z/ s lel/*ds (1.153)
1

The change of variables s = 1/t,z = 1/x brings (1.153) to the form

T 1 T
g(1/z) = Ce_m—&—e_x/ t~leldt = C’e_m—e_m/ t_let—l—e_z/ t~tetdt

1 —0o0 —o0

=: Coe™ ™ + e_””/ t~teldt = / 16 du+ Cye™ (1.154)
—o00 0 —u

where the contour of integration avoids t = 0 and v = 1. Watson’s lemma
shows that g(z) ~ 3,2, T'(k)z*. What we see is that the formal power series
solution is, in this case as well as in (1.146), the Maclaurin series as z — 0T
of some solution (here, in fact, all solutions have the same Maclaurin series).
Only now the Maclaurin series diverges. The fact that formal solutions are
asymptotic to actual ones is true in much wider generality, as we will see in
the sequel.

1.5a An irregular singular point of a nonlinear equation

Consider Abel’s equation
v =y +ux (1.155)

in the limit z — 4oo0. We first find the asymptotic behavior of solutions
formally, and then justify the argument. We use the method of dominant
balance that we will discuss in detail later. As x becomes large, y, 3/, or both
need to become large if the equation (1.155) is to hold. Assume first that the
balance is between ¢y’ and z and that y < z. If ¥’ ~ x then we have y ~ 12 /2
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and y? ~ 2°/8, and this is inconsistent since it would imply z%/8 = O(x).
Now, if we assume x < y> then the balance would be ' ~ 33, implying
y ~ —%(z —x0)~?; but this is small for  — ¢ > 1, which conflicts with what
we assumed, 2 < y>. We have one possibility left: y = az'/3(1+0(1)), where
o = 1, which assuming differentiability implies ¢/ = O(z~2/3) which is now
consistent. We substitute

y = az'?(1+v(zx)) (1.156)

in (1.155); for definiteness, we choose o = e™/3, though any cube root of —1
would suffice. We get

!

az'/3 + 3zv + 3av? + 20® + 223 4 %w‘w?’v =0 (1.157)

3

2/3 meaning that v =

Now a consistent balance is between 3rv and —$x~
O(x~%/3). This makes the nonlinear terms small and, for the purpose of
justifying the analysis, we don’t need to further expand v. We now aim at
writing (1.157) in a suitable integral form. We first place the formally largest
term(s) containing v and v’ on the left side and the smaller terms as well as

the terms not depending on v on the right side:

az'/3v' 4 3o = h(z,v(x)); —h(z,v(z)) = 3zv® + 20® + %x_2/3 + 223y
(1.158)
We treat (1.158) as a linear inhomogeneous equation, and solve it thinking

for the moment that h is given.
This leads to

v =N(v);

1 x
Nw) = Cewa? 4 76_5%955/3/ 65%55/38_1/3h(8,v(8))d8 (1.159)
a 0

We chose the limits of integration in such a way that the integrand is maximal
— e 3 —1/3 245/ :
when s = x: if z — 400, then x esa — 00, and our choice corresponds
indeed to this prescription.
The largest of the terms not containing v on the right side of (2.46) comes
from the term 22~%/% in h, and is of the order 2z7%/3(1 + o(1)). Indeed, for

Reb > 0 by Watson’s Lemma or simply by L’Hospital we get

[ ebs™ Jsnds

ez ~bTihmT et 2 o oo (1.160)

Again by dominant balance, we expect v = O(z~%/3). Thus, it is natural to
choose x( large enough and introduce the Banach space

{F=1IfI == sup 2%/ f ()| < o0} (1.161)
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or the region |x| > ¢ in a sector S in the complex domain where Re (éxf’/g’) >

0: argz € (=75, 5):

B=Af:Ifll:= sup %72 f ()| < o0} (1.162)

and within this space a ball of size large enough 7§7 to accommodate for the

largest term on the right side, %x”/?’:

Br:={feB:|fll<z} (1.163)

[SCIN )

Lemma 1.164 For given C, if xo is large enough, then the operator N is
contractive in By and thus (2.46) (as well as (1.158)) has a unique solution
there.

PROOF  We first check that N(By) C B, by estimating each term in
N. By (1.160) we have for large enough g, [Nz=™| = %|z|~™71(1 + o(1)).
In particular, |N%x*2/3| < %|x|’5/3(1 + 0(1)). The contribution of the
other terms are much smaller. For instance, |zv?| < Cz'=%/2|lv|| we have
WV (z0?)] = Cla|75/2(1 + o(1)).

To show contractivity, we note that, for k > 1,

N (o = ob)] < klles = v IV [275/22(2/8) a5 0/2]

1.5b The wave equation with potential

The free wave equation is uy — c?ug, = 0; ¢ can be scaled out, by changing
variables to & = x/c; without loss of generality we can then assume ¢ = 1.
One common setting is to have the initial position and velocity specified, that
is

Ute — Uz = 0; u(z,0) = f(z), we(x,0) = g(z) (1.165)
When f € C?(R) and g € C*(R), the change of variable { =z —t, n =z + ¢
leads to the well-known D’Alembert solution
-+t
u(z,t) = 5 flx+t)+ 5 (@ —1t)+ %/ g(s)ds (1.166)

—t

Without smoothness of f and g (1.166) is interpreted as a weak solution. In
the same way we can solve the wave equation with a source,

Ut — Uge = S(2,1); u(z,0) = f(2), u(x,0)=g(z) (1.167)
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to obtain
u(z,t) = 5 f(z +1t) + %f(x —t)
x4+t r+t— tl

—t —t+t;

The wave equation with potential arises naturally in a number of physical
problems, ranging from electrodynamics to the wave evolution in the presence
of a black hole. It reads

Ut — Ugy + V(2)u(z,t) = 0; u(z,u) = f(z), u(z,0)=g(x) (1.169)

Clearly, at least for general V' we cannot expect to solve (1.169) in closed
form.

Here we assume that V € L*®(R) and f,g are in L'(R) and show that
(1.169) has a global solution u(-,t) € L*(R) and |ju(-,t)||z: grows at most
exponentially in ¢t. That exponential growth is possible for some potentials
can be seen in the following way. Looking for solutions in the form wu(z,t) =
eMU(z) we obtain

~U"+V(2)U = -NU (1.170)
Eq. (1.170) is the time-independent Schrédinger equation; in that setting it
is natural to assume that V decays as * — oo. An L? solution of (1.170) for
A # 0 is called a bound state of the quantum Hamiltonian —dd—; + V(z), and
for many potentials of interest these do exist.

We can use (1.171) to rewrite (1.169) in integral form,

u(xvt)_zf(x+t) Qf(x_t
z+t r+t— f1
+ %/ ds — 7/ / Yu(zy,ty)dzidt; =: Au](z,t)

t+t
(1.171)

Proposition 1.172 Assume the initial conditions f(x) = u(t,0) and g(z) =
1

ug(z,0) are in LY(R) and V. € L>®(R). Then, if v > 2|V || we have

supsq e~ lu(t, )L, < oo.

PROOF We write the Duhamel formula as

b= A, Auim LE=D T4

+1 /jc oy — 2)g(y)dy + = / / w(y, $)V (W) xi-s(y — @))dyds  (1.173)

where X, is the characteristic function of the interval [—a,a]. Consider the
Banach space

B=(u:|lull = sup e u(t, ) < oo} (v>VEIVIL)  (1174)
S
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Applying Fubini to integrate first in x, we see that || fix;o xt(y—x)g(y)dy|1 <
2t||g||1 and (since by definition |lu(-, s)||1 < |lull,e”*®)

supe V!
t>0

/ot /_O; w(y, )V (y)xe—s(y — x)dydt

1

t
< IIVHooHullusupe‘”t/ 2(t — s)e"*ds < 2||V|oor™?[Jull,  (1.175)
t>0 0

Using (1.175) we see that A : B — B is contractive. Also, assuming f, g and
V are smooth, the solution is seen to be smooth too: since u € L', Duhamel’s
formula shows that it is continuous; then, as usual, using continuity we derive
differentiability, and inductively, we see that u is smooth. I

Exercise 1.176 Complete the details by showing that this result implies
global existence of a solution of (1.169).

Exercise 1.177 (i) Assume V € L?*(R). Prove a similar result with ||u|| given

1/2
by sup;>g e vt (ffooo |u(ac7t)|2d:1:) . Use this result to estimate the largest

possible eigenvalue of V.

1.5¢ Regular versus singular perturbations

Consider first two elementary problems: finding the roots of the polynomials
Pi(z;6) = 2% — 2 — ¢ and Py(x;¢) = ex® — x — ¢ for small ¢.

We see that Py (x;0) has five roots, p = 0,+1, +i. We choose one of them,
say p = 1 and look for roots of Pi(z;¢) in the form p(e) = 1+ >+, cre®.
Substituting in the equation P; = 0 we get (4c; — 1)e + (deg +10¢2)e2 + (4des +

20cica + 10¢3))e3 = 0, and solving for the coefficients ¢y, ..., c3,... we get
1 5 5
= - = —_——_— — T Ty e 11
C1 4 , C2 32 , C3 39 ) ( 78)

The series of p(e) is actually convergent. It would not be very convenient to
prove this directly from the recurrence relation, though this is possible. A
better way is to substitute p = 1 4+ § into the equation, placing the largest
term containing § on the left side, and showing that the equation for ¢ is
contractive for small d, in a space of functions analytic in € at ¢ = 0. We leave
the details as an exercise.This is a typical behavior in regularly perturbed
problems: the roots of the leading order equation Pj(z;0) give the leading
behavior of the actual roots of P;(z,¢) as e — 0.

By contrast, Py(z;0) has only one root, z = 0. Four solutions of the quintic
polynomial Py(x, ¢) are lost by setting e = 0 in the equation; this is an example
of singular perturtbation since Py(x;0) does not capture all the behavior of of
the five roots of Py(z,£) as e — 0. We can find the missing roots by applying a
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formal dominant balance argument: clearly ez® has to be part of the balance.
Balancing ex® with ¢ leads to an inconsistency, since —z would turn out to
be much larger. We must then have ex® ~ z or ez ~ 1. To obtain the higher
order corrections, we substitute = e~ /%y and we get

v =y+n (n=2e"" (1.179)

Now the limiting (7 — 0) equation, y> = y, has five roots as expected of a
quintic polynomial. In fact, the equation (1.179) is Pi(y;n) = 0 and, if we
take y = 14+ & we get a convergent expansion § = 11 — 1% + 5n° + .. ..
Substituting to get J, we see that d(e) is not analytic; nonetheless it has a
convergent expansion in powers of €%/4. By contrast, we will find that in
singular perturbation of differential equations, where a small parameter typi-
cally multiples the highest derivative, the asymptotic expansions are generally
divergent.

An equation can be regularly perturbed in some regimes and singularly
perturbed in some others.

An interesting example is the pendulum of slowly variable length. A model

equation is

g =0
lop+et
where ¢ is the generalized position, g is the gravitational acceleration and [ is
the initial length. A proper treatment of this problem will have to wait until
we study adiabatic invariants.

By changing units and ¢ we can assume without loss of generality [ = g = 1.
The limiting equation § + ¢ = 0 has a two dimensional family of solutions,
y = Asint + Bcost. Assuming that y(0) = 0 and y(0) = 1 we choose
qo(t) = sint. We look for solutions y in the form of power series in powers of
&

g+

(1.180)

y(t) =sint + Yy Fy(t) (1.181)
k=1
Solving order by order in £ and using the initial condition y(0) = 0 and

9(0) = 1, translating to yx(0) =0, y;,(0) = 0 for k£ > 1, we get
. 1, 1,
q(t) =sint + Ztsmt - Zt cost | e

3 3 2 1 4 . 3 1 3 2
+ |:<3 3 t 3 t )Slnt ( t 1 t cost| e ( )

We see that the validity of the expansion is limited by the condition #?¢ <
const., where const. needs to be relatively small, since otherwise we end up
with a series of successively growing terms, and the expansion would be use-
less: we would have to look at the complete expansion, to all orders in ¢, to
hope to understand anything about q.
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In a region where t < e~/ with § small enough, we can set up a con-
tractive mapping argument to justify the expansion, which will turn out to
be convergent. We leave this as an exercise as well.

Note also that in the time interval 0 < t < 1/ we have | = [y + O(/, that
is, the length does not change much; this region is not very interesting. A
proper treatment of this problem will have to wait until we study adiabatic
invariants.

Now, when t ~ ¢71/2 it is natural to take ty/e = T as a new variable,
q(t) = Q(7) that will not be necessarily small. The equation for @) reads.

Q
Tryer 0

Now the limit € — 0 is singular: in this limit equation (1.183) would become
% = 0; here, as in the case of Py(x;¢) we lose most solutions. Further-
more, the surviving solution @ = 0 is not very interesting, and it does not
satisfy the initial condition. We need to do something else, in this case WKB,
which we introduce in §1.5c.1 below.

eQ + (1.183)

1.5c.1 Singularly perturbed differential equations

Consider first the very simple equation
2y +y=0; ex1 (1.184)

which can be of course solved in closed form, which we will do after we explore
some qualitative features. The limit e — 0 is singular: taking ¢ = 0 in (1.184)
leaves us with y = 0. Most solutions of (1.184) are lost in this limit. This
is one of the indications that an equation is singularly perturbed. The other
one, that we will return to, is non-analytic behavior in €.

Similarly, the equation

d*y 2

proaak y=0 (1.185)
is singularly perturbed as x — oo, since the change of variable z = 1/z brings
it to 2 J
4d—z‘g + 2z3d—z —ad®y(z) =0 (1.186)
and we see that for small z the coeflicients of the derivatives on the left side
of the equation vanish at z = 0, and if we ignored these terms we would be
once more left with a scalar equation, y = 0.

The eigenvalue problem for the one-dimensional Schrodinger equation

z

—h2" + V() = Ey (1.187)

is singularly perturbed in the when the Planck constant is taken to the
limit & — 0 (its physical value is ~ 6.626068 x 10~3*m2kg/s). Here 1
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is the wave function and it has the physical interpretation that |¢(x)|? is
probability density function for a particle and the total probability is one:
1Y)l = [ |¢(2)[?dz = 1. For a typical potential V going to zero as z — oo,
Eq. (1.187) is also singularly perturbed when z — oco. Indeed, scaling out %
now and taking z = 1/x we get
2
—24% — 223% +V(1/2)¢ = Ey (1.188)
and for z = 0 we are left with the scalar equation Fy = 0. The solution ¢ =0
is not physically acceptable, as it violates ||¢]|2 = 1.
We can analyze (1.188) using dominant balance. It is clear that V(1/z)y
cannot be part of the dominant balance, since it is necessarily much smaller
than Ev. We are left with three possible balances, only one of them consistent.

If we assume 24%Y% ~ 7223%, ie. V(1/2)¢, By << ALY e get ¢ ~

dz? dz2"

const/z, but then this violates the assumption Ei << 24‘57%’, unless E = 0.
If instead we balance 223% = FEy we get ¢ ~ e’%E'Z—2, assuming other terms

in (1.188) to be 2Smauller, then 24% > F contrary to the assumption. We
Y ~ Ev.

To analyze the balance 24‘127’;/,’ ~ FE1 it is useful to note that the same
balance is the only consistent one in (1.186) which can be solved exactly, as it
is equivalent to (1.185): the solution is y(z) = exp(+az) = exp(+a/z). The
solutions do not have asymptotic power series for small z, but their logs do.
An exponential substitution, y = e*(*) is suggested, and this WKB ansatz is
very helpful in singularly perturbed equations.

We will proceed formally first, and then prove a result for (1.187). So,
consider again (1.187) and substitute 1 (x) = e“(®). After dividing by e*(*)
we get

are left with z*

R’ +w'”) =E-V(z) (1.189)
or, with w’ = f, we get the first order nonlinear ODE
~R(f'+ ) =E-V(2) (1.190)

We analyze (2.264) by dominant balance. We first assume for simplicity that
E > V() for all x; a similar argument works if F < V(z) for all z, with
V'V (x) — E replacing iy/E — V(z). The situations in which F = V(z) has
nontrivial solutions, called turning points are important, and we will study
them separately.

Note 1.191 In a WKB ansatz, we have w” < w'>. Indeed, the balance

—h2w" ~ E—V(z) would give w = O4(hi~2) and then w'*> = O,(h~*) showing
that this choice is inconsistent. The balance w” ~ —w'> does not work either
since then w, w’, w” = O(1) whereas, under our assumptions we have h=2(E —
V(z)) = O4(h~2). We are left with the balance w'> ~ —h~2(E — V (z)) with
w" < w'? (we have already seen that w” % w'? ).
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According to Note 1.191 we place w” on the right side of the equation, treated
as being relatively small. With f = w’, (1.190) implies

f:i%\/EfV(x)+h2f’ (1.192)

where we choose one sign at a time, say plus for now, and we expand (1.192),
by the usual Picard-like asymptotic iterations,

i1l %\/E —V(x) + R2flV (1.193)

The fact that the highest order derivative is on the right side of the iteration
strongly indicates that the expansion thus obtained is divergent.
Expanding in A to three orders we get

f[n+1] — 1\/]5,7‘/(3&)+ ihf[”]’ . Z‘(f[n]/)zhg U (1.194)
R 2/E—V(z) 8(E-V(x))3?

In this way we get
O =1/E-V(x) (1.195)
A 1 v
[N p— _ -
= i VE= V@) + 2 (1.196)

, 1 v Sy 4 Lvi(E-V))
B =VE-V@)+ ;5 ;

v E vy

(1.197)

To two orders, this gives
wl® = %/ VE -V (s)ds +C (1.198)
zo
o[ 1
Wil = i / VE -~ V(s)ds — 3 n(E ~ V() +C (1.199)
)

or

b = CL(E — V(x))V4eh oo VETVES (1 4 5(1)) (1.200)

1.5c.2 Proof of existence of a solution of (1.187) in the form (1.200)

One way of proving the expansion is to return to (1.190) where we substitute
for f(z) = fUl(z) +6(x), 7 = 1 '2. Here we choose j = 1; assuming that the
regularity of V allows for calculating higher order terms which involve higher

12The minimum j needed depends on the problem; in some settings, j = 0 suffices. As a
rule, the more terms we pull out, the more contractive the operator becomes, at the expense
of getting a more involved algebra.
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derivatives of V' as seen in (1.195) taking j = j; > 1 would allow for proving
asymptoticity of the expansion with j; 4+ 1 terms.

f(@)=4iVE-V(z)+>——— +6(z) (1.201)

The equation for §(x) is

RV’
' +2i/E—-V(z)d+ ————6 = —hg — hd>
+ 24 (2) +2(E—V(:n) g

5 v v
where g¢(z) := T (E — V(x)) + E— V(@) (1.202)

We note that we need to keep the highest derivative term, here hd’ on the
left side of (1.202) even though it is multiplied by small 4. In fact, in general,
in a singularly perturbed problem, the singularly perturbed term cannot be
discarded. .

We then write the equation in integral form. Let J = 2! fwo VE —-V(s)ds

and p(z) = (E — V(m))71/2. Using the integrating factor for the left side of
1.202, we get

e T I atards [T IO (082 s ds
o) =~ [ e Oge)is = S [ e n(s)8% )

=0+ N (1.203)
To prove a rigorous result we need some assumptions.

Assumption 1.204 For simplicity. we let V : R — C, V € C?(R), and V
is O(1/x17¢) for large o and it “acts like a symbol” essentially meaning that
we can differentiate the asymptotics: V' = O(1/2%%¢) and V" = O(1/237¢).
We work on an interval, say [xg,00), where E — V() > a > 0. We note that
under these assumptions we have g(x) = O(x~37¢) for large .

We introduce the Banach space

B={0:[x9,00) = C | ||§]| := sup |z'T¢(x)| < o0} (1.205)

T>x0

We first prove that the term

— /00 p(s)e?®g(s)ds (1.206)

in (1.203) decays as i — 0 or as g — +00.

Lemma 1.207 Under Assumption 1.204, we have limp_q ||0o|| = 0. Further-
more, for any h # 0, limg, 0o ||00]| — 0.
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PROOF  Let t = t(z) = [, /E —V(t)dt. Note that ¢ : [z, 00] — [0,00]

is increasing since t'(z) = \/F — V(z) = 1/u(x) is bounded away from zero.
Let

)=t [ el gtops = [ glatd) O] )
x t
(1.208)
Since |z' e’ g(s)u(s)| < s u(s)|g(s)] is in L, the first equality in (1.208)
implies
xlglolo f(z)=0 (1.209)
Using the fact that ﬁe"](z) is bounded, (1.205), (1.203) and (1.209) imply
limy, 00 ||00|| = O for any & # 0. Now, consider the case of & — 0 with zg > 0
fixed.
We claim that for any € > 0, there exists fip such that |f(z)| < e for any x
if A < ho.
First, from (1.209), it follows that for large enough M and z > M we have
|f(z)| < e. Then, the Riemann-Lebesgue lemma implies that for z € [z, M|
we have limy_,o f(z) = 0. Since f is uniformly continuous on compact sets,

convergence is uniform in x, i.e. there exists fip so that |i| < hp implies
l]__lf(:r)| < ¢ for any 2. Therefore, limy_, [|0o|| = 0 since e=7®) /() is bounded.

Theorem 1.210 Under Assumption 1.204, if xg is large enough or h is small
enough, then two linearly independent solutions of (1.187) for x € (xg,0),
Y =11 and ¢ = 1, satisfy

Pi(z) = [E = V(z)] Y*exp [; /gc [E—V(#)]"? dt} {1+o0(1)} (1.211)

0

Po(z) = [E — V(z)] *exp [_; /x [E—V()Y? dt] {14+0(1)} (1.212)

Zo

PROOF We only prove the result for 1, since the proof for 15 is the same
after changing the sign of i. Since ¥ = eV, W’ = fIl 4§, it is enough to
show that (1.203) has a solution in a ball where ||d]| is small:

B. = {5 €B||5] < ¢} (1.213)

Using Lemma 1.207, we see that for any € > 0, if we x¢ is large enough or &
is small enough, then [|6y|| < 4e. Now, for any § € B, we have

|x1+8/\/‘[6“ S H(5||2.CL‘1+E/ ZE;))S_z_QEdS S CH(SHQ S 062,
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where C'is independent of e. Choosing € < 55, this implies that [|do+A[0]]| <
e and [|[N[01] = N[02]|| < 2Cel|61 — 2| < ||61 — 2. Therefore, the contraction
mapping theorem implies that there exists a unique solution in B..

If, as mentioned at the beginning of the section we took j = j; > 1 instead,
then the remainder g in the map (1.224) will be of higher order in i. With
this change, contractivity is proved in the same way, to obtain an asymptotic
expansion with j; 4+ 1 terms.

Remark 1.214 Replacing i by —i in in (1.200) gives the behavior of a second
independent independent solution of (1.187) in (g, 00).

Remark 1.215 (i) No decay assumption on V is necessary for Theorem
1.210 to apply for x in a fized (h—independent interval [a,b]. (ii) The as-
sumption o > 0 in Theorem 1.210 is not needed. To allow for xg < O the
proof is largely the same. Assuming V(z) = O(|z|717%) as * — —o0, we
would instead use the norm ||8]| = SUp,¢ (4, 00y 1+ |2]) 50 (2)].

1.5d The case V() —E>a>0

In this case, if V' € C?, the arguments given in §1.5c.1 that lead to WKB
solution of (1.187) may be applied in this case again to give the result

PY=C[V(x) — E]—1/4 exp [i; /I\/V(t) - Edt} [1+40(1)] for z € (xg,00)

(1.216)
either for g — +o00 or i — 0. The precise result is given below:

Theorem 1.217 For V € C?%(z9,00), and V(z) — E > a > 0, as xg — +0
or i — 0%, Two independent solutions of (1.187) are given by 1 = 11 and
1 = 1o, where

Vi(z) = [V(z) — Bl Y exp {; /m V() — B2 dt} (1+0(1)} (1.218)

[¢]

() = [V(2) — E]”* exp {h / V(t) — E]Y? dt} {14+ 0(1)} (1.219)
zo
The proof of this theorem is similar to the proof of Theorem 1.210. The
only difference is that in the proof for ¢ ~ 11, in the equation for § defined
by W' = /V(z) — E — m + 6, where 1 = €', it is necessary to put
the integral equation for ¢ in the following form

5 e—J(x) /1‘ ( ) ( ) 7 )d e—J(I) /m () ( )52( )d 5 N6
=— g(s)u(s)e’**ds — e’ u(s)o°(s)ds =: §g +
(@) Ju (@) Jay ’
(1.220)
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where J(z) = 2,/V(z) — E and p = (V(z) — E)~'/2, On the other hand, to

prove ¢ ~ 19, On the other hand, when W' = —/V(z) — E — WLE} +9,

where 1) = €'V it is necessary we replace the integration limit z¢ in (1.220) by
00, or the right end of whatever x interval one is concerned with, since in this
case, J(z) = —2,/V(z) — E- these choices of limits ensure that e”/(@)=7(s) <
1.

Exercise 1.221 Prove Theorem 1.217. You may want to use the fact that for
locally integrable g, limy_,q+ ffo e @) =I()q(s)ds — 0 when J = 2\/V(z)-E.

1.5d.1 Turning points

In the previous subsection we assumed that £ —V is bounded below. This
assumption is in fact necessary, otherwise the asymptotic behavior of the
solutions is different. If we examine the procedure used to derive (1.194)
from (1.193), we see that the expansion is only valid if n2fn' « E - V(x),
that is, to have f ~ fl% we need W(E — V(z))™'/? < E — V(z), that is,
E — V(x) > h*?. Something else must be done when the latter condition
fails.

In our assumption V is smooth. Generically, near a zero of V(z) — E, also
referred to as a turning point, V(z) = a(x — z;) + O(z — x4)?, where a # 0.
Without loss of generality we can take x; = 0 and o = —1 through translation
and scaling. The region where our WKB does not hold is given by |z| < h%/3.
It is n/atural to change variables to t = /h%/3 in (1.187); we get, after dividing
by h2 37

— (1) — t(t) = B2 ((0)) (1) (1.222)
where ¢1(z) = 272[E — V(z) — z]. To leading order in small A, v satisfies
—{(t) — tio(t) = 0 with the general solution

Po(t) = CLAI(—t) + CoBi(—t) (1.223)

Since the right hand side of (1.223) is a regular perturbation in 7#%/3 for ¢ in
any finite interval, we can obtain higher order corrections in A as usual.

1.6 Borderline region: z > r*/?

Assume a turning point at = 0, i.e. , E = V(0) and that F — V(z) > 0
for x > 0. Then, for x > x¢ > 0, independent of A, Theorem 1.210 applies.
We now write a mapping for an interval (a,zo) where a is allowed to depend
on h:

e—J(ac)

==y

e—J(x)

w(x)

/ ¢! p(s)g(s)ds — / ¢/ p(s)8(s)2ds == 6o + N6

(1.224)
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The reasoning is similar to that in §1.5¢.2. We choose a as small as possible,
while still allowing the right side of (1.224) to be contractive. For this to be
the case, we need |g| < |#|~2 and we choose a so that 62 < g; when this is
possible, as shown at the end of the argument, the results of Theorem 1.210
extend to the interval (a,xg). To determine what this condition entails, we
use dominant balance in (1.202): § < filgz~1/?| < hjz|~%/2, and thus 6% < g
implies h?|z| =5 < hlz|~2, that is |z| > h?/3. For contractivity we need, as in
§1.5¢.2, |01 + 61| < 1 which for &;,85 = O (ha~°/2) holds if « > h?*®. This
condition is stringent than |z| > h?/3. We then choose a = vh?/® with v
sufficiently large, and with this, the map is contractive on (a,zg). We leave
the details as an exercise.

1.6a Inner region: Rigorous analysis

—p" — ) = =Rt (B2Pt) = f(t) (1.225)

which can be transformed into an integral equation in the usual way,

(1) = mAi(—1) / F(5)Bi(—8)(s)ds — 7Bi(—t) / F(5)Ai(—s)(s)ds
+ CyAI(—t) + CoBi(—t)  (1.226)

where Ai, Bi are the Airy functions, with the integral representations:

coe™i/3

1 1,3
Aj = — st ==t gy 1.227
&) =5rs [ e (1.227)
1 coe™i/3 1 coe—Ti/3
: _ 1432t L 1432t
Bi(z) = 5 /_Oo es dt + o /_OO es dt (1.228)

The integral representations allow us to derive the global behavior at oo, that
is, the asymptotic expansion in any direction towards infinity, with explicit
constants. With ¢ = %|t|% we have

1 1
Ai(—t) ~ ——[t| M4 Bi(—t) ~ —=|t| "}/ 4eS; - 1.22
i)~ ot Bt~ e e (120
[1] and

as t — —oo. We have to choose the limits of integration in (1.226) in order for
the right side of (1.226) to be a contractive mapping. The general prescription
is that the maximum point of the integration contour should be at the variable
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point of integration, if the integrand behaves exponentially. We note that we
cannot quite choose infinity as an upper limit since the Airy-type behavior
was derived in the inner region |x| < A%/% and in general is not expected to
be the same outside. We will choose as large a t-interval (—M;j, Ms), possibly
depending on # for which the leading order behavior ¢ ~ Cy Ai(—t)+C2Bi(—t)
can be shown. We rewrite (1.225) in the integral form

t

P(t) = 7rAi(—t)/O f(s)Bi(=s)¢(s)ds — Bi(—t) f(s)Ai(=s)¢(s)ds

— M,
+ C1Ai(—t) + CoBi(—t) = Jo + o (1.231)

Next, to control the norm of J, for large M; the estimate
It]
|t|_1/46_%‘t|3/2h2/3/ s2571/4e35°% g SEBM, (t— —o0)  (1.232)
0

follows from Watson’s Lemma after the change of variable p = 1 — s3/2/|t|3/2,
and similarly

M -
|t\’1/4e%|t|3/2h3/2/ 2 i3 g S 2 < RN (1.233)

i

The right sides of (1.234) and (1.233) are small if M; < h~2/3. For t — 400,
estimating crudely |sin|, | cos| by one, we get

t
t—1/4ﬁ2/3/ 52571/ 4ds < K2/345/2 < B33, (1.234)
0

which is small for My < h=*/15. We now work in the sup norm on [— M, M)
and obtain, in the usual way, the following result

Proposition 1.235 If /i is small enough, then J defined in Eq. (1.231) is
contractive in L (—My, Ms) when R2/3 My and B My are small enough.

We leave the details as an exercise. We see that the region of contractivity
for t < 0 simply requires || < 1. On the other hand, the same is true for
t > 0, with the price of making the argument quite a bit more involved.

Note 1.236 The contractivity of the map for < 0 only requires |z| < 1.
However, the norm used, L* does not allow for controlling the asymptotic
behavior of solutions as t becomes large. In particular, we would like to un-
derstand for what range of (large, negative) ¢ does the solution of (1.225) have
the behavior described by Airy function asymptotics, (1.229). The behavior
(1.229) does not follow from our arguments, and in fact it is not even correct
if [t > h=*/15 as we will see in §1.6b.
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1.6b Matching region

Let’s analyze the behavior of solutions in the region 1 < |t| < h=4/1%. We
will only analyze ¢t < 0, as for ¢ > 0 the analysis is similar (in fact, slightly
simpler).

We first write ¢ = —u to make the analysis clearer. We get

— "+ wp = —h2 U (=R Bu)e (1.237)

We next bring (1.225) to a form that is best suited for looking at large t,
a process called normalization. In the region where solutions have Airy-like
asymptotic behavior, roughly 1~/ 4ei%“3/2, we change variables so that the
leading behavior is of the form e®. A way to do this is simply by rescaling the
dependent and independent variables, ¥ (u) = u*1/4g(%u3/2).

With s = 2u3/2, this leads to the equation

5 _ 181/3
9" —g=—=-5"g(s) +

= —hoi(s)52g(s) = Fls)g(s)  (1.238)

where ¢; is bounded. Choosing sg large enough, we write (2.45) in the integral
form:

g= Aes—t—Be*s—&—% (es / F(v)e Yg(v)dv — efs/ F(v)e”g(v)dv) (1.239)
M S0
where M will be “large but not too large” so that two solutions with asymp-
totic behavior e® and e™* respectively exist for s € [sg, M].

We now look for a solution with the behavior g(s) = e~* for large s. The
adapted norm to measure this type of behavior is ||g|| = sup;- ., [g(s)e*|. We
should take A = 0 in (1.239), since the norm of e® is very large, of order M.
To check for the contractivity of the map in this norm, we use the fact that,
by the definition of the norm, |g(v)| < ||g|le”". For the first integral we have

e’ |e’ /s F(v)e ’g(v)dv

M

S HgHe2s/ (h2/3v2/3 +1)_2)6_2de)
M
S gl (R?2s*% 4 572) S gl (BPMP/% 4 55%)  (1.240)

where we used Watson’s lemma. In order for the norm of this part of the
operator to be less than one, we need sy to be large, which we assumed
already, and, once more, |z| < 1.

For the second integral, we see that the exponential in the definition of the
norm cancels the exponential which was already in the integrand and we get

65

e / F(v)e' g(v)dv

Sl | (2500 0 2)ds < g5 + 55
S0

Sah a2 455t (1.241)
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which can be made small if s is large, as before, and if |z| < #%/®. The
mapping is now contractive in a smaller region— the one that we have obtained
before in the oscillatory regime.

Exercise 1.242 Complete the details of the analysis, and do a similar anal-
ysis for the behavior e® (where now the norm would be | g|| = sup, |e *g(s)|).
Show the existence of solutions of (1.225) with the behavior of the Airy func-
tions Ai and Bi, cf. (1.229) in the region |z| < h*/°.

Note now that, when approaching z = 0 from the outer region, we have F —
V(z) = az+o(x?) where, by scaling we chose a = 1; thenih~™! [ \/E — V(z) =
ih~12 (2% + O(2%/?)) and

(E - V(x))—1/4em*1f,/E—V(x) _ x—1/4em—1%(x3/2+0(x5/2)) (1.243)

and by switching to the variable ¢ = h~2/3z we get the behavior of a linear
combination of Ai and Bi in the oscillatory region. Similarly, changing i to —i
in the analysis above we get a linearly independent solution, with the behavior
given by a different combination of Ai and Bi. This was to be expected since
we are, after all, dealing with the same equation in the inner and outer region,
up to these changes of variables, and the behaviors should correspond to each
other.

Matching means simply finding the concrete values of the constants so that
an outer solution equals an inner one.

We note that there is a difference between the oscillatory outer region and
the one with growing/decaying exponential behavior. If only the decaying
exponential is present in the outer solution, the matching is straightforward: it
corresponds simply to the solution with the behavior Ai in the inner region (Bi
should not be present since it grows exponentially). But if the outer solution
has both growing and decaying components, matching becomes more delicate
since the small exponential is masked by the larger one to all orders of an
asymptotic expansion in A and finding the correspondence between constants
cannot be done by classical asymptotic means. One has to go to the complex
domain if the potential is analytic or use exponential asymptotic tools.

1.7 Recovering actual solutions from formal ones

Consider the simple ODE

Yy =y+1/x (1.244)
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(1.244) has an irregular singularity at infinity. If we look for formal asymptotic
series solutions § =, cxz " we get cg = 0, ¢ = (—1)*(k — 1)!, that is

Y= i Chw (1.245)

s
k=0

This series has empty domain of convergence. Nonetheless, we can do the
following. Writing

o] -1 k ! 00
k! :/ e 'thdt = % =/ e PrpFdp (1.246)
0 0

and inserting (1.246) into (1.247), we get

ij= Z/ e P pkdp (1.247)
k=0"0

This following step requires serious justification, but for now we formally
interchange summation and integration,

—px

~ > —px — k Fe TR
y:/ e P P dp:/ dp = e"Ei; () (1.248)
0 ,;) o 1+p

If our sole purpose was to solve (1.244) we could bypass the intermediate steps
and any need for justification, and simply check that the function we obtained
at the end, e*Eiy (), satisfies the ODE. For the general solution of (1.244),
we just add Ce”, the solution of the associated homogeneous equation, to
eEi; (x).

Of course however, (1.244) is very simple and we could have solved it by
variation of constants or other elementary means. The questions are (1) Can
we extend this to a much more general procedure, applicable to generic ODEs
near irregular singularities? (the answer is yes) and (2) Can we justify the
formal steps that led from (1.247) to the function in (1.248)7? (the answer is
yes again). We leave these issues for later, now we simply note that there is
another way to interpret the operations that led to “summing” the divergent
series: (1) we took the formal inverse Laplace transform of the series, that
is, term-by-term; (indeed £~ '2=%~1 = p* /k!, (2) we summed the geometric
series > ;2 (—p)* = (1 + p)~!, and, since the radius of convergence of this
geometric series is one, we extended (1 + p)~! analytically (1 + p)~! on R,
and (3) we took the Laplace transform of £ the result. Since L£L~! = I the
identity, and at a formal level what we did is just that, ££~!, we expect that
if 7 satisfied an ODE, so will the ££71. This is the route we will take in
justifying this procedure.

We also note that the formal series ¢ is divergent since it is obtained by re-
peatedly differentiating a function which is not entire: the iterative asymptotic
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process leading to 7 is y!" 1 = —1/z+ dyl™. The inverse Laplace transform
is a Fourier transform in the imaginary direction, and the Fourier transform is
the unitary operator that diagonalizes differentiation. After a form of Fourier
transform, repeated differentiation becomes repeated multiplication by the
“symbol” of the differential operator, denoted by p here. This can only lead
to geometric behavior of the terms of the formal series, something we know
much more about: this is dealt with by analytic function theory.

Finally, and this is another important point, in this and many problems,
applying the inverse Laplace transform has a regularizing effect. Indeed, the
formal solution >, ,(—1)*klz=*~1 becomes, after applying L1, 327, (—p)*
which is convergent. Whatever problem the new series is a solution of, that
new problem is expected to have at mot a regular singularity, given this con-
vergence. Indeed, taking £71 in (1.244) we get, with L71y =Y,

(p+1)Y =1 (1.249)

an ordinary equation with meromorphic solutions.
The same can be dome in the context of PDEs. Let’s take the heat equation,

1

X

(1.250)

Since the equation if parabolic, the Cauchy-Kowalesky does not apply. In fat,
looking for power series solutions

h=Y" Hx)tk (1.251)
k=0
we obtain the recurrence
H(x) 1 1
H _ kK - H e — 1.252
pn(@) = 3257 Ho(@) = 705 = Re (1+m> (1.252)

where we wrote the initial condition in a way that facilitates taking high order
derivatives. We get for Hy,

Hy H ()
o, = Ho (%)
1 !

= (—1)’6%}@ (1 4dz)"21) (1.253)

Hppy =

and (1.253) shows that, with the given initial condition, (1.254) is divergent.
Denoting t = 1/T we write

h = Tiﬂk(a:):r*’“*1 = Ti(—l)k@}{e (1 +iz) 217+t

(1.254)
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and we apply to the sum in (1.254) the procedure we used in (1.248), (1.247),
(1.246), with = T. We get

Ti(—l)k(zk—k;)!f{e (1 +iz) =21y =+t
k=0 ’

- /0°° 3 RN i)t

12
= k!

=¢1! / e_gF(p7 x)dp :
0

_ 4p _ .
F(p,x)) = —2Re (53 +§2m—4p§> E=(141ix) (1.255)






Chapter 2

Borel summation: an introduction

2.1 The Borel transform B

The Borel transform, is defined on formal power series in the reciprocal of
a variable, say x, with values in the space of formal power series in a dual
variable, that we will often denote by p. By definition,

ps—l

[(s)

Bx~*% = (2.1)
in C (or, if s is not an integer, on the universal covering of C \ {0} ). The
Borel transform is similar to a (formal) inverse Laplace transform, except that
the latter vanishes in the left half plane: if Re (s) > —1 then

s—1
-lp—s _ )P /T'(s) for Re p>0 (2.2)
0 otherwise

For a power series f = Z,;“;O ez~ ®=1, the Borel transform is applied, by
definition, term-by-term:

By =) 23

Because the k-th coefficient of B{f} is smaller by a factor k! than the corre-
sponding coefficient of f : B{ f } may converge even if f does not. Note also
that LB is formally LL™', the identity operator. These two facts account for
the central role played by £B in summability of factorially divergent series.

If B{f} converges to a functionf which is Laplace transformable, and we
apply L to f, we effectively get an identity-like operator from series to func-
tions. More generally, we can allow for noninteger power series. If for instance
0 < Re(sx) < Re(sg41) for all k € N, then we define

- Ck Skfl
2.4
Zxak 2 T(sp)? (2.4)

I This consists of classes of curves in C\ {0}, where two curves are equivalent if they can be
continuously deformed into each other without crossing 0.

53
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2.2 Definition of Borel summation and basic properties

We define Borel summation of integer power series, but the definition extends
to more general series, see Note 2.11 below.

Borel summation is relative to a direction; see §2.2a. The same formal series
f may yield different functions by Borel summation in different directions.

Borel summation along R™ consists of three operations, assuming (2)
and (3) are possible: )

1. Borel transform, f — B{f}.

2. Convergent summation of the series B{f} and analytic continuation
along R* (denote the continuation by F and by D an open set in C containing
R U {0} where F' is analytic).

3. Laplace transform, F s [ F(p)e P*dp =: LB{f}, which requires
exponential bounds on F', defined in some half-plane Re (z) > xo.

Definition 2.5 The domain of Borel summation along R™ is the subspace
Sp of series for which the conditions for 2. and 3. above are met. For step 3
we can require that for some constants Cr, vy we have |F(p)| < Cre’FP. Or
we can require that | F||, < co where, for v > 0 we define

1F], = / " e F(p) dp (2.6)

Iff is Borel summable, then the Borel sum of f, denoted by £Bf, is defined
to be LF.

We note that L. := {f : || f||, < oo} forms a Banach space, and it is easy to
check that
LicLLifv>v (2.7)

and that
IF)l, — 0as v — oo (2.8)

the latter statement following from dominated convergence.

Definition 2.9 If f = Sor_i ezt (a finite sum) then we define LBf =
ZZ=1 cpx®, that is, LB applied to finite sums is just the identity.

Remark 2.10 Borel summation is defined on series starting with (finitely
many) positive powers of x by relating to Definition 2.9:

n n o0
LB g cpr kT = E cpx 7" 4+ LB g cpx” kT
k=1 k=1

k=n-+1

where 0 < Re (sp —r) < Re (sg41—71) for all k > n. In case some of the s; are
noninteger, the definition of LB is essentially the same, replacing analyticity
at zero with ramified analyticity.
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Note 2.11 Series of the form

f: E Ck1k2...kmx_ﬂlkl_m_&nkm_l = § Ckx_klg_1

k>0 k>0

with Re (8;) > 0 frequently arise as formal solutions of differential systems.
Here 8 = (B1, .., Bm) and cx = Ciyky.. .k, - We define

B aa P =" apP/T(k-B+1) (2.12)

k>0 k>0

*

2.2a Borel summation along other directions

Borel summation along other directions in C is most easily defined by
changes of variables. We say that a power series in inverse powers of x, f =
f: (), is Borel summable as # — ocoe®® or Borel summable along the ray e if
f(ye'?) is Borel summable for y along R*. We write LBg|[f (x)] = LB[f (ye'?)].

In general, LBy depends nontrivially on 8. We can take as an illustration
the formal series

s = K
fr= Z R 1 (2.13)
k=0

that we have examined before. A straightforward calculation shows that the
Borel sum of f; in the direction 6 is

0 —i0
_ k! e YPdp <O e dp
_ B Pdp 2.14
LB f1 LBkZ:O (yeid)kr1 /0 e — p /0 1—p (214)

This is well defined if § # 0 (mod 2m).

Taking a 0 € (0,27) we note that by the residue theorem (and Jordan’s
lemma, allowing us to deform the contour of the improper integral in (2.14))
we have

LBy — LB_g] f1 = 2mie™® (2.15)

that is, the Borel sums of f; on the two sides of R* differ by an exponentially
small term. This is a manifestation of the Stokes phenomenon. Divergent
expansions are generally associated with different behaviors as the singular
point (here the point at infinity) is approached from different directions. For
instance, we have the following simple result.

Proposition 2.16 Assume f is analytic in D = {x : x| > R and f ~
=3 ckr™® as © — occe? for some 0, where f has empty domain of
convergence. Then =™ f is unbounded in D for any m.
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PROOF To get a contradiction, assume =~ f is bounded in D. Taking
2z = 1/x we see that g(z) = z™*1f(1/z) is single-valued and analytic for
|z| < 1/R except perhaps at zero. Since g(z) — 0 as z — 0, z = 0 is a
removable singularity and thus g(z) = > -, axz", where the series converges
for |z| < 1/R. This implies f(z) ~ > po_, apz~" for |z| > R. Since the
asymptotic expansion of a function is unique, we have ap = ¢ for all k
and in particular > - cxz " would converge for |z| > z¢ contradicting the

assumption on f. I

Exercise 2.17 The function
xr
g(x)z/ et dt (2.18)
0

is entire. Use the saddle point method or reduction to Watson’s lemma to
study the behavior of g as  — oce®® for # € [0,27) and study the change in
the asymptotic expansion as 6 changes.

Note 2.19 A function f is sometimes called Borel summable (by slight abuse
of language), if it is analytic and suitably decaying in a half-plane (say H), and
its inverse Laplace transform F' is analytic in a neighborhood of RTU{0}. Such
functions are clearly into a one-to-one correspondence with their asymptotic
series. Indeed, if the asymptotic series coincide, then their Borel transforms
— which are convergent series—coincide, and their analytic continuation is
the same in a neighborhood of R™ U {0}. The two functions are equal.

2.2b Limitations of classical Borel summation; BE summa-
tion

The need of extending Borel summation arises because the domain of def-
inition of Borel summation is not wide enough. We see that f; in (2.13) is
not summable along RT. Yet there is nothing singular in the behavior of
f1:= LBy fl, calculated for some 6 # 0 and then analytically continued to
0=0.

While in a particular context one can deform the contour of integration of
L in the complex plane to avoid going through singularities, there is of course
no single ray of integration that would allow for summation of general series
f when Bf has singularities in C (this is the more interesting case).

If the ray of integration has to depend on f , then the resulting operator
would not have good algebraic properties, in particular it would fail to com-
mute with complex conjugation.

To overcome the limitations of classical Borel summation, Ecalle has found
general averages of analytic continuations in Borel plane, which do not depend
on the origin of the formal series, such that, replacing the Laplace transform
along a singular rays with averages of Laplace transforms of these continu-
ations, the properties of Borel summation are preserved, and its domain is
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vastly widened. The fact that such averages exist is nontrivial, though many
averages are quite simple and explicit.

Multiplicativity of the summation operator is the main difficulty that is
overcome by these special averages. Perhaps surprisingly, convolution (the
image of multiplication through £71), does not commute in general with an-
alytic continuation along curves passing between singularities! (See §77.)

A simplified form of medianization, the balanced average, which works for
generic ODEs (but not in the generality of Ecalle’s averages) is discussed in
877,

Another difficulty is the possibility of super-exponential growth of the Borel
transform.

Example 2.20 If we substitute z = ¢2 in fl and take the Borel transform
from ¢ to p we get

3y M o~ _klp? P erf(p/2 2.21
> =y~ Ve e

k=0

where

P
erf(p) = 27r_1/2/ e ds ~ 1 —p_lﬂ_l/Qe_p2(1 +o(1)) as p = 400 (2.22)
0

(a way to calculate the last sum in (2.22) is to note that it satisfies the ODE
y' =1+ ipy). Whereas in (2.14) we can deform the contour of integration to
give a meaning to the integral when 6 = 0, there is nothing obvious we can do
to Laplace transform ep2/4erf(p/2) which grows like ﬁep2/4 when p — oo.

Super-exponential growth, as it turns out, can be generically dealt with by
changes of variable, here essentially by undoing the xz + ¢ transformation.
There are exceptional cases however when mixtures of different factorial rates
of divergence in the same series, preclude this simple fix.

Acceleration and multisummation (the latter considered independently, from
a cohomological point of view by Ramis; see also §77), universal processes too,
were introduced by Ecalle to deal with this problem in many contexts. Es-
sentially BE summation is Borel summation, supplemented by averaging and
acceleration when needed.

More generally we can allow for expansions containing exponentials by
defining LB exp(ax) = exp(az).

These generalizations of Borel summation which allow for the analysis of

quite complicated functions are known as Borel-Ecalle summation, or BE sum-
mation.
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2.3 Borel summation as an isomorphism

We start with a discussion about the relation between convergent power se-
ries and their sums. Rarely does one make a distinction between a convergent
series as a formal object and its sum as an actual function. Some mention of
this distinction is made when we need to be careful about the radius of con-
vergence, such as in writing (1 — p)~! = 372 ) p* if [p| < 1. The right side of
this equality is already interpreted as the sum of the underling formal series.
We can understand this if we look at the properties of S, the operator that
associates to a formal convergent series its sum. If we restrict series to one
sided Taylor series (such as expansions of meromorphic functions at zero), S is
a differential algebra isomorphism, that is, it commutes with multiplication,
division, differentiation, etc. For instance S(f'g’) = S(f)'S(g)’. If a linear
or nonlinear ODE L(y, 1/, ...,y"™, z) = 0 with analytic coefficients is solved
by a formal series whose coefficients grow at most geometrically, then, by the
isomorphism, SL(f, f. ...,f(n),z) = 0 iff L(Sf,Sf’, ...,Sf("),z) = 0, that is,
iff S f is an actual solution. This is true in several variables as well, in solving
PDEs for instance. There is essentially no point in speaking about the oper-
ator S since we cannot make distinctions based on algebraic and differential
operations between formal convergent series and their sums.

Borel summable series are in a similar relation with their associated func-
tions obtained by Borel summation.

Let Si be the set of Borel summable series along some direction, say along
RT.

Proposition 2.23 (i) Sp is a differential field and so is LB{Sg} .2

LB : Sg — LBSp commutes with differential field operations, that is, LB
s a differential algebra isomorphism.

(ii) Let S. be the differential algebra of convergent power series. Then
Se. C Sp and LB, = S, the usual summation.

(iii) In addition, for f € S, LB{f} ~ f as || — oo, Re(x) > 0.

(i) above implies that Sg and LB are proper extensions of S. and S: Borel
summable series have the same algebraic properties as convergent series and
their sums have properties similar to those of analytic functions.

Some of the properties such as linearity of LB and commutation with dif-
ferentiation are straightforward and we leave them as an exercise. For multi-
plication and division, we need to look more closely at convolutions.

Definition 2.24 (Inverse Laplace space convolution) IfF,G € L} , then

loc?

(F +Q)(p) := /OP F(s)G(p— s)ds (2.25)

2with respect to formal addition, multiplication, and differentiation of power series.
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If F' and G are exponentially bounded, then so is FG. Indeed, Clearly, if
|F1] < Cre”? and |Fy| < Cae?P, then

|FyFy| < C1CopeV 2P L Oy Copelvitvatip
Lemma 2.26 Conuvolution is continuous in || - ||, namely

IE Gl < [FlI G

Furthermore, L1 C L, if v/ > v, and L(F x G) = L(F)L(G). Furthermore,

IE|l, =0 asv — oo (2.27)

PROOF Note that

0
0

/p F(s)G(p— s)ds
0

& p

dpg/ e—VSe_V(P—S)/ |E'(s)||G(p—s)|dsdp
0 0

:/0 /0 eS| F(s)|e~"T|G(r)|drds = | FllL |Gl (2.28)

by Fubini. The fact that L(FxG) = L(F)L(G) follows by a calculation similar
to (2.28). Eq. (2.27) follows using the dominated convergence theorem. I

Lemma 2.29 The space of functions which are in L*([0,a) for any a > 0
and real-analytic on [0,00) is closed under convolution.

PROOF This simply follows from the rewriting

/0 " (8)9(p— s)ds = p / Fpg(p(1 — 1))dt (2.30)

The previous lemma implies that LB(f§) = LB(f)LB(3).
We next analyze division of series in Sg.

PROOF of Proposition 2.23  The only nontrivial part is to show that
if f is a Borel summable series, then so is l/f We have f = Caz™(1 + s)
for some m where s is a small series, that is a series only involving negative
powers of . We naturally define 1/f = 2™ /(1 + s) and

1+S:1—s+52—33---. (2.31)

First, note that this infinite series is well defined formally. Indeed, assuming
for simplicity that s = Y7 cxx k71, the coefficient of =% for any fixed k
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is collected only from the terms s™ with j > k. This is because the highest
power of x in s¥*7 is —k — j. Straightforward algebra shows that

(1+s8)(1—s+s*-)=1

We want to show that

1—s+s2—s34... (2.32)

is Borel summable, or that
s1=—5+8 —s3 .. (2.33)

is Borel summable.
Now,
51:—s+52—33+-~-220kx_k (2.34)
k>1

where CY, is the coefficients of =% in the finite sum —s + s2 — s — ...s*. Let

Bs = H. We examine Bsi, or, in fact the function series
S=-H+HxH—-H?®+... (2.35)

where H*™ is the self-convolution of H n times. Each term of the series is
analytic, by Lemma 2.29. Let K be an arbitrary compact subset of D. If
maxpe | H(p)| = m, then it is easy to see that

n—1

| [sm " (n—1)!

(2.36)

Thus the function series in (2.35) is absolutely and uniformly convergent in
K and the limit is analytic. Let now v be large enough so that || H||, < 1 (see
(2.8)). Then the series in (2.35) is norm convergent, thus an element of L..

Exercise 2.37 Check that (14+ LH)(1+ LS) = 1.

It remains to show that the asymptotic expansion of L(F % G) is indeed the
product of the asymptotic series of LF and L£G. This is, up to a change of
variable, a consequence of Lemma 1.31.

(i) Since f; = f = > reockx *71 is convergent, then |c;| < CR* for some
C,R and F(p) = Y 5o, cxp”/k! is entire, |F(p)| < Y7o, CRFpF /Kl = Cef?
and thus F' is Laplace transformable for |z| > R. By dominated convergence
we have for |z| > R,

00 N e
£{ chpk/k!} = ]\}gn £{ chpk/k!} = chx*kfl = f(=z)
k=0 k=0 k=0

(iii) This part follows simply from Watson’s lemma. I
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2.3.1 Convergent series composed with Borel summable series

Proposition 2.38 Assume A is an analytic function in the disk of radius p
centered at the origin, ar = A®(0)/k!, and 5 = 3 spa™" is a small series
which is Borel summable along RY. Then the formal power series obtained by

reexpanding
=k
S

in powers of x is Borel summable along RT.

PROOF Let S = Bs and choose v to be large enough so that ||S||, < p
in L1. Then

1E [l = 1AGS) Il = 11D anS™ [l < D arllSIE <Y awp* < oo (2.39)
k=0 k=0 k=0

thus A(xS) € LL. Similarly, A(xS) is in LL([0,a)) and in Ak, ([0,a)) for any
a. [

Note 2.40 (i) To ensure Borel summability of a series, the rule of thumb
is that we first change the independent variable so that the new series has
factorial divergence, with power of factorial one. This would ensure that the
Borel transform will be convergent, but not entire of an exponential order that
would prevent us from taking a final Laplace transform, see Example 2.20.

(ii) If Borel summability succeeds, then, by deforming the contour of in-
tegration past a singularity of the Borel transform, we collect exponentially
small terms, as in (2.15). Those exponentially small terms, since they come
from residues or from contours surrounding branch points are of the form
Ce™Po% where pg is the position of the singularity.

(iii) When we are dealing with linear equations (e.g., linear ODEs), we note
that the sum of two solutions is a solution. Assume that we get one solution
by Borel summation in the direction 0, y = LByY and that LByY # LB_4Y.
Then, by linearity, the function

Y2 = LByY — LB_gY (2.41)

is also a solution of the equation. Thus, by the discussion in (ii), y2 ~
e—Por(1+o(l) for some pg. A similar estimate holds in the nonlinear case as we
will see though in this case the sum of solutions is not a solution.

(iv) In view of (iii), if we are solving equations using Borel summation
tools, we first need to normalize the equation, by changes of dependent and
independent variables, so that the behavior of solutions as x — oo is of the
form e~Po*(1+o(1) * For instance, for the Airy equation discussed next, solutions
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behave like e£2/3¢*
t=a3/2,

(v) Still when solving equations, instead of finding a formal series first
and then summing it is more convenient to take the Borel transform (formal
inverse Laplace) of (2.46). Now: if we obtain a solution of the transformed
equation in the form of a function which is ramified analytic near the origin
and analytic and bounded along R* (or along some other direction ), we will
have proved Borel summability (in the direction —6).

; for Borel summation, we should switch to the variable

Note 2.42 (On regularization) Since the Borel transform maps factorially
divergent expansions into convergent ones, it is natural that the equations
satisfied by the transformed series have milder singularities, and are, in gen-
eral, simpler than the original ones. For example, our prototypical equation
y' +y = 1/x is transformed by B to the trivial equation (1 — p)Y = 1 while
the Bessel equation becomes the first order ODE (2.54). Sometimes we end
up with explicit representations of the solutions and most often with integral
representations which, even if not explicit, allow for a detailed study of the
asymptotic behavior of solutions.

2.4 Some examples

In the following we will derive convenient representations for a number of
special functions. As discussed in §1.2, special functions are distinguished by
the existence of integral representations allowing for detailed global descrip-
tion, in particular for calculating explicitly connection constants, giving the
precise relation between the behavior of a given function in various directions
towards infinity. From the point of view of a Borel summation approach, the
fact that irregular singularities become regular ones and the fact that these
special functions solve typically second order differential equations implies
that the Borel transform satisfies first or second order equations with simpler
singularities, allowing for explicit solutions.

2.4.2 The Airy equation

Let us look again at the Airy equation,
y' —axy=0 (2.43)

Here, the behavior of solutions at infinity, that we have already obtained by
WKB is

2.3/2

y~ Cz ie 3" (2.44)
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We use the transformation y(z) = g(3 22) to achieve the normalization de-
scribed in Note 2.40 (iv), and get

1
"+ —¢g —g=0 2.45
9"+ 59— (2.45)

In view of (2.44) we have
tiéeit(l +3)

where s is a small series.
To eliminate the exponential behavior of one solution, say of the decaying
one, we substitute g = he™?, and get

1 1
"2 =KW - —h= 2.4
h ( St)h 5 =0 (2.46)

To obtain a second solution, we can resort to the substitution g = he?, or we
can rely on the Stokes phenomenon to obtain it from the one above, as we will
do in §2.5. Now h behaves like a small power series, which we would Borel
sum. We apply the strategy outlined in Note 2.40 (v), and apply B to (2.46).
We get

5
p(2+p)H + g(1 +p)H =0 (2.47)
with the solution
H=Cp 8(2+p) s (2.48)
and thus
h(t) =L (Cp‘ﬁ 2+ p)‘ﬁ) (2.49)

and, comparing the asymptotic expansion obtained from (2.49) with that of
Airy functions (1.230) to identify the solution we h we get

. 3% 2.3 s _5
Ai(z) = 775I‘(1)/o e 3 PpTs (2 +p) odp (2.50)
6

from which it is easy to derive the global behavior of Airy functions. We note
that Ai(x) is entire, yet the fact that the integrand in (2.71) has a singularity
at p = —2 entails a change of asymptotic behavior similar to that discussed
after (2.15) (Stokes phenomenon) when the contour of integration crosses R™.
We return to this in §2.5.

2.4.3 Bessel functions

If we consider, instead of (2.45), the more general equation

%41
g+ %g’ —g=0 (2.51)
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the general solution is
g=1"(C1,(t) + C2K, (1)) (2.52)

The substitution g(t) = e *h(t) in (2.51) leads to

h”—<2—2y+1)h’—2y+1h:0 (2.53)

4 4

with inverse Laplace transform
pp+2)H +(1—20+p(1—2w)H=0= H=Cp" 2(2+p)" 7 (2.54)

Using Watson’s lemma, we see that

1 1
h=LH~C2" 2T(v+ $)t7""2; (t — o0) (2.55)
while
K, (t) ~ 4/ %e*t (t — o0) (2.56)

Comparing (2.55) to (2.56), we see that

tVﬁ o° 1 1
K, (t) = %7/ Y=2(2 v=2¢7Pdp; R > —1/2 (2.57
(t)=e 2T+ 1) Jy P’ 2(2+p)" " 2e”Pdp; Re(v) /2 (2.57)

For Rev < —1/2 we can write K, as a loop integral around zero on a path C
from coe™ ™™ to ocoe'”,

e /T
K, (t) = v—1/2 9 _ v—1/2 std 9.
®) 2v+Ljcos(mv)'(v + 1/2) /CS (2-9) c s (2:58)

The representations (2.57) or (2.58) are very convenient when studying the
global properties of K, in C.

2.4a Whittaker functions

1 L2
y,,_(_/-e_4 ")y: (2.59)

has as solutions the Whittaker functions M, ,,(z) and W, ,,(2), [?], eq.13.1.31;
for large positive z, M, ,(z) ~ e*/20+°M) and W, ,(z) ~ e=*/20+o(1) To
analyze W, we make the substitution y(z) = z#+1/2e=%/2¢g(2) in (2.59). The
power is chosen to eliminate the term in 22 and simplify the Borel transform.
For M we would substitute y(z) = 2#T1/2¢/2g(2). We obtain

2u+ 1 -pn—3
g”(l “ZJF >g’+ﬁ l: 2g=0 (2.60)

The equation
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with Borel transform
pp+ )G+ [1—=2wp+r—p+ 1] G=0 (2.61)
with general solution
G = Cp "Th=1/2(p 4 1)p—1/2+4n (2.62)
giving
W u(z) = Caht1/2e=2/2 /000 prET 2 (p 4 1)p 2R ER g (2.63)

which holds for Re(u — k — 1/2) > —1; otherwise W can be defined by
using the substitution y(z) = z~#*+1/2¢*/2g(z) or, more generally by analytic
continuation. Using Watson’s lemma in (2.63) we get

Wipu(2) ~CT(n+ % — k)2 *%(1 4 0(1)); 7?Rez — oo (2.64)
Since W (2) ~ z7%e~*/2 77 as z — +00,[1]??, we get C = 1/T(n— Kk + 1), or

(2) PHtL/2g=2/2 oo 1/2( ) 1/24 )
Wien(2) = 7/ ptTET S (p+ P e *Pdp (2.65
o L(p—r+3) Jo
(for Re (p — Kk —1/2) > —1).

Parabolic cylinder functions, occurring naturally in turning point asymp-
totics solve the equation

y'— (3z* +a)y=0 (2.66)
whose general solution is

x /2 (C’lM_

(a2/2) + CuW_y 1 (27 /2)) (2.67)

a 1
2714

from which we can obtain an integral representation for the solutions of (2.66).

2.4b Hypergeometric functions

Hypergeomtric functions solve Fuchsian equations, with only regular singu-
lar points on the Riemann sphere. Thus all series expansions are convergent.
Nonetheless, we can obtain integral representations for them by relating them
to other functions, such as Whittaker, in the following way. The more general
substitution y(z) = 2#1+3/2e=*/2gy in (2.59) and inverse Laplace transform
leads to the equation

p(p+1)Gy +[(1=28)p+ 5+ — BlGy + (8° — 4*)G2 = 0 (2.68)
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with one solution 2 Fi(a,b;c;p + 1) where a = —p— 8, b = p— f and ¢ =
% — B — k. These equations are nondegenerate and u, , 3 can be expressed as
a function of a, b, c. Comparing with the substitution y(z) = z#*+1/2e=2/2¢(2)
in §2.4a we see that go = 2*~17P¢; inverse Laplace transforming this relation
we get

T'(B—p+1)Ga(p) =p’#+G(p) =

p 1 1
C [ (=9 Hs T (s 1 E s
0
11
:Cpﬁ—n+§/ t*“*“*1/2(1—t)B*“(1+pt)”*1/2+"dt
0

1
= Cpc—“—b/ N1 — ) (1 + pt)Pedt,  (2.69)
0

from which we get an integral representation for o Fj.

2.4c The Gamma function

The function f(z) = log I'(z) satisfies the recurrence f(z+1)— f(z) = logz.
To get a recurrence for which the formal solution is a power series, with
the goal of taking the Borel transform, we first subtract out the terms of
f(x) that are large (we can get the first few terms by Euler-Maclaurin): let
g(z) = f(z) — (zlogz — z — Llogz).

The recurrence satisfied by g is

1 1

o2 T T

Q(IJFI)*Q(@ZQ(@:l*(%+x)1n(l+é> -

First note that £~ 1q = p~2L£~1¢" with

1 1 1 1 1 _ p p _
n_ - _ 2 -~ =>[,1N=1—7—(7 1) P
r x+1 2((x+1)2+x2) g 2 e

Thus, with £L71g(z) := G we get

S
o0) = [ Sy
(It is easy to check that the integrand is analytic at zero; its Taylor series is
2 — 7P’ +O00%))
The integral is well defined, and it follows that
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s A G
=C 1 —1)—=1 —*P(q
@) = C +aflogz 1) ~ gloga+ [ —2 22—y

solves our recurrence. The constant C' = %IH(QW) is most easily obtained by
comparing with Stirling’s formula and we thus get the identity

w1-2o(Zi1)e

log'(z) = z(logx — 1)—710g:z:+ log(2m)+ / 2 2
0

Pler—1) v

(2.70)

which holds with x replaced by z € C as well.
This represents, as it will be clear from the definitions, the Borel summed
version of Stirling’s formula.

2.5 Stokes phenomena

Near an essential singularity, the behavior of an analytic function depends
on the direction of approach of the singularity. For instance, e® is decreasing in
the left half plane and growing in the right half plane, and a transition occurs
as iR is crossed. The Stokes phenomenon describes more subtle phenomena.
One of the simplest instances is provided by

—xp oo+01 oco—01 —;vp
e 5 ([ )

As x — The Stokes phenomenon is sometimes described as the change in
asymptotic behavior of an analytic function as the sector of analysis changes.
In this general sense, Typically, This definition is The Stokes phenomenon
relates to the fact that the solution that is asymptotic to one fixed formal
solution is generally different in different sectors at infinity. We illustrate this
in the following analysis of the solutions of the Airy equation.

2.5a The Airy equation
We work for now with ¢ = 3372 and write f(t) = 7r%3%F(%)etAi(:lc)7

f(t) = /OOO e Pp ¥ (24 p) Edp (2.71)

If we analytically continue ¢ anticlockwise, the p contour is rotated homotopi-
cally clockwise by the same angle, to keep tp real and positive and have in
the process the integral presented in a form suitable for Watson’s lemma.
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A rotation in the p-plane by more than —7 requires crossing the negative
real line where the integrand has a branch point. With J_ the integral along
a ray of angle —m + 0 and J the same integral along a ray of angle —m — 0,
we have

Jo=Jp=(Jy—J) =i+ fa(t); folt) = - 75 e p8(24p) Fdp (2.72)

where C is a curve starting at ooe™("=9% goes around p = —2 and then to
ooe (t0)i see Fig. 2.1.

FIGURE 2.1: Deformation of contour for (2.71).

Reasoning as in Note 2.40 (iii), the function

falt) = — 7€ Py (24 p) Edp (2.73)

provides, after multiplying it by e~* and changing variable back to z, a linearly
independent solution of the Airy equation.

We note that the contour in fo can be deformed all the way to p = —2,
where we have an integrable singularity.

In the part of the integral fo which is above R~ and to the left of Re (p) =
—2 we have by construction argp = —7w — 0, arg(2 + p) = 7 + 0, and thus
p_%(2+p)_% = \p|_% |p—|—2|_%. In the part below R~ we have argp = —7+0,
arg(2 +p) = —7 + 0 and thus p~¢ (2 + p)~¢ = e™/3|p|~&|p + 2|76. Noting
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that 1 — e5™/3 = ¢™/3_ and changing variables to s = €'"p, we get
o0 o0
fa(t) = e”i/?’/ 3_3(5—2)_%etsds = e”i/se%/ s_%(s+2)_%etsds (2.74)
2 0

with arg(s) = 0. In Jy, thought of an integral along the upper side of R,
p 8 (2+ p)~ & equals €5/6|p|=8|p + 2|76 from Rep = 0 to Rep = —2 and,
as before, |p|=&|p + 2|76 to the left of Re(p) = —2. Changing variables to
s = €' p, this is the same as the integral below R™

co—10
Jy = —65”/6/ 5_3(2 —5)"6ePids (2.75)
0

with the natural choice of the argument, that is starting with args = 0,
arg(2 — s) = 0 for small s > 0. With this choice, we note that arg(2 —s) =«
for s > 2 in the integrand in (2.75). Thus,

coe V1 00
flt) = 7657”./6/ 578 (2 - s)*%etsds + /32 / s*%(s + 2)*getsds
0

0
(2.76)
for arg(t) > m. By the change of variables, if p rotates clockwise, so does s.
To reach argx = 7, i.e. argt = 37”, we rotate further s by —m/2. Then, for

x € R, after the change of variable s = e~™/2u, we get

1

7338 (L) Ai(—|z])
= ef%eilt‘ / u7%(2—|—iu)7%67“|t|du
0

3
2

. . o8]
+eie il /0 u_%(Z - iu)_%e_“‘tldu; t= %x (2.77)
which is real-valued as expected.
For large |z|, applying Watson’s Lemma to (2.77), one obtains the asymp-
totic behavior

Ai(—|z|) = %m—l/%i%m%—i% {1 L0 <|x|—3/2>}

n %|x|—l/4e—i§|m‘2/3+i% {1 +0 (|x|_3/2)} (2.78)
Equation (2.78) provides the connection formula for Ai: It gives, with explicit
constants, the behavior at —oo, given the behavior at +o0o. This is not possi-
ble for more complicated ODEs, even linear ones. The possibility of solving
connection problems distinguishes special functions from mere solutions of
linear ODEs, and is almost always linked to the existence of underlying inte-
gral representations. More generally, for nonlinear integrable systems, solving
connection problems can be linked to the existence of Riemann-Hilbert refor-
mulations.
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Note 2.79 When we will study more general equations, we will see that the
fact that the Borel transform of the normalized Airy equation has two singu-
larities in the Borel plane results in the existence of two linearly independent
solutions of any equation with coefficients analytic at infinity having Ai as
a solution. Thus, there can be no “simpler” equation with these analytic
properties which as Ai as a solution.

2.5b Nonlinear Stokes phenomena

When a differential equation is nonlinear, typically, there are infinitely many
singularities in the p plane, as we will see in more detail later.

For now let us take a reverse-engineered example. The function y(z) =
e Ei(x) satisfies the model equation y’ + y = 1/x that we studied before,
and thus v = 1/(1 — y) satisfies the equation

2

v —vt? =L (2.80)
T

We know that the asymptotic series of y(x) is Borel summable in any direction
other that R™, and thus, by the proof of Proposition 2.23 so is v. On the other
hand with v = LV, y = LY we have

v=1+y+y’+ =2V=14Y4+Y Y+ (2.81)
where Y (p) =1/(1 — p). Then
L | 1 2In(1 —p)
V() /0 1—81—(])—3)8 p—2

which is singular at p = 1 and p = 2. Likewise, Y*3 introduces a singularity
at p = 3 and so on, and without going through a rigorous proof for now, we
claim that the last term in (2.81) is singular (on a Riemann surface) exactly
at p € N. What would be the Stokes phenomenon for v? (!'Now I tried at the
beginning of the Airy section!!!) If J; (J_) is the Borel sum of the asymptotic
series of y for argz = 04 (argax = 0_, resp.), then

I 1 1 2mieT™  (2mi)e
1-Jy 1—J_+2mie= 1-J. (1-J.)2 (1-J_)3
that is,

—- (2.82)

1
1—J,

o0
= ZC’kyk.e*kx, C = —2mi (2.83)
k=0
where y, are Borel summable. We can check that in fact (2.83) is a solution
of (2.80) for any C. The infinite sum in (2.83) is a Borel summed transseries
and is the prototypical form of a solution of a nonlinear ODE.
We also note that v has infinitely many singular points (poles) near the
imaginary line, where the denominator 1 — y in the definition of v is zero. In

general, this will be seen as being the effect of pile-up of oscillatory exponen-
tials in (2.83).
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2.5¢ The Gamma function

Difference equations also produce infinitely many singularities in p plane.
Let us look at (2.70). Consider the part

S
g(x) :/ = e "Pdp (2.84)

0 p*(e P —1)
We analytically continue (2.84) to complex x by choosing the integration path
to be the ray argp = 0 = —arga (except when x € iR when we would take
argp = § = —argx + 10 instead) thus ensuring pz to be real and positive.

When z crosses the negative imaginary axis and moves to the third quadrant,

s

argp crosses 5 and in the process residues at poles p = 2inm for n € N have
to be collected; this gives

ooet?

(oo}

g(x) = G(p)e *Pdp + 2mi Z ResG(p)e™ P |p=2jmi
0

= /OOEi G(p)e *Pdp + i 71 —

0 = jerjﬂ'z

16

= /ODOP G(p)e *Pdp — In(1 — exp(—2x7i)), (2.85)

Jj=1
0

We note that both the integral and the sum are convergent when argzr =
—§=—m/2—¢fore € (0,%). Then from (2.70) we get

1 l ooe
INz) = —F— V212" 277
(z) 1 — exp(—2zmi) Tete e (/0

Since € € (0, %], it is manifest from (2.86) that I'(z) is analytic for argz €
(—m,—%) while analyticity for argz € (—%, %) is manifest in (2.84). When
argr = —7%, we skirt the singularities of the integrand on argp = 7 by
choosing instead integration along argp = 5 — ¢ to conclude analyticity of
T'(z) on the negative imaginary axis. Setting 6 = 7 in (2.86), it is clear
that I'(z) is real valued and meromorphic on e *"RT, with simple poles at
negative integers. Since I'(z) is real valued on R, from Schwartz reflection
principle, I'(z) is analytic in the lower half plane and I'(x) is singular only at

simple poles at negative integers. Since Watson’s Lemma may be applied to

0

G(p)e”’dp) (2.86)

foooeLe G(p)eP*, Stirling’s formula holds for large || when arg x € (—m, 0]
since e~22™ < 1 in this regime. From reflection, the same is true for arg z €
[0,7), and the only exception is R™.

Furthermore, taking + = —y with y ¢ N and then setting § = = in
the expression for I'(—z), we get, by straightforward algebra from (2.86)
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I(—2)l(z) = —% from which it follows that
xsin(mx
77
'l —2)'(z) = Sn(nz) (2.87)

We can, especially by analogy with the ODE case, think of the reflection
formula (2.87) as the connection formula for the Gamma function.

2.6 Analysis of convolution equations
2.6a Properties of the p plane convolution, Definition 2.24

We will study convolution equations along R, in spaces of functions which
are locally integrable and exponentially bounded at infinity, or in sectorial
domains in C, typically containing a neighborhood of the origin or in compact
subsets of such sectorial domains. In all these cases, convolution is well-
defined; see also cf. Lemma 2.29 for analyticity properties.

Lemma 2.88 In the settings above, functions form a commutative algebra
with respect to convolution and addition.

PROOF  The needed properties can be checked directly, but it is conve-
nient to use injectivity of the Laplace transform, see Corollary 1.53 and the
fact that L[f * g] = (Lf)(Lyg). For function defined in (pre)compact subsets
of C we can extend them with zero to take the Laplace transform.

For instance convolution is associative since

LI[f *(g*h)] = LIfIL]g = h] = LIfIL]g]L[R] = L(f = g) = ] (2.89)
and by injectivity, we get

fr(gxh)=(f*g)xh (2.90)
I

Similarly, it is commutative and distributive.

2.6b Banach convolution algebras

We now define a family of suitable norms so that the Banach spaces in-
duced by these norms are Banach algebras with respect to addition and con-
volution (defined to be the multiplication in this algebra). The Banach al-
gebra structure requires furthermore that convolution be continuous, that is,
1F Gl < [IF[|G]-
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Some spaces arise naturally and are well suited for the study of convolution
equations.

(1) Let v € R MMn fact negative is fine too, I guess!!! and define L} := {f :
Rt — C: f(p)e P € L*(R™)}; then the norm || f||, is defined as || f(p)e =P ||1
where || - ||; denotes the L' norm.

Lemma 2.26 shows that L) is a Banach algebra with respect to convolution.

We see that the norm || - ||, is the Laplace transform of |f| evaluated at
large argument v, and it is, in this sense, a Borel dual of the sup norm in the
original space— since for Rex > v, |L[f](z)| < [;° 77| f(p)|dp.

(2) The space LL(RTe!?). By definition f € LL(RTe!?) if f,(t) := f(te’?) €
L!. Convolution along R*e’® can be expressed directly as

4 lple? 4
mem%=A F(8)a(lplei® — s)ds =

) Pl ) ) )
e | f(te)g(e (Ipl —t))dt = e (f5 + go)(Ipl)  (2.91)
0
It is clear that LL(R*e’®) is a Banach algebra.
(3) Similarly, we say that f € L;,(S) where S = {te'? : t ¢ R, ¢ € (a,b)} if
f € LL(RTe!?) for all ¢ € (a,b). We define | fllo,s = SUP ¢ (a,b) Hf||L$(R+ei¢).
The space LL(S) = {f : || fll.s < oo} is also a Banach algebra.
(4) The L. spaces can be restricted to an initial interval along a ray, or a
compact subset of S, restricting the norm to an appropriate set. For instance,

0. ={s: /01 e f(5)]ds < oo} (2.92)

These spaces are Banach algebras as well. Obviously, if A C B, LL(B) is
naturally embedded (cf. footnote 4 on p. 76) in L1 (A).

(5) Another important space is Ag., (€), the space of analytic functions in
a star-shaped® neighborhood & of the disk {p : |[p| < K} in the norm (v € RT)

11 = K sup |e=171£(p)|
peE

Note. This norm is topologically equivalent with the sup norm (convergent
sequences are the same), but better behaved for finding exponential bounds.

Proposition 2.93 The space Ak, is a Banach algebra with respect to con-
volution.

3Containing every point p together with the segment linking it to 0.
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PROOF For analyticity, see Lemma 2.29 To estimate the norm of convo-
lution we write, with P = |p|,

|KeVP [ 0t~ sjas

P . .
= ‘Ke”P/O f(te)g((P —t)e'®)dt

P
- ’K1 / Kf(te®)e " Kg((P —t)e'?)e "=t
0

K
SK‘lllflngH/ dt = || fllllgll (2.94)
0
I

Note that Ag,, C LL(E).
(6) Finally, we note that the space Ak 1.0(E) = {f € Ak (€) : f(0) =0} is
a closed subalgebra of Ak , .

Remark 2.95 If f is a bounded function, then

I fall < llgll sup |f]
pERT

in LL. The same holds if f is holomorphic in £, with sup now over &, for the
spaces A, and Ag 0.

2.6¢c Spaces of sequences of functions

In Borel summing more general expansions (transseries), it is convenient to
look at sequences of vector-valued functions belonging to one or more of the
spaces introduced before. For instance, in the scalar case, when the transseries
. . ~ o0 ~ 5 . I V7%t

is given by § = > .7 §;2” with z = e~ ", we have

v =32 Y YUk Yk (2.96)

Jj=0  kitkeot+-t+km=j

It is convenient to represent y as a vector

y ={y;}izo (v; :=y;) (2.97)
and introduce the product of sequences fg by
(fe)i= > fig (2.98)
Jitj2=j
To Borel transform a transseries we look at the sequence of Borel transforms
of each y; =: y; above. Thus the Borel dual of y is the sequence

Y = {Yk}kzo ) (2.99)
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where Y; = By;. For u > 0 we define

Ly, ={Y € (L))"~ u7 Yl < oo} (2.100)
k>0

and introduce the following convolution on Lll,’ “

k
(F¥G)x = > F; %Gy (2.101)
=0

which, as we see, is a double convolution: in p through * and a discrete one
in the index.

Exercise 2.102 Show that

IF*Gl e < [IFlly ullGllv. (2.103)
and (L, ..+, * || l,.) is a Banach algebra. Show that the subspace L}, ., ==
{y € Lll,#i (Yo =+ =Yn_1 = 0} is closed, and thus a Banach algebra too.

Az, —Am
)

In the vectorial case we have, in general, m exponentials e~ ,e
and the solution is vector valued, with values in say C™. We then define
sequences {y}xemuqoym where yx € C*. When writing the Borel transform
of the transseries solution, once more we do so componentwise, for each k
separately. Furthermore, the nonlinear terms in the differential equation are
of the form g' = gt ... gl» which are scalar. See also [44], §2.1.3.

2.7 Focusing spaces and algebras

An important property of the norms (1)—(4) and (6) in §2.6 is that for any f
we have ||f||, — 0 as v — oo. This is used to control nonlinear terms: for
large enough v they become negligibly small.

A family of norms |||, depending on a parameter v € R™ is focusing if for
any f with || f]],, < oo for some vy we have

1]l +0as v 1 oo (2.104)

(J means monotonically decreasing to the limit, 1 means increasing).

Let V be a linear space and {]|||,} a family of norms satisfying (2.104). For
each v we define a Banach space B, as the completion of {f € V : || f||, < oo}.
Enlarging V if needed, we may assume that B, = V. For a < 3, (2.104) shows
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B, is naturally embedded in Bs.* Let F C V be the projective limit of the
B,. That is to say

F:=JB. (2.105)

v>0

where a sequence is convergent if it converges in some B,. We call F a
focusing space.

Consider now the case when (B,,+,*, ||||,) are commutative Banach alge-
bras. Then F inherits a structure of a commutative algebra, in which * is
continuous. We say that (F,x,||||,) is a focusing algebra.

Examples. The spaces |J,.o L, and J,-¢ Ak and Li)# are focusing
algebras. The last space is focusing as v — 0o and p — oo.

Exercise 2.106 Show that there is no L' identity element with respect to
convolution, that is no u s.t. u* f = f for all f € L.

An extension to distributions, very useful in studying singular convolution
equations, is the space of staircase distributions D/, ,; see [44].

m,v?

Remark 2.107 The following simple observation is useful when we want
to show that one solution has a number of different properties: analyticity,
boundedness, etc. Let f be defined on S; U Ss, and assume that the equation
f(x) = 0 has a unique solution z; in S, a unique solution zs in Sy and a
unique solution z3 in S1 N S3. Then 1y = 22 = x3 € S N Se. Of course,
we can equivalently analyze the equation f in S; NS, to start with but when
we are dealing with more sets when only various combinations of \S; intersect
non-emptily, the first approach is more economical.

2.8 Borel summation analysis of nonlinear ODEs

We select a number of relatively simple yet illustrative examples and send
for the general theory to [44].
Consider first the ODE

Y =2 —y+y° (2.108)

This equation was chosen so that it is already in normalized form (more about
this later) and it is not solvable by any known methods (in fact, it is nonin-
tegrable in the sense of Painlevé, see §77); yet the analysis of this relatively

4That is, we can naturally identify B, with a subset of Bg which is isomorphic to it.
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simple problem illustrates the main aspects of the transseries analysis for a
generic system of nonlinear ODEs [44]. The introduction of focusing algebras
and loop integral representations (as will be seen later) compactifies earlier
presentation [44] and avoids a detour into distribution theory.

We can look for formal power series solutions in the usual way, by inserting
a series with unknown coefficients and identifying them, or by iteration. Esti-
mating the coefficients, one would see that the series is divergent, and in this
sense, the point at infinity is an irregular singular point. Since we will not
base the analysis on the formal series but rather on the Borel transform of the
equation, and, furthermore, the formal series and its asymptotic properties
will emerge as a byproduct, we skip this step now.

As in the linear cases, the logic will be that we apply formally the inverse
Laplace transform (Borel transform) to the equation, find a solution of the
transformed (Borel plane) equation and then show that the solution of this
new equation, when Laplace transformed, results in a solution of the ODE.

Since we have a Banach algebra structure in Borel plane, differential equa-
tions become effectively algebraic equations (with convolution * acting as
multiplication), which is much easier to deal with. In our case, the formal
inverse Laplace of (2.108) is

1
Y +Y =p+ VS eV =Ly N(Y) (2.109)

where L7y =Y and Y =Y xY %Y.

Definition 2.110 Let [a,b] C (0,27), and ST = {p : arg(p) € (a,b)}, St =
{peSt:|p| <K}, Dy ={p:|p| <a<1l}. Similarly for [a,b] C (—2m,0),
and S~ = {p : arg(p) € (a,b)}, Sx ={pe S :|p| <K}, Dy, ={p:|pl <
a <1}

Proposition 2.111 (i) For large enough v, (2.109) has a unique solution
Yy" in the following spaces: LL(ST), Ak..0(Da), Axwo0(Sk UDy). (ii) The
solution Y0+ is thus analytic in ST UD, and Laplace transformable along any
direction in ST. The Laplace transform is a solution of (2.108).

A similar result holds for Yy~ in LL(S™), Ak.w.0(Da)s Ax.0(Sg UDy). (in
general, Yy~ # Yy").

Note 2.112 By the uniqueness of the solution in D, YOJr =Y, =Y, inD,.
Thus, Y;" (Yy") is simply the analytic continuation of Y; in the upper (lower,
respectively) half-plane. As we will see, in general Yy(p) has singularities at
p=1,2,..., and the limiting values of Y;* on (0, 00), when they exist, do not
coincide.

PROOF The proof is only based on the focusing properties of these spaces,
and is thus effectively the same for all. We first check, which is straightforward
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by the results in §2.6c and §2.7, that A is well defined and with values in

these spaces; see also Remark 2.95. (i) Choose € small enough. Then for large
enough v we have
p
— <e€/2 2.113
I <« (2113

Let B be the ball of radius € in the norm v and F' be a function in 8. Then,

1
p—1

p
N(F VgH + max
el < ||

‘ |F|I3=¢/2+c? <e¢ (2.114)

v

if € is small enough (that is, if v is large). Furthermore, for large v, N is
contractive in B for we have, for small ¢,

IN(F) = N (Bl S IF = F5Plly = [(Fy = Fo) + (F? + Fy o+ Fa + F5?)|,
S 32| (P~ Bo)|l, (2115)

(ii) We have the following embeddings: A, o(SE UD.) C LL(S*) (extending
the elements of A, o by zero) and A,,,O(S;g uD.) C A, o0(D:) . Thus, by
Remark 2.107, in each of these spaces there exists a unique solution Yy of
(2.109), the same for all these spaces.

Thus Y is analytic in ST and belongs to L.(S™), in particular it is Laplace
transformable. The Laplace transform is a solution of (2.108) as it is easy to
check.

It also follows that the formal power series solution § of (2.108) is Borel
summable in any sector not containing R*, which is a Stokes ray. We have,

indeed, By =Y (check!).

2.8a Borel summation of the transseries solution

Let go the asymptotic series of LY. Looking for a transseries solution,
(o]
J=do0+ Y Cre ™y (2.116)
k=1
we insert (2.116) in (2.108) and equate the coefficients of e~%; this results in
the system of equations
Jo = —fo + 272 + G (2.117)
k—1
To+ L=k =300)0k =300 D _ile—j + D  Unbpplis k=1 (2.118)
J=1 [71=k;ji>1

where, as usual, |j| = j1 + j2 + js and ) ; = 0. The equation for g is linear
and homogeneous:
% = 30gi (2.119)
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Thus N
71 = Ce’; 5::/ 350> (t)dt (2.120)

o0

Since § = O(x~3), by Proposition 2.23 and Proposition 2.38, e° is Borel
summable in C\ RT. We note that 3 = C(1 + o(1)) and we cannot take
the inverse Laplace transform of §; directly. But the series x4, is Borel
summable (say to ®;) see Proposition 2.38. It is convenient® to make the
substitution §; = 2¥@, We get

k—1
Pot(1—k=3@3+ka )@k =330 Y @iyt . $uPndi (2.121)
J=1 J1+je+iz=k;ji>1

where clearly po = go, $1 = x71;, with ¢ given in (2.120). We choose
®; = CBz~'e®, define for a choice of sign,
Yo = (Y:5,0,..,0,..); Y1 =(0,07,...,0,...),1 = (1,0,...);
® = (0,0,B9,P3,...); k® = (0,0,2P9,3P3,4Dy,---) (2.122)

and, after Borel transform, we get

—p®+ (1 —k)® = —k 1%® + 3Y ¥V 2 + Y3
+3(Y32 +2Y %Y + Y)*%® +3(Yo + Y1) *®* 4 &*3;  (2.123)

We treat (2.123) as an equation in L}W;Q C L}W, the subspace of sequences

{®;},en, o = ®1 =0 (and similar subspaces of other focusing algebras).

Note 2.124 (i) It is important to subtract out Y;, as we have, since its
equation allows for a free constant and no contractive mapping argument
would work unless the constant C' is specified.

(ii) One can show check inductively that

Pors1 = O(x™2K 1) Bop = O(z™272); N3 k> 1 (2.125)

or
Gort1 = O(1); o =O(z™2); YN k>1 (2.126)
where the constants implicit in (2.128) and (2.126) can be calculated in closed

form for any given k.

Proposition 2.127 (i) For u, v large enough, eq. (2.123) is contractive in
Ly o(ST), Avpo2(SE UD:) and Ay p02(De). Thus (2.123) has a unique
solution ® in this space. Similarly, it has a unique solution in these spaces.

51n this problem, §; = 1 + 41 would suffice to ensure O(x~2) decay of (91,92, ...).
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Likewise, there is a unique solution ®~ in the corresponding spaces in the
lower half-planeS.
(i) Thus there is a v large enough so that for all k

coe—iare(@)

o (@) = /0 e_“ptb:(p)dp (2.128)

exist for |x| > v. The functions ¢, (x) are analytic in x for arg(z) € (—2m —
w/2,7/2). The similarly obtained goﬁ(m) by Laplace transforming ®,  along a
ray in the fourth quadrant are analytic in z, arg(x) € (—n/2,27 +7/2).

(#ii) The function series

oo

vH@: 0 = Y0 Che bl () (2120)

k=0

and -
y (z;C_) = Z CFe ke gk () (2.130)

k=0

converge for sufficiently large Rex, arg(z) € (—m/2,7/2) and solve (2.108).
(See also Proposition 2.132 below.). In fact, |y (x)| < pFe~®e@)=) ifRe (z)
1s large enough.

Note. The solution cannot be written in the form (2.129) or (2.130) in a
sector of opening more than 7 centered on R* because the exponentials would
become large and convergence is not ensured anymore. Growing exponentials
implies, generically, blow-up of the actual solutions; see §77. All the g
however are well behaved.

Exercise 2.131 (*) !!! Agree, let’s discuss which!!! Prove Proposition 2.127.

Proposition 2.132 Any solution of (2.108) which is o(1) as x — 400 can
be written in the form (2.129) or, equally well, in the form (2.130).

PROOF The method we use here can be extended relatively straightfor-
wardly to general systems, see [44]. Let yo := y™ be the solution of (2.108)
of the form (2.129) with C' = 0. Let y be another solution which is o(1) as
x — +oo and let § = y — y+. We have

§ = =6+ 3y36 + 3y + 83 (2.133)

which we write in integral form

0=Ce " +e” /I e* (3yo(s)25(s) + 3yod(s)* + 6(s)?) ds (2.134)

zo

6Like Yp, the functions ®; are analytic for |p| < 1, but generally have branch points at
1,2,...
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For any C' > 0, eq. (2.134) is contractive on [z, 00) in a ball of radius € small
enough, in the norm sup ||z26(x)|| if @ is large. This is shown in the usual
way. For instance, for some ¢ that is bounded as x, xy go to infinity we have

e " /I eyo(s)%6(s)ds

0

—x * s . — 2¢
< cf|2%6) o€ / s %ds < E”x%”"o (2.135)

Zo

Now, with this unique § = d¢ determined, and the information that 6o < 272
we return to the equation (2.133) which can also be written as

8 = =0+ 3y26 + 3yodcd + 646 (2.136)

which is linear and to which we can apply the linear asymptotic theory of
ODES [82], which would allow us to deal, in a similar way, with higher order
equations. We can deal with this equation straightforwardly however. We
obtain the one-dimensional space of solutions by integrating

(Ind) = =1+ 3y3 + 3yodc + g = -1+ O(z™?) (2.137)

It follows that
§=ce (1 +h(x)); h(z)=0(x"% (2.138)

for some ¢ € C. (where from the construction, h does not depend on C7). On
the other hand, the solution y¢, given by (2.129) with C; = C also satisfies
Yo, —y+ = Cre (1 + h(z)). It follows that §; = y — yc, satisfies (2.136) and
91 = o(e™®). On the other hand, repeating the argument that led to (2.138),
it follows that 6; = ce~*(1 4 h(x)). This implies ¢; = 0 and d; = 0. .

2.8b Analytic structure along R*

The approach sketched in this section is simple, but of limited scope as it
relies substantially on the ODE origin of the convolution equations.

A different, complete proof, that uses the differential equation only mini-
mally is given in [44].

*

By Proposition 2.111, Y = Y;" is analytic in any region of the form ]D)EUS}.
We now sketch a proof that Y has analytic continuation along curves that do
not pass through the integers.

For this purpose we use (2.129) and (2.130) in order to derive the behavior
of Y. It is a way of exploiting what Ecalle has discovered in more generality,
bridge equations.

We start with exploring a relatively trivial, nongeneric possibility, namely
that yar =1y, =:yo. (This is not the case for our equation, though we will not
prove it here; we still analyze this case since it may occur in other equations.)
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We take the larger of the values of v+ corresponding to Y+ in the proof of
Proposition 2.111. In our problem, by symmetry w.r.t. complex conjugation,
vt =v~ =v. Since yi =y, =y we have

ia’

ooet ocoe”
y =/ Y (p)e P dp =/ Y~ (p)e P"dp (2.139)
0 0

where we take o’ € (a,7/2) with a defined in Proposition 2.111. Then y is
analytic and O(z~2) for |z| > mg := vm; m~! = min{sin(a’/2), cos(a’/2)}
and arg(z) € (—7/2 —a'/2,7/2 + a’/2). Now, by Proposition 1.56 (ii), since
Y = L£7'(y), Y is analytic in the sector S, = {p : argp € (—d'/2,d’/2)}
and bounded by e’™Pl Proposition 2.111 shows that ¥ € AKMO(S} UDy)
for any K, thus it is analytic in {p : |p| < 1} U {parg(p) € (a,27 — a) and
bounded by |p|e!?! (since K = max{[p| : p € Si:}). Thus Y is entire, and, for
large v, uniformly bounded by e*™?! for all p. The estimates on Taylor series
coefficient of Y gives rise to factorial decay for large k. Applying Laplace
transform to the Taylor series of Y (p) term by term, which is justified by
dominating convergence theorem, it follows that the series gy is convergent.
We arrived at the following result:

Proposition 2.140 The formal series §o is convergent iff (nongenerically)
y+ = y— and factorially divergent otherwise.

PROOF The proof is contained in the analysis preceding the Proposition,
except for the factorial divergence, which follows from the fact that Y, # Y_
implies that the Taylor series of Y at p = 0 has finite radius of convergence

16
and applying Watson’s lemma to foooe Y (p)e P*dp, one obtains a divergent
series ¢o. I

2.8c The analytic continuations of Yj

By Proposition 2.132, y; can be represented in the form (2.130). Thus,
there exists a constant S # 0 (called Stokes multiplier) such that

yt =y + Z She=ke gk () (2.141)
k=1
implying
yt —y~ = Se Txp; (z) + O(x%e ™) (2.142)

More generally, for any Cy there is C_ such that we have

o0 o
yt+ Z CheMabpl(z) =y~ + Z CFe ko gk () (2.143)
k=1 k=1
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from which we obtain
y* -y = (C — Cy)e*apr () + O(a%e ) (2.144)
Comparing with (2.142) we get
cC_-Cp=S5 (2.145)

Recalling that gng = yoi, and denoting C' = C (2.143) implies the identity

ch —kz + Z C—‘rS ko—ka k(P (l‘) (2.146)
k=0

which holds for any C! From the convergence of @ in the space L, , for large
1, v, it follows that the expansions (2.146) are analytic in C'if z is chosen large
enough. This means we get a series of identities by taking the derivatives of
(2.146) at C = 0. In particular, we get

C o=kt i\ i e
o — on :Z( ; )Sjgc]e 'z (2.147)

Jj=1

2.8d Local analytic structure of Y;, ®, along R*

Definition 2.148 We introduce the notation f:‘; to denote an integral along

a contour encircling a +R*Y in a counter-clockwise manner, with a minimal
distance 0 < ¢ < 1 from this set; fa;ciqﬁ denote a similar integral, except that
it approaches coe'® on the upper side of RT and coe™® on the lower-side.
Finally, for ¢ # 0, jga;c,cb denotes an integral encircling a + e'*R* in the anti-
clockwise direction, but not a + 1 for | € Z*, and keeping minimal distance

0 < c < 1 from each of the sets a + ¢’*R* and a + 1.

We take v/ > v, y = x — 1/ with Re(y) > 0, Hy = e *'?Y;. Noting that
y—(z) = LY} [z] and yy(x) = LY_[x], we may write ((2.141)) as

0o N
— ]{ Hye ¥Pdp = Z S’ke_k’”mkap; (x) + an(y), (2.149)
lLie;ta b1
where
an(y) = Y St eI g o (v +y) = O (yNHe (V)
k=N+1

(2.150)
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Now, for a € (a,7/2) we have

Sk o
Skake ke o (1) = ——xke_km% @ (p)e ™ Inp dp
0

27 0
Sk:e—k;n o] k) e
= j{ [@;(p)lnp]( Je—p dp
0;c,a

k,—ky—kv' poo
= fseiy,j{ (@ (p) lnp](k)e*’/pe*pydp (2.151)
2mi [VHENeY

Now, since for large v/, [@;(p) lnp](k)e_”/p and Hy are in L', we can take
the Laplace transform (f — fooo f(y)e*¥dy, where Re z < 0) on both sides of
(2.149). We note that ax (y) is analytic for y > 0, and it is O(yV e~ (N+1y),
Therefore, An(2) = [, e*Yan(y)dy is analytic for Re z < N + 1. We can
interchange the (y,p) order of variables by Fubini, and get

N o (k)
o H k, —kv oo lp+ 1 ,
j{ Holp) g, _ 57 f Oe@WE] T gy Ay (2152)
lic;ta P — % E—1 2mi O;c,a P— %2 +k

We start with Re (z) < N 4+ 1 and Im z large enough. All integrals are mani-
festly analytic in z in this region.

We start with large negative Im z. The right side of (2.152) is analytic for
Re(z) < N + 1, except at the points z = k: this is clear since @ﬁ(p) Inp are
analytic along the contour except at zero, and the contour of integration can
be deformed to accommodate for the variation of z, except if z approaches k,
for some k=1,2,...,N.

We start with large negative Im z. The right side of (2.152) is analytic for
Re(z) < N + 1, except at the points z = k: this is clear since ‘I)Z_(p) Inp are
analytic along the contour except at zero, and the contour of integration can
be deformed after collecting residue at p = z — k and that the right side is
analytic at p = z — k, except when z = k for some k =1,2,..]V.

To see what happens in a neighborhood of z = k, we first define

Giz)= ¢ BT vy 2.153
(2) ﬁwp_ﬁk ePdp (2.153)

to be the analytic function when z is outside the loop foo_ioo. The analytic

continuation of G(z) for z inside the loop can be found through contour de-
formation, and in the process collecting a residue, implying

!
Ske—kv

211

G(z) = SFe™'* (@ (z — k) In(z — k)] (%)

e "'Pdp  (2.154)

7 k
N Skefky %oo [(I);Ci-(p) lnp]( )
211 0w P— 21k
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where z is now inside the contour of integration and the integral term is
manifestly analytic for z near k.

We can likewise find the analytic continuation of 55102 to M for z inside
e, p—z
the loop gives rise to fiiia % + 2miHy(z) for z inside the loop, where

the integral term is manifestly analytic near z = k. Equating the two sides of
(2.152) after analytic continuation inside the loop, we obtain” in a (ramified)
neighborhood of z = k, as z + R,

Y, (2) = 5—; {‘I)g(z —k)In(z — k) “ + Ap(2) (2.155)

Remark 2.156 In (2.155), Aj(z) is analytic near z = k and in a neigh-
borhood of the ray {z = k + te'® : t € RT}, manifestly so, because of the
analyticity of all <I>'k".

Thus, the only singularities of Y;, on the first Riemann sheet are at p = k,
and the singular structure is given in (2.158) below. It follows from (2.128)
and the fact that ¢x(2) = O(x~%=2 for even k and ¢ (z) = O(z~*) for odd k
for large x that @} (p) = p* =7 Bi(p) with 0 = 1 if k is odd and o = —1 if k is
even. Thus,

Sk

Y, (2) = o7 [(z — k)" “By(z — k) In(z — k:)] “ + Apa(2) (2.157)

where By, and Ay, are analytic near z = k, or, finally,

— Sk -0 !
Yo(2) = 2 [(z k)Y Bya(z — k) In(z — k)] + Apa(2) (2.158)

By.2 and Ay, are analytic near z = k. In particular, Y0+ is analytic on the
Riemann surface of a punctured neighborhood of p = k.
Similarly, from (2.147) we get, near z = k,

_ Sk (j+k (k)
P (2) = 27”( j [(I)Lk(z —k)In(z — k)} + A (2) (2.159)
with Ay, ;(z) some functions analytic for |z — k| < 1. They are also analytic
when z — k is inside the whole contour of integration of ®y.

Note 2.160 We see that the formal series 7y generates, at least in principle,
the full transseries and the one-parameter family of small solutions of (2.108).

"We quote here results for Y, (z) since we approach z = Rt from Imz < 0. Obviously
similar results can be found for YO+ (2) by approaching Rt from above.
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Indeed

ek akpr (z) = xke*k"”]{ ® (p)e P Inp dp
0;c,x
1 > k —px - > - —px
“omi b (@ (p— k) In(p — k)] ePmdp = §7F Yo T(p)edp
- - (2.161)

where —+ indicates continuation from the fourth quadrant into the first one.
Thus, the general small solution is given by

y_—I-Z CFe kogky(z) = / Yy (p)e_pxdp—&-z o Yy t(p)e P dp
k=1 0 k=1 k;c,x
(2.162)
where ¢ = C_/S.

Note 2.163 It would not be hard to show for (2.108) that a solution that
behaves like gp as  — ioco will have the asymptotic behavior Se~*(1 + o(1))
close to the negative imaginary line, in a narrow region where 7! < e™% <«
1. The value of the Stokes multiplier S is crucial to completely solving the
connection problem, here: given the behavior at 00 find the behavior at —iocc.
There are several very efficient ways to determine this important parameter
numerically, but a closed form expression for it is only expected in integrable
systems to be discussed in the next section.

Note 2.164 Thus, the whole information about the small solutions of (2.108)
is contained in gg. The singularities of Y, are determined also by formal
analysis of ¢, which in turn can be determined from gy up to the same
constant S.

2.8e Determining singularities in Borel plane from asymp-
totics of Laplace integrals

Lemma 2.165 (i) Let H be analytic in the region {z : dist(R*,z) € (0,¢)}
and such that for some v we have supg|q<. ||[H (p + ia)|, < co. Let

h(zx) :j{ e P H(p)dp (Re(z) > v) (2.166)
0;c

Assume further that
h(z) =0(e™"™) as x — 400 (2.167)

where r < c. Then H s analytic in D,.
(ii) The same holds in the following other cases:
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(a) foo;z 18 replaced by fofi@ and H 1is analytic inside the curve, except
perhaps for Rte!® +oo;

(b) foﬁi is replaced by foo;z;i(z; where now the contour surrounds R™ at dis-
tance at least ¢ and approaches oo at an angle +¢ and H is analytic inside
the curve, except perhaps for RT.

PROOF  Note first that hy(z) := h(z+v+e¢) is analytic in a neighborhood
of (—&,00). This and (2.345) show that hi(q) = [ h1(z)e 9dx exists, and

the integrand in the definition of hi(g) satisfies the hypotheses of Fubini’s

theorem and
: e PP H(p) % > Hy(p)
hi(q) = 7{ - —ip= d 2.168
1(9) o p+q P=F 2+q? ( )

Note 2.169 Eq. (2.345) implies that the Laplace transform H := I hx)e 9= dx
exists and is analytic in the half plane Req > —r.

We start with large Re ¢ and approach the origin. To enter the disk of radius
r, q crosses the contour of integration. We bend the contour inward allowing
q to approach the origin at a distance 0 < ¢’ < ¢ and then pass the contour
through ¢, collecting the residue 2miH (¢), and then return to the original
contour. Thus, for |g| < r we have

. 0 H
h(q) = 2miH; (q) + : plT(p;)dp (2.170)

where now ¢ is in D,. By Note 2.342 hi(g) is analytic in D, and so is the

integral on the right side of (2.343), manifestly so due to the fact that the

contour is outside D,.. But then H;(q) and therefore H(q) is analytic in D,.
(ii) The proof is very similar to that of (i).

Exercise 2.171 Adapt the proof above to the weaker condition
h(k) =0(e™™) as N3 k — 400 (2.172)

Hint: consider instead the properties of the generating function Z;ozko hy(k)zF.

2.9 Spontaneous singularities and the Painlevé property

In nonlinear differential equations, the solutions may be singular at points z
where the equation is regular. For example, the equation

Y =y*+1 (2.173)
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has a one parameter family of solutions y(z) = tan(xz + C); each solution has
infinitely many poles. Since the location of these poles depends on C, thus
on the solution itself, these singularities are called movable or spontaneous.
Whether these spontaneous singularities are poles or essential singularities,
particularly branch points, is crucial for the integrability of the equation.

Let us analyze local singularities of the Painlevé equation Py, ** changed
z to 2**

y' =y +z (2.174)
We look at the local behavior of a solution that blows up, and will find so-
lutions that are meromorphic but not analytic. In a neighborhood of a point
where y is large, keeping only the largest terms in the equation (dominant
balance) we get y” = y? which can be integrated explicitly in terms of elliptic
functions and its solutions have double poles. Alternatively, we may search
for a power-like behavior
y~ Az — z)P

where p < 0 obtaining, to leading order, the equation Ap(p —1)(z — 29)P~2 =
A2%(z— 29)?? which gives p = —2 and A = 6 (the solution A = 0 is inconsistent
with our assumption). Let’s look for a power series solution, starting with
6(2—20)"2:y=6(2—20)"2+c_1(z—20) t+co+---. Weget: c.1 =0,¢p =
0,c1 = 0,¢0 = —29/10,¢3 = —1/6 and ¢4 is undetermined, thus free.

2.9a The Painlevé property

To address the question whether nonlinear equations can define new func-
tions, Fuchs had the idea that a crucial criterion now known as the Painlevé
property (PP), is the absence of movable (meaning their position is solution-
dependent) essential singularities, primarily branch-points, see [32]. First or-
der equations were classified with respect to the PP by Fuchs, Briot and
Bouquet, and Painlevé by 1888, and it was concluded that they give rise to
no new functions. Painlevé took this analysis to second order, looking for all
equations of the form v’ = F(t,u,u’), with F rational in «', algebraic in w,
and analytic in ¢, having the PP [39, 40]. His analysis, revised and completed
by Gambier and Fuchs, found some fifty types (types since some have free
parameters) with this property and succeeded to solve all but six of them in
terms of previously known functions. The remaining six types are now known
as the Painlevé equations, and their solutions, the Painlevé transcendents,
play a fundamental role in many areas of pure and applied mathematics.

2.9b Analysis of a modified P;equation

The Painlevé property is very demanding. It is of course beyond the scope
of this course to analyze a general second order equation. We can however
experiment with a general analytic function A(z) = > p-, axz" instead of 2:

y' =y + A2) (2.175)
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We can see that A(0) can be eliminated by a shift of the independent variable,
and A’(0), if nonzero, can be normalized to 1. Looking for singular solutions,
the dominant balance is the same as in the beginning of §2.9 and thus the
local expansion starts with the same term, 6(z — z9) 2. Substituting y =
Y s _ock(z — 20)F in (2.175) and identifying the coefficients, the ¢, with
k < 4 can be determined order by order. The coefficient of (z — 29)? however
does not involve ¢ at all; it is

= —1
-3 %akzg (2.176)
k=2

Since (2.176) must vanish, the possibilities, up to linear changes of variables
are A(z) = 0, A(z) = 1 and A(z) = 2. The first two give the equation of
elliptic functions and the third is Pyitself .

2.9b.1 The Painlevé test, further discussion

S. Kovalewsky searched for cases of the spinning top having the PP. She
found a previously unknown integrable case and solved it in terms of hyper-
elliptic functions. Her work [36], [37], [38] was so outstanding that not only
did she receive the 1886 Bordin Prize of the Paris Academy of Sciences, but
the associated financial award was almost doubled.

The method pioneered by Kovalevskaya to identify integrable equations
using the Painlevé property is now known as the Painlevé test, which she
combined with Liouville’s results on integrability of Hamiltonian systems.
As mentioned , the Painlevé equations, as well as others with the PP were
subsequently rederived from linear problems. Why this is so often the case is
not completely understood.

However, at an informal level, we note that the Painlevé property guar-
antees some form of integrability of the equation, in the following sense.
Consider for simplicity a second order equation y” = F(x,y,y’). Denote by
Y (z; x0; C1, C2) the solution with initial conditions y(xo) = C1,y (xg) = Ca.
Let z1 be any point which is not a fixed singularity (singularity of the equa-
tion). We have, locally for any z, y(x1) = Y (z1;2;y(x), v (x)) and ¢/ (z1) =
Y (x1;2;y(x), v (z)). Of course, y(x1) = C1 and y'(z1) = Co are constants,
and we have thus found two locally conserved quantities. This local property
is essentially what the flowbox theorem provides. The word local is crucial.
A system is integrable if global conserved quantities exist. Note first that
C:1 and Cy are obtained by solving the same ODE! What prevents C; and
Cs to extend to global conserved quantities? Once more, it is the possibility
of spontaneous singularities. In principle, C; and Cs might only exist in a
bounded domain, bordered by a natural boundary of solutions.

Since the solutions of P; however are meromorphic, it is always possible, in
principle, to extend Cy and Cy by solving the equation along a path avoiding
the poles, and the possible fixed singularities. For the fixed singularities of
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the equation, we select one common path for all solutions. With z; kept
fixed, of course Y (z1;2;y(z),y (z)) and 01Y (x1;z;y(x),y'(x)) are constant
along trajectories, and we have obtained (by no means in closed form, but
this does not matter) two constants of motion in C, analytic except for lower
dimensional manifolds.

On the contrary, movable branch-points have the potential to prevent the
existence of well-behaved constants of motions for the following reason. Sup-
pose yp satisfies a meromorphic (second order, for concreteness) ODE and
K(x;y,y’) is a constant of motion. If z( is a branch point for yg, then yq
can be continued past xy by avoiding the singular point, or by going around
o any number of times before moving away. This leads to different branches
(y0)n of yo, all of them, by simple analytic continuation arguments, solutions
of the same ODE. By the definition of K(z;y,y’) however, we should have
K(z; (yo)n, (Wo),,) = K(z;90,y,) for all n, so K assumes the same value on
this infinite set of solutions. We can proceed in the same way around other
branch points x1, xs, ... possibly returning to zo from time to time. Generi-
cally, we expect to generate a family of (yo)n,,...,n;+ (Y0)n,.....n, Which is dense
in the phase space. This is an expectation, to be proven in specific cases. To
see whether an equation falls in this generic class M. Kruskal introduced a
test of nonintegrability, the poly-Painlevé test which measures indeed whether
branching is “dense.” Properly interpreted and justified the Painlevé prop-
erty measures whether an equation is integrable or not. See, e.g., [18]. In
case an the solutions of an equation exhibit dense branching, it is also to be
expected that the behavior in the complex domain along paths that encircle
many branch points, because of this density, will have a chaotic character.

Exercise 2.177 **Show that the solution of ' = y° — 1 has no single-valued
conserved quantity in K(x,y) in C2: solve the differential equation implicitly
and show that by winding around the five logarithmic singularities of x(y) in
suitable ways, K(x,y,(x)) takes the same value on a family of y;(x) which is
dense in C.**

Choosing a ¢y, all others are uniquely determined. At this stage, we have
two free parameters in the solution: zy and cs. We can expect no further
undetermined coefficient, since the equation is second order.
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2.9b.2 The list of Painlevé equations

The six classes of Painlevé transcendents, identified by Painlevé (P), Gam-
bier (G) and R. Fuchs (F) are

ﬁg*62+¢(fP) (2.178)
dt2 - y ’ .
d*y 3
@:234 +ty+a (II;P) (2.179)
d?y dy\?  dy
ty— =t — ) —y— + 0t 3 f~ytyt (IIT; P 2.1
v <ﬁ> ygp Tt By +ay +aty” (I P) (2.180)
Py _ o (dy)* 2(#2 2 4B 4 3yt (VG 2.181
Yoz 2\ g +B+2(t° —a)y” +4ty” + 5y° (IV;G) (2.181)
d?y 1 1 dy 2 1dy
—s= = —) (=) -= 2.182
dt? (2y+y—1) <dt> t dt (2.182)
—1)2 1
t y ¢ y—1

2y (1 1 1 y\> (1 1 1\ dy
iy = 4+ - W (Y)) ([ — 4+ — VY (2183
a2 \y Ty ity =) & PR vy R (2.183)

yly —1)(y — 1) t t—1 t(t—1) ]
LI <“+5y2”<y—1>2”<y—t>2> VELE)

In these equations, «, 3,7, d are arbitrary parameters in C.

Beginning in the 1980’s, almost a century after their discovery, these prob-
lems were solved, using their striking relation to linear problems®, by various
methods including the powerful techniques of isomonodromic deformation and
reduction to Riemann-Hilbert problems [28], [29], [34].

2.9b.3 Linearization of the Painlevé equations

The Painlevé equations are related to linear problems in a number of ways,
in some broad sense equivalent: isomonodromic deformations, Lax Pairs,
Riemann-Hilbert problems and others, and in view of the connection to solv-
able linear problems are considered themselves to be solvable. The following
is one of the simplest to explain such links [27]. Consider the system of equa-

8Some linear problems conducive to Painlevé equations were known already at the beginning
of last century. In 1905 Fuchs found a linear isomonodromic problem leading to Pvyr.
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tions:
ow
S A(t, )T (2.184)
ow
e B(t,\)¥ (2.185)

where in which A and B are matrices and (¢, A) are independent variables.
Then we have a compatibility equation

0*w *w
205 — 030t (2.186)
o A OB
5 " gy TAB-BA=0 (2.187)

The equation Py is the compatibility condition for
AL N) = (4N + 24 +1) (é _01> 4Ny 2 4 1) (? OZ)
1 01
/
() (1)

B(t.A) = (A+ %) <(1) _01> = % (? _0’> (2.188)

while for Pyr, we have

At N) = —i(4N* + 2% + 1) (é _01) — 2 <? _oi) + (- %) <(1) (1)>

B(t,\) = (‘yi’\ ZyA> (2.189)

2.9¢ Rigorous analysis of the meromorphic expansion for P;

Substituting y(z) = 6(z — 29)~2 + &(z), with d(z) = o((x — x)~2) and
taking © = xg + 2z we obtain

12
8 = ?5+z+x0+52 (2.190)

To find the dominant balance we note that our assumption § = o(z~2) makes
§2/(6/2) = 226 = o(1) and thus the nonlinear term in (2.190) is relatively
small. Thus, to leading order, the new equation is linear. This is a general
phenomenon: taking out more and more terms out of the local expansion, the
correction becomes less and less important, and the equation is better and
better approximated by a linear equation. We then rewrite (2.190) as

12
8" — ?5 =2+ 29 + 67 (2.191)
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which we convert into an integral equation. The indicial equation for the
Euler equation corresponding to the left side of (2.191) is 7% —r — 12 = 0 with
solutions 4, —3. We get

D 1 o 14 4 1 e 2t [ —352
1 1
= w4 I() (2192)

the assumption that § = o(z72) forces D = 0. The occurrence of a “dis-
allowed” freedom, D/z3 > § in this case is related to the phenomenon
of negative resonances, quite common in Painlevé analysis; see [31] for a
discussion. Now, C' is arbitrary. To find & formally, we would simply it-
erate (2.192) as usual: we first take 0 = 0 on the right side and obtain

0o = —%mon - %z3 + Cz*. Then we take 62 = 02 and compute 6; from
(2.192) and so on. This yields:
1 1 2 x
6= ——x02 — =23+ C2* 0 64 974 . 2.193
10707 767 T T Roo” Tooo” T (2.193)

To prove convergence of the expansion, we scale out the leading power of z in
§, 2% and write § = 2%u. The equation for v is

-5 z 2 z
=g = [l T [l
To Z 2
_ Tz 2.194
10 6+CZ + J(u) (2.194)

Tt is straightforward to check that, given C large enough (compared to /10
etc.) there is an e such that this is a contractive equation for u in the ball
|lul|o < C1 in the space of analytic functions in the disk |z| < e. We conclude
that § is analytic and that y is meromorphic near x = .
Note. The Painlevé property discussed in requires that y is globally mero-
morphic, and we did not prove this. That indeed y is globally meromorphic
is in fact true, but the proof is delicate (see e.g. [1]). Generic equations fail
even the local Painlevé property. For instance, for the simpler, autonomous,
equation

"+ —f=0 (2.195)
the same analysis yields a local behavior starting with a double pole, f ~
—6272. Further terms in a local power series expansion are:

6 6 1 z 722 79

[ -
f= 275, 750 350 5000 7s000° T \ndefined (2.196)

that is, no coefficient of z—* works. More terms have to be pulled out for a
contractive mapping approach to work. We take

6 6 1 z 722 7923
5z 50 250 5000 75000

4(2)
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proceeding as above and integrating by parts the §’ term we get, after some
work,
- 182%1n z
~ 21875

where P(z) is a polynomial of third degree and N is a contractive operator in
the space of functions which are O(z*In 2). If we pull out fewer terms from f
a contraction mapping argument may not work (at least not in a naive way).
We see that a log term is generated in the process.

+ C2* + 25P(2) + N (2,0(2),0(2)?) (2.197)

Note 2.198 Eq. (2.195) does not have the Painlevé property. The log terms
generate infinitely many solutions by analytic continuation around one singu-
lar point, and suggests the equation is not integrable.

2.9d The Painlevé property for PDEs

We briefly discuss the Weiss-Tabor-Carnevale (WTC) method [83] which
adapts Painlevé analysis to PDEs. Remarkably, when applied to Burgers’
equation and to KdV, their method leads naturally to the solution of these
equations, through the Cole-Hopf transformation and Lax pairs respectively.
We base the presentation on their aforementioned paper.

Meromorphic functions of several variables are locally ratios P/Q of analytic
functions, and singularities occur when the denominator vanishes,

Q21,0 20) =0 (2.199)

which is a manifold of complex dimension N — 1 (in particular, singularities
are not isolated anymore). The WTC test requires that in a neighborhood the
manifold described by (2.199) the solution u of the given PDE be single-valued
as well, that is, for some analytic functions u;(z1, ..., z,) we have

u=Q " Zuij; for some m € N (2.200)
§=0

Direct substitution of (2.200) into the PDE determines the compatible values
of o and defines recursively the u;, j > 0. In the resulting expression, we
assume that Q7! < @’ and therefore treat it like an asymptotic series in
powers of Q.

The first example is Burgers’ equation

Uy + Uy = OUgy (2.201)

As in the case of the Painlevé test, the analysis has to be done carefully,
but there is no need for rigor, as we are simply dealing with a practical crite-
rion. Substituting (2.200) into (2.201) and using the assumption of analyticity
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suggests m = 1, since otherwise the most negative power of @Q would be unbal-
anced. With m = 1, after the aforementioned substitution, the most negative
power of @@ is —3; the equation for its coefficient to vanish is

ug = —20Q, (2.202)

We now take u = ugQ ' + u; where v is given by (2.202) and require that
the coefficient of Q2. This gives

For the coefficient of Q! we get

We note that this equation does not contain us; this is similar to the equation
for ¢4 in the case of Painlevé. The equation is either satisfied, or the expansion
fails. Thus, the third order term is resonant and if (2.204) holds, then ws is
free. On the other hand, we see that the left side of (2.204) is just the x
derivative of (2.203), and thus (2.204) indeed holds:

Or(W1Qz + Qt — 0Quz) =0 (2.205)
The general recurrence for u; is of the form
G+ DG - 2o¢iu; = F ({untr<s; Qi, {05Q}) (2.206)

where we see two resonances, the negative one corresponding to the freedom
in choosing @ and at j = 2 we get the identity (2.205). If we modify Burgers’
equation by adding, say, au(t,z) to its left side, we get instead of (2.205)

and this, for a # 0, combined with (2.204) implies Q, = 0, and (2.202) would
give ug = 0, and then (2.203) gives @; = 0 and since @ has a zero, we
would have @ = 0, a contradiction. For this modified Burgers’ equation, a
meromorphic expansion (2.200) and the formal Painlevé property fail.

Let’s return to a = 0; as mentioned, the equation (2.205) for usy is auto-
matically satisfied, uy is free, and (2.206) implies that all u; for j > 3 are
uniquely determined. There is a meromorphic local expansion in a neigh-
borhood of the singular manifold, and we could check that under suitable
analyticity assumptions on @ it actually converges.

If we set u1 = up = 0 we can check that the u; = 0 for j > 3 is consistent.
With this choice, (2.203) implies

Qi = 0Qza; U(tax) = _QGQx/Q (2208)

which is the Cole-Hopf transform, see [17], [33], [84], mapping (2.201) to the
heat equation and providing the closed form solution of Burgers’ equation!
Choosing instead u; = @ we get

Qi+ QQy = 0Qqur and u = —20Q,/Q + Q imply u; + vu, = ouy, (2.209)

which is the Backlund transformation for Burgers’, discovered by Fokas [30].
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2.9d.1 KdV
The KdV equation reads
Uy + Uly + OUgge = 0 (2.210)

the consistent power of @ is —2. Inserting u = Q2 ZZOZO Q*uy, the most
negative power of @ is Q°; setting the coefficients of Q> and Q™ to zero,
we get

ug = —120Q%; u; = 120Q4 (2.211)
Setting the coefficient of Q3 to zero gives
QuQt + Qouz + 40Q0Qgan — 30Q2, =0 (2.212)
while the similar equation for the coefficient of Q2 can be rewritten as
Quz + u2Quz — u3Q% 4+ 0Quaws = 0 (2.213)
while the equation for the coefficient of Q™! is equivalent to
02 (Qte + u2Qua — u3QF 4 0Quraa) =0 (2.214)

The equation above corresponds to a resonance, as uy does not participate;
we see that for KdV it is automatically satisfied. The resonances for the u;

are at j = —1,4, 6, and the resonant equation at j = 6 is longer and we omit
it.
Looking again for truncated series, in this case
u; =0 for all j > 2 (2.215)

it can be checked that u given by
u=—-120Q2/Q* + 120Qu./Q + uz = 120(In Q) 4z + u2 (2.216)
satisfies (2.210) if ug satisfies KdV:
Ugt + UgU2y + OU2zax (2.217)

which is a Béacklund transformation for (2.210).
With ug = 0, (2.213) becomes

Qtz + u2Quz + 0Quzza =0 (2.218)
Solving (2.212) for @; and differentiating with respect to t we get
Qut = 2VV; = —2VViug — VU, — 80V Vs (2.219)
where we substituted @, = V2. Taking the ansatz
60Vye +uV = AV (2.220)

in (2.219) KdV is linearized, in a Lax pair form, to

60Vye +usV =AV
2V + us Vi + AV + 20 V0w (2.221)

and now, if ug and V satisfy (2.221), then u defined in (2.216) satisfies (2.210).
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2.10 Gevrey classes, least term truncation and Borel
summation

Let f = Yoo cx ™ be a formal power series, with power-one of factorial
divergence, and let f be a function asymptotic to it. The definition (1.3)
provides estimates of the value of f(x) for large =, within o(z="), N € N,
which are, as we have seen, insufficient to determine a unique f associated to
f . Simply widening the sector in which (1.3) is required cannot change this
situation since, for instance, exp(—ml/m) is beyond all orders of f in a sector
of angle almost m.

If, however, by truncating the power series at some suitable N(z) instead
of a fixed N, we can sometimes achieve exponentially good approximations
in a sector of width more than 7, then uniqueness is ensured, as this exercise
shows:

Exercise 2.222 Assume f is analytic for |z] > 2 in a sector S of opening
more than 7 and that | f(2)| < Ce=*| (a > 0) in S. Show that f is identically
zero. Does the conclusion hold if e~%/?! is replaced by e~*V/I#1?

(This can be shown using Phragmen-Lindel6f’s principle. Without it, take
a suitable inverse Laplace transform F of f, show that F' is analytic near zero
and F(™(0) = 0 and use Proposition 1.56).

This leads us to the notion of Gevrey asymptotics.
Gevrey asymptotics.

oo
f(z) = chx_k, r — 00
k=0

is by definition Gevrey of order 1/m, or Gevrey-(1/m) if
lex] < CLOF (k)™

for some C1,Cs [7]. There is an immediate generalization to noninteger power
series.

Remark 2.223 The Gevrey order of the series >, (k!)"2 =%, where r > 0, is
the same as that of Y, (rk)!z~*. Indeed, we have, by Stirling’s formula,

const™% < (rk)!/ (k)" < const”
Taking 2 = y™ and §(y) = f(z), then § is Gevrey-1 and we will focus on this
case. Also, the corresponding classification for series in z, z — 0 is obtained
by taking z = 1/z.
*
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Definition 2.224 Let f be Gevrey-one. A function f is Gevrey-one asymp-
totic to f as © — oo in a sector S if for some C1,Co,Cs, all x € S with
|z| > C5 and all N we have

(@) = [N < G0 2NNV 4 1)! (2.225)

i.e., if the error f — fIV is, up to powers of a constant, of the same size as
the first omitted term in f.
Note the uniformity requirement in N and z; this plays a crucial role.

Remark 2.226 (Exponential accuracy) Iff 1s Gevrey-one and the func-
tion f is Gevrey-one asymptotic to f, then f can be approzimated by f with
exponential precision in the following way. Let N = ||z/Cs|]| (|-] is the
integer part); then for any C > Cy we have

f(@) = fNM(z) = O(x'/2e 121/, (|z| large) (2.227)

Indeed, letting |x| = NCs + € with € € [0,1) and applying Stirling’s formula
we have
NN +1)CYINCy +e| Nt = Oz /2e71o1/C2) o

Note 2.228 Optimal truncation, or least term truncation, see e.g., [26], is in
a sense a refined version of Gevrey asymptotics. It requires optimal constants
in addition to an improved form of Rel. (2.225). In this way the imprecision
of approximation of f by f turns out to be smaller than the largest of the
exponentially small corrections allowed by the problem where the series orig-
inated. Thus the cases in which uniqueness is ensured are more numerous.
Often, optimal truncation means stopping near the least term of the series,
and this is why this procedure is also known as summation to the least term.

2.10a Connection between Gevrey asymptotics and Borel
summation

The following theorem goes back to Watson [59].

Theorem 2.229 Let f =Y ey ckx™® be a Gevrey-one series and assume
the function f is analytic for large x in Sy = {z : |arg(z)| < w/2 + 0} for
some § > 0 and Gevrey-one asymptotic to f in Sy as in (2.225). Then

(i) f is unique.

(ii) B(f) is analytic (at p = 0 and) in the sector S5 = {p : arg(p) € (—4,6)},
and Laplace transformable in any closed subsector. ~

(iti) f is Borel summable in any direction eR* with |0] < 6 and f = LBy f.

(iv) Conversely, if f is Borel summable along any ray in the sector Ss
given by |arg(x)| < ¢, and if Bf is uniformly bounded by ¢””! in any closed
subsector of Ss, then f is Gevrey-1 with respect to its asymptotic series f in
the sector |arg(x)| < 7/2 + 0.
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Note. In particular, when the assumptions of the theorem are met, Borel
summability follows using only asymptotic estimates.

The Nevanlinna-Sokal theorem [77] weakens the conditions sufficient for
Borel summability, requiring essentially estimates in a half-plane only. It was
originally formulated for expansions at zero, essentially as follows:

Theorem 2.230 (Nevanlinna-Sokal) Let f be analytic in Cp = {z :
Re(1/z) > R™'} and satisfy the estimates

N—-1
f(z) =Y az* + Ry(2) (2.231)
k=0

with
IRy (2)] < AcV N[z (2.232)

uniformly in N and in z € Cg. Then B(t) = Y~ a,t"™/n! converges for
|t| < 1/o and has analytic continuation to the strip-like region S, = {t :
dist(¢t,R") < 1/0}, satisfying the bound

IB(t)] < K exp(Jt]/R) (2.233)

uniformly in every S, with ¢’ > o. Furthermore, f can be represented by
the absolutely convergent integral

f(z) = z*l/ e”t/ZB(t)dt (2.234)
0
for any z € Cg. Conversely, if B(t) is a function analytic in S, (¢ < o)
and there satisfying (2.233), then the function f defined by (2.234) is analytic
in Cr, and satisfies (2.231) and (2.232) [with a,, = B (t)|;—o] uniformly in
every Cr/ with R’ < R.

Note 2.235 Let us point out first a possible pitfall in proving Theorem 2.229.
Inverse Laplace transformability of f and analyticity away from zero in some
sector follow immediately from the assumptions. What does not follow imme-
diately is analyticity of £~ f at zero. On the other hand, Bf clearly converges
to an analytic function near p = 0. But there is no guarantee that B f has
anything to do with £~ f! This is where Gevrey estimates enter.

PROOF of Theorem 2.229

(i) Uniqueness clearly follows once we prove (ii) and (iii).

(ii) and (iii) By a simple change of variables we arrange C; = Cy = 1.
The series F; = B f is convergent for |p| < 1 and defines an analytic func-
tion, Fy. By Proposition 1.56, the function F' = £~1f is analytic for |p| >
0, |arg(p)| < 8, and F(p) is analytic and uniformly bounded by e*!?l if v > Cj
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and |arg(p)] < 61 < 6. We now show that F' is analytic for |p| < 1. (A
different proof is seen in §2.10a.1.) Taking p real, p € [0,1) we obtain in view
of (2.225) that

B 100+ N N
F) = FYU) < [l [fs) - ) e )

—i00+N

> dz > dx
1oPN e —— VP 2 =
= e /oo |z +iN |V e /m (z2 4+ N2)N/2

NlePN o d¢ 42 (1IN
= VNI /_OO CESINE < ON32e@=DN 5 0as N — 00 (2.236)

for 0 < p < 1. Thus FIN-1I (p) converges. Furthermore, the limit, which by
definition is F}, is seen in (2.236) to equal F, the inverse Laplace transform of
fon [0,1). Since F and F; are analytic in a neighborhood of (0,1), F' = F;
wherever either of them is analytic?. The domain of analyticity of F is thus,

by (i), {p: [p| <1} U{p: |p| > 0,[arg(p)| < d}.
(iv) Let |¢| < 6. We have, by integration by parts,

)~ ) =N e (2.237)

On the other hand, F' is analytic in S,, some a = a(¢)—neighborhood of the

sector {p : |arg(p)| < |¢|}. Estimating Cauchy’s formula on a radius-a(¢)
circle around the point p with |arg(p)| < |¢| we get, for some v,

[FM (p)] < Na(¢) MIF(p)e ™ Ploc,s, e

Thus, by (2.237), with 6, || < |¢|, chosen so that v = cos(§ — arg(x)) is
maximal we have

N oo exp(—10)
7)== o [ FO(p)e"dp
0

(oo}
< constNla™N |z| N ||Fe P! .5, / e~Plzhvtvivltvag,
0

= const.Nla Ny z| "N L| Fe Pl 5. (2.238)

for large enough =x.

9Here and elsewhere we identify a function with its analytic continuation.
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2.10a.1 Sketch of the proof of Theorem 2.230

We can assume that f(0) = f/(0) = 0 since subtracting out a finite number
of terms of the asymptotic expansion does not change the problem. Then, we
take to x = 1/z (essentially, to bring the problem to our standard setting).

Let
1 c+ioco 1 c+ioco
F=— 1/z)ePds = — Pe
omi | f(1/z)e? dz = o— - g(x)eP dx

We now want to show analyticity in S, of F. That, combined with the
proof of Theorem 2.229 completes the argument.

We have
N-1
_ J
f(1/w) ="~ + Ry ()
j=2
and thus,
N—-1 i1 c+ioco
a p7 1 T
F(p) = Z ( ,]_ D)1 + i Ry(1/z)eP*dx
e J . c—1i00
and thus
c+i00
FO) = lay 1+ 5 [ o Ry(1/2)ede| < Ao VNY peR?
™ c—100

and thus |F((p)/n!| < Aszn?0”, and the Taylor series of F at any point
po € R converges, by Taylor’s theorem, to F', and the radius of convergence
is 1/o. The bounds at infinity follow in the usual way: let ¢ = R™!. Since f
is analytic for Rex > ¢ and is uniformly bounded for Rez > ¢, we have

cti00
/ f(1/x)ePTdx

—100

< g
< Kpe®? / > f_ o< Koe? (2.239)

for p € RT. In the strip, the estimate follows by combining (2.239) with the
local Taylor formula.

Note 2.240 As we see, control over the analytic properties of Bf near p =0
is essential to Borel summability and, it turns out, BE summability. Certainly,
mere inverse Laplace transformability of a function with a given asymptotic
series, in however large a sector, does not ensure Borel summability of its
series. We know already that for any power series, for instance one that is not
Gevrey of finite order, we can find a function f analytic and asymptotic to it
in more than a half-plane (in fact, many functions). Then (£~ f)(p) exists,
and is analytic in an open sector in p, origin not necessarily included. Since
the series is not Gevrey of finite order, it can’t be Borel summable. What
goes wrong is the behavior of L7 f at zero.
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2.11 DMultiple scales; Adiabatic invariants

We now look at slightly perturbed equations with periodic solutions. This
is a represents a class of asymptotic problems in its own right, with many
applications from celestial mechanics to the study of oscillators with changing
parameters. Interestingly, there are still open problems in this area, see [3].
One of the simplest problems in this category is the slowly changing length
L(t).We sketch the derivation of the equations without getting into details
(see e.g. [4]). One writes the position in polar coordinates,

x(t) = L(t)sin0(t); y(t) = —L(t) cos () (2.241)

writes the kinetic energy T' = (% + ¢?),U = mgy(t), then the Lagrangian
L =T — U. The motion is described by the FEuler-Lagrange equation

doL oL

diog 09

which in appropriate units to eliminate m and g reads
. 2L . 1
0+ fﬁ + Esin@ =0 (2.242)

and in the approximations sinf =~ 6 we get

2L, 1
0+—0+—-0=0 2.243
The function L is slowly changing; we will take L(t) = p(et). Let’s take for
simplicity L(t) = 1 + et. The equation becomes

2e . 1

6+ —60+—0= 2.244
+1+st +1+5t 0 ( )

2.11a The problem as a regularly perturbed equation; sec-
ular terms

Superficially, this appears to be a regularly perturbed problem. So let us
see first what regular perturbation theory gives. We substitute

0 =00+ e0; +e%0s+- - (2.245)

in (2.244) and get

0y +6o=0 (2.246)
with the general solution Ae® + Be~%. By linearity, it suffices to analyze the
sequence of equations for #; when ¢y = et and by conjugation symmetry,
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we can reduce the analysis to the case fy = e (this choice is simpler than
a trigonometric function, say 6, = cost since d/dt generates sint as well).
Then, 6, satisfies

07 + 6, = (t — 2i)e™ (2.247)

with the general solution
01 = Ae" + Be " — (it + 3)te" = —(Lit + 3)te” (2.248)

where without loss of generality, we took A = B = 0 (other combinations
would simply be absorbed in a more general, e— dependent, initial condition).
Next, we get

0 + 0y = —(4¢> + 947 + 2t 4 3)e (2.249)

Again choosing the free constants to be zero, we get
Oy = —(apt® — 2042 — 2t 4 Si)geit (2.250)

By induction we easily see that 6, grows with t like t***2. For the expansion
(2.245) to stay asymptotic we need t?c < 1 that is, t < e~ 1/2. But this
time is too short for anything interesting to happen, since L = 1 + &t is at
most of order 14 O(e'/?), barely away from the initial value 1, and then the
expansion becomes invalid. The terms in the expansion that are not periodic
in ¢ and lead to grow are called “secular” terms (from Latin —temporal as
opposed to eternal). There are various ways to eliminate them (compensate
for them would be more accurate). In any case, the solution seems to grow
with ¢, but the accuracy does not allow to determine if this is a problem with
the expansion or with the solution.

2.11b The Poincaré-Lindstedt method

We consider a choice of “local” time variable adapted to the changing fre-
quency: instead of ¢ we use

k
1=

N
T=t+ Y Y ape'tt (2.251)
k=1

1

and write again 6 = 0o(7) + 01 (1) + 203(7) + - --. We try to determine the
ai; together with the 6; so that the equation is formally satisfied, and so that
6; contain no secular terms. The leading equation is the same:

0y + 00 =0= 0y =e'" (2.252)
The equation for #; is now

0y +6, = — [—6az17> + (6iaz; — das — 1) T + 2i + 2iaz; — 2ay1] €' (2.253)
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The right side of (2.253) has to vanish, since €' is resonant (it is a solution
of the homogeneous equation) and its presence would create secular terms;
this determines asi, as; and aq1. The procedure works order by order, while
becoming more and more cumbersome of course. To o(g?) we get

T=Ti(t) =t — (37 + 3t + (387 — L — )P + (- Gt + Dt® + )’

(2.254)
We can proceed similarly with a second solution of (2.244) starting with e~
and get

31 3 1 31 1
T_(t) = (1 - ZZE - 3252> t— (45 - 8252) 2+ §52t3 +o(e?)  (2.255)

and finally obtain a general (approximate) solution in the form
0=Cuei™® p o™ (2.256)

If carried to all orders, this covers a time interval te < 1, where the length
still changes very little, but show that there is no growth of the solution on
this larger time scale.

2.11c Multi-scale analysis

We describe this briefly here (see [8] for more details), but will not elaborate
since for many equations coming for applications (such as Hamiltonian sys-
tems) there are better approaches. Multi-scale analysis apparently also goes
back to Poincaré and Lindstedt and is meant to make the series calculations
more systematic. The problem at hand presents two scales: the fast one, t ~ 1
related to the period of cos and a scale of order te = 7 ~ 1 where it appears
that the period starts to change. We then write, with 7(t) = te,

0(t) ~ i Ok(t, 7(t))e" (2.257)
k=0

treat ¢ and 7 as if they were independent variables and get a system of PDEs:
9700+ (1+7)'0y =0 (2.258)

The equation for ©; is
0201+ (1+7)7'0; = —202.0¢ — 2(1 +7)719,0, (2.259)

with general solution

Oy = F’_F(T)e“(l'”)fl/2 + F_ (7’)6_“(1-"_7—)71/2 (2.260)

To obtain further terms, one substitutes (say) Qg = F+(T)eit(l+7)_1/2 in the
equation for ©; and determines F(7) to eliminate secular terms. This is not
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always possible, and the reason is that the method of multiple scales does
not allow for substantial changes in oscillation frequency; they have to be
addressed by changes of dependent variable if they do, see [§8]. Our equation is
one that would need to be modified, since it leads to the inconsistent equation

dF 1 it
. — F = 2.261
ar (2(1+T) 2(1+7)3/2> 0 (2.261)

which is inconsistent because of the presence of ¢t while F' is a function of 7
only. Once more, we will be content with (2.260), which we will compare with
results gotten by more systematic methods, and send to [8] on how to amend
the approach.

2.11d How do the parameters of the motion change when L
is doubled?

Of course none of the methods above gives us any information on this; we
have some series expansions that are not known to converge, and the question
is no simpler than trying to predict the behavior of an analytic function beyond
the disk of analyticity, when only estimates on the Taylor coefficients are
provided. A representation with wider range of validity is needed.

2.11e WKB

What we saw in (2.256) an (2.255) is that in fact if we use a power series
inside an exponential instead of just a ordinary power series, the domain of
validity increases. This suggests that there is an underlying WKB setting.
Since the problem is linear, WKB is applicable. The variable that needs to
be small in (2.256) and (2.255) for the expansions to be valid is the “slow”
variable s = te. We change thus to this variable, s = te, 6(t) = v(s), and we
get

v’ v

1+s+1—|—s

which is singularly perturbed. Performing first a Liouville transformation
v = hg and choosing h = (1 + s)~! so that the first derivative term vanishes
we get

821)// + 252

(2.262)

—2 9
1+s

where, as usual, we substitute g = ¢*, w’ = f, and obtain

g"+e =0 (2.263)

f==4i/e2(1+s)" 14 f (2.264)
wherefrom, by iteration, we get

3ie 3e?

+
16VI+s  64(1+s)

1
w=+2i(1+s)2% + J(+s)+ (2.265)
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and thus, expressing the results in terms of the original 6, we get two asymp-
totic solutions,

2i 3ie 15¢2
0, = (1 —3/4 +2V1 1
£= (s exp (Vs 1+ o= sy
(2.266)
At this stage we note that taking
2i  3ie  3e?
0 = A(e)f4; where A(e) =exp| —— — — — —_— 2.2
(€)04; where A(e) exp( - " 16 64> (2.267)

the Taylor series of  at ¢ =0 is

. 3 1., 5i, 21 3
§ = eit {1 <it+4) te + <32t3+ Tét%gﬁ— 3;) t52+-~~] (2.268)

which is what we get by combining (2.248) and (2.250). Likewise, if we take

2  3ie  3e?
=In(f.)—- 22 - 2= = 2.2
p=tn(0) - = - 5 - (2:269)
and expand ¢ in series we get
) it 3 it? 3t 3i 9

which is the expansion (2.254). We see that the regular perturbation expan-
sion containing secular terms and the Poincaré-Lindstedt series simply corre-
spond to various re-expansions of the WKB solutions. The range of validity of
the Poincaré-Lindstedt series, if calculated to all orders is te < 1 since we are
expanding In 0, for small 7. The regular perturbation expansion has an even
smaller range of validity, as we are also expanding out the exponential. The
term ec"tte” cannot be expanded asymptotically in ¢ when te? &« 1. Thus,
the very narrow domain of validity of the regular perturbation expansion is
explained by the fact that exponential behavior cannot be approximated by
power series, in a region where the exponent is large. The fact that the ex-
pansion breaks down is only a sign of the mismatch in behavior type, and not
an actual change in the solutions.

Note 2.271 The form (2.266) is valid for all |t provided no singularities or
turning points are crossed. Here, this simply means t € RT.

2.11f The adiabatic invariant
For a pendulum of fixed length, (2.243) takes the form

G+L70=0+w?0=0 (2.272)
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Multiplying by L26 and integrating we get
E = %L292 + L16* = const. ~ 2v® + L(1 — cos0) (2.273)

where F is the total energy. This is a conserved quantity, or an invariant of
the motion. What happens when L = L(t)? Are there conserved quantities?
Clearly, since the general solution is

0=C 0, +C_0_ (2.274)
any combination of C'; and C_ is conserved. We then solve for Cy and C_ as
a function of ¢,6. Up to numerical constants of no relevance, and to leading
order in e, we have —recall that € denotes %

Cy ~ (14 5)**(0 +i6v1 + 5) exp ( 2T s) (2.275)

e
C_ ~ (14 )**(0 — i1+ 5)exp (2;\/1 + s> (2.276)

Certainly C; and C_ are constant to the order presented, see Note 2.271.
Both of them oscillate rapidly on the slow, s, scale. We notice however that
C4C_ does not oscillate, and in fact any constant of motion that does not
change rapidly on the s scale is a function of C;.C_:

C.C_ ~ L(t)*?6% + L(t)*/%6* = L(t)/?E(t) = f((f)) = Eo(1+0(1)) (2.277)
see (2.273). The quantity E(t)/w(t) (w(t) being the instantaneous frequency)
is an adiabatic invariant: it is constant to leading order along the solutions
of (2.243). How does the pendulum behave when L — AL, A > 17 Since
E = L6?,../2, (2.282) implies that the amplitude 6,,,, decreases by a factor
of A3/4. To find the position at a time ¢, one needs calculate a few orders in
the asymptotic expansion of C'; and C_ until enough accuracy is obtained
to determine 6(t). This gives the solution of the main connection problem,
relating two positions after a very long time.

Having obtained the absolute position at time ¢, for a small number of
periods centered at ¢t the behavior of the pendulum is then well approximated
by one of length L(t), energy EoL(t)~/? and initial location calculated above.
We note that a numerical approach would require integration over a very
long time, with a high number of digits to avoid accumulation of errors, a
demanding task.

2.11g Solution for more general L

We now write the length as L(et); with the change of variable s = t/e,
0(t) = y(s),(2.243) and  denoting d/ds we get

2L’
y// + 7y/ + 7yl = (2.278)
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which we solve for small ¢ by the usual WKB substitution y(s) = exp(w(s)/e);

this leads to
> 2L/ /
w = ig\l/f\/l +e2], <w// + Lw ) (2.279)

where we iterate in the usual way,

wl[’ﬂ“rl] — :l: 7’ 1+€2L (w//[’n] +
eVL

and this yields

_3 i 1 3ie (L' 3 [ L'(u)’
=L % 4+ du | 1= S +2 | =2 )+
Y+ exp( 5/ L(u) u) [ + 3 (Lé +4/L(u)3/2 +

Taking y = C1yy +C_y_, and solving for C. in terms of y(s) = 0(t),e J-y =

2L w'[n]
w ) (2.280)

0, we get

1E(t) 3 dL:
dw(t) 20 ds
w(t)? = L(et), E(t) = L(et)?0* + L(et)0(t)* (2.282)

K@0,0,t)=C_C, = £ 00 + o(e);

Using (2.278) we get that the variation of K is of order £%:

d . .
K (0,0,1) = 3174 (L*%%) 06 (2.283)

2.11h Working with action-angle variables

The WKB method allows for a rigorous, precise and uniform asymptotic
analysis. A serious limitation of the method is that is does not easily extend to
nonlinear problems. We discuss, at an informal level a method that generalizes
to nonlinear systems as well. we first look at the pendulum, and then apply
the method to the equation Py .

In the pendulum problem, the angle is periodic, a natural angle variable.
It is convenient to pass to the angle as an independent variable to eliminate
the oscillation. To work with slowly changing we choose one of them to be a
constant of motion for the pendulum of fixed length. In that case

. 00 . .
00+ =0= 0%+ L10% = Q(0,0) = const. (2.284)
This is, up to a multiplicative constant, the energy 2F = L262 + L2 Qor E
can be chosen equivalently as a slow variable, and the calculations are quite
similar. We prefer to treat the question as a mathematical one, and from this
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perspective @ is more natural. To eliminate to leading order the oscillatory
part of the evolution, we proceed as follows. We perform a hodograph-like
transformation, taking 6 to be the independent variable and ¢ and @ to be
the dependent ones. Then we analyze the change in ¢ and @ after a complete
0 cycle.

It is simpler to describe the procedure when L is analytic. We then evolve
6 on a positively oriented loop in C\ J where cut J = (—a,a) contains the
interval [-E/L, E/L]. Without analyticity assumptions, the procedure would
be to evolve # from —+/E/L to \/E/L and back to —y/E/L changing the
sign of the square root every time it becomes zero, to preserve smoothness of
the quantities involved.

We obtain

Q=200+2L7100 — L7216 (2.285)
1 : :

%: —ou=Q=L"3/p2-62; B2=QL (2.286)

u

With § = L=3 L and substituting 6 from (2.243), we get

dQ _ 2 2 2 2\—1
%_—5(4 B2 02 + (B2 — 62) ) (2.287)
dat_ L2 (3% —602) = (2.288)
g '
It is convenient to use a second slow function of ¢, for instance L:
dQ _ 2 2 2 2\—1
@_—5(4 3202 + (8% — 02 )
L 1
CjTe = L%(B* —0*) 2 (2.289)

We write (2.289) in integral form, with 6; an initial value of 6,
0 1
Q) = Q(0:) — / 4(s) (4 B2 — 52+ (8% — 52)—5) ds  (2.290)
0;

L(0) = L0 + | I0)8((5° = )b (2.201)

If 6 evolves for say, a loop or less, §, L and S are approximately constant,
equal to their value at 6; which we denote by §;, L;, 8; respectively. This can
be shown in a straightforward way by noticing that the right side of (2.284)
is contractive mapping in the sup norm. We omit the straightforward details.
To leading order, the integrals can then be calculated explicitly, and the result

is
_5; (325\/522? — gﬂf arcsin(s/ﬂﬁ)

L(0) — L; = L}5; arcsin(s/B3;)[§ (1 + o(1)) (2.292)

Q
—~
e
~
|
Q
—~
>
~
~—
Il

(1+0(1))

i

0
0




110 Course notes

To eliminate to leading order the  dependence, we can calculate the Poincaré
map, that is the change of ) and L after one full loop. We denote by Q;
and L; the value of these quantities after j loops. In the complement of the
cut, /32 — s2 is single-valued, and thus only the arcsin changes, by 2w. We
obtain the recurrence

Qni1— Qn = —516,QnLn(14+0(1)); Lpiy — L, =2wL26, (2.293)

The right side of (2.293) is small and the recurrence is to leading order ap-
proximated by a differential equation

aQ 5@ 5 1
=L oQLi=ELl -

€

= const. (2.294)

thus recovering to leading order (2.282). To find the long time behavior of the
pendulum with changing length, one calculates the adiabatic invariant with
sufficiently many orders as a function of L, after n loops; L is known as a
function of ¢, and after n complete loops the position 6 is known (through
Q) and the initial velocity is zero. The missing part of the evolution, the one
from loop n to loop n + 1 is obtained from the integral system (2.290)

The analysis can be carried out without the linearization sinf ~ 6, the
calculations now involving elliptic functions.

2.11i The Painlevé equations P;

We analyze now a nonlinear problem— Py, (2.174)— in the region where
solutions have poles [22]. For the analysis of forst order equations, see [23]

We use a different normalization of Prso that instead of (2.173), the equa-
tion is in the form

y' = 6y* + 2 (2.295)

For an equation allowing for formal, factorially divergent, power series so-
lutions, the normalized form is the one in which the series are Gevrey-1, see
Note 2.40 on p.61. This normalization often works best in studying the general
solution as well, see Note 2.334 below.

Looking for a power behavior for large z, we substitute y = Az in (2.295),
and this gives A = £1/-1/6 and b = 3. This balance is consistent and leads

to formal power series solutions y ~ 4, /5 for large z.
—z
6
can be treated similarly. Their transseries can be obtained by determining

We will study the family of solutions with y ~ + as the opposite sign
first the asymptotic power series o with leading order +4/=*. Then by linear

perturbation theory around it one finds the form of the small exponential, and
notices that the exponential is determined up to one multiplicative parameter.
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We get the transseries solution

~ —z > k ~
g=1l5 2 & (2.296)
k=0
where
—924)5/4
E=¢(2) = Cae V2™ with = =x(z) = % (2.297)
and g are power series, in particular
SN S GUN SN (S
N S TR T Py s P

To normalize the equation, cf. again Note 2.40, the new independent variable
x is chosen to be x so that the exponent is linear. It is also convenient to pull

out |/ =% from the dependent variable. We take

_(—24z)5/4 =z
and P; becomes
1 1 1 4 1
" _ - v2 - __v! -
Y"(x) 5 Y<(x) + 5 . Y'(z) + 5% 22 Y (z) (2.298)

which, in fact, coincides with Boutroux’s form (cf. [61]). To apply the results
in [46] and [44], (2.298) needs to be further normalized and to this end we
subtract the O(1) and O(z~!) terms of the asymptotic behavior of Y (z) for
large x. It is convenient to subtract also the O(z~2) term (since the resulting
equation becomes simpler). Then the substitution

4

Y(z)=1—
(0) =1 5o +h(2)
transforms (2.298) to
1 1 392
W+ =W —h—-h®— —— = 2.2
+ x 2 62524 0 (2:299)

Finally, the results in [44] and in [46] apply to first order systems of the form
~ 1 - ~ N
y' + (A + xB> y =gz y); A=diag(\;), B =diag(8;)  (2.300)

(eq. (1.1) [46]) in where g = O(x~2,y?), rather than to n—th order equations.
We then write

(Z’)/ - (gggg—4> + <(1) é) (;}) + <8 _091) (;;) + <£2> (2.301)
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Simple algebra shows that the transformation

h 1/1-L 1+2\ (w
== 4z 4 2.302
() =2 (A1t G (232
brings (2.301) to the normal form (2.300).

Note 2.303 (Results from [46] and [45]) (i) By Theorem (ii) in [46] if y
is a solution of the system (2.300) with y = o(z~2)!° for z — oo, = € e R
(for some ¢) then y has a unique Borel summed transseries: for some C

y(2;C) = > Cre ¥ (LyY))(x) for x € e R, | large (2.304)
k=0

where Yo = p?Ao(p) Yi(p) = p*/?>~TAL(p), with Ay(p) independent of C
and analytic in C\ {£1,42,...}. With Fy(p) = [ Yi(s)ds, all Fy(|p|e’®)
are left and right continuous in ¢ at ¢ = 0 and ¢ = 7. There exist v and M
independent of k such that sup,cc\r |Fr(p)ePlV] < M*.

(ii) The constant C' in (2.304) depends on the direction ¢: C' = C(argz) is
piecewise constant; it can only change at the Stokes rays.

(iii) We have

LoY) =yi ~ ckx_g; kE>1;y0=0(x"?) forz— o0, x¢€ e R (2.305)

where, if C' #£ 0, ¢; is chosen to be 1 by convention, thus fixing C.
(iv) For any 0 > 0 there is b > 0 so that for all k > 0 and ¢ in (—m,0)U(0, 7)
we have [ Y (pe~"?)|e~Pdp < 6% (Proposition 20 in [46]).

Note 2.306 (i) Algebraically, the equation is simpler in variables (h, h’) than
in y, and it is more convenient to work directly with the second order equation
(2.173); the results in [46], [44] and [45] translate easily through the linear sub-
stitution (2.302) into results about h and H := £~ 'h. In particular, (2.308)
below holds for solutions h = o(x~3), where Hj, satisfy all the analyticity
properties and, up to constants, bounds satisfied by Y.

The following result follows from [45]:

Lemma 2.307 (i) Assume h solves (2.299) and satisfies h(x) = o(z™3) as
z — oo with argz € (=%, Z). Then h(z) ~ Cyz~/2e™ as @ — +ioco for
some C..

Furthermore, for such h there is C_ such that h ~ C_x~/?e™" as z —
—ioo, and there exists a unique sequence {cy}i, such that h ~ 32, 4+3°  cpa="
as x — +oo where the asymptotic expansion is differentiable.

10This is the case for (2.299), where h = O(z~4)
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A solution h as above has the Borel summed transseries representations:
h(z)=>_ Che ™*(LyHi)(x) for +¢ € (0,7/2] (2.308)
k=0

where Hy(p) = p2*Ag(p) and Ay are analytic in C, := C\ {£1,42,...}.
The functions Hy, satisfy bounds of the type in Notes 2.306 and 2.303(iv).

For ¢ € (0, ), the functions (L4 Hy)(x) are analytic in a sector (—m/2,37/2).
However, the exponentials e ~** blow up in the left half plane. The transseries
expansion (2.308) cannot hold in the left half plane, and close to the direction
where its asymptoticity fails we need to match it to a different expansion. As
usual, we first identify the critical quantity, call it £, responsible for loss of
asymptoticity. In this case, it is £ = Ce %z~ /2, where we took into account
the dominant behavior of Y, (2.305) or equivalently the behavior of £4Hy.

We then re-expand Y as a function series in powers of 1/z and coefficients
depending on £. This is similar to a two scale expansion, except that there is
no “external” small parameter ¢, its role being played by z~*.

Given h as in (2.304), there is a unique constant C; with the following
properties. The leading behavior of h for large |x| with argz close to 7/2 is

hNHO(E)—l-HlT(g)-i-H;igg)—i““ (x — ioco with [€ — 12| > ¢, [£] < M)

(2.309)
Formally, these functions are simply obtained as in a two scale expansion,
thinking of  and £ as being practically independent variables. Substituting
(2.309) in (2.299) the equation for Hy is the leading order one, the coefficient
of 1/29,

1
Hll — Hy — 5Hg =0; Ho(§)~Eas€é—0 (2.310)

The initial condition is obtained from the condition that (2.309) matches
(2.304) when e~* — 0. Similarly, the coefficients of 1/x, ... give

— et 4363 4 21062 + 216¢ N (I
(12—¢)p (g - 12)nT

with P, polynomials of degree 3n + 2. There is an equivalent of the non-
secularity condition: each H, contains a free constant which is determined
from the equation of H, 1 by requiting that H,; = O(1) for large = (for
a general constants, one would get H, 1 = O(x), Hy,11 = O(z?) etc. un-
dermining the asymptoticity of the series). In [45], the validity of (2.309) is
proved in a general setting.

The first array of poles beyond iR™ is located at points © = p,, near the
solutions p,, of the equation £(x) = 12 where Hy has a pole:

Hy(§) =

H,(€) (2.311)

1
Pn = Pnto(1) = 2mri—§ In(2nmi)+InCy —In 1240(1), (n — o0) (2.312)
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Rotating « further into the second quadrant, h develops successive arrays
of poles separated by distances O(Inz) of each other as long as arg(z) =
w/2 4 o(1) [45].

Note 2.313 The array of poles developed near the other edge of the sec-
tor of analyticity, for arg(z) = —m/2 + o(1), is obtained by the conjugation
symmetry.

2.11i.1 Region of validity of the expansion (2.309)

This expansion is valid in the transseries region and in a domain containing
one, essentially vertically aligned, array of poles. There are in fact infinitely
many arrays of poles in the fourth quadrant, and the H,, expansion above fails
to be asymptotic after the first array. One can however proceed in a similar
manner, finding a new £ to obtain a valid expansion near the second array
of poles. However, very much as in a two-scale expansion, this re-expansion
method does not work in a sufficiently wide area. In fact, angularly, it only
covers a sector of rough width z~!Inx after which no further matching with
expansions of the form (2.309) is possible. Beyond this narrow region we need
to do something else.

Since W K B is not suitable for nonlinear equations, we use a method similar
to an adiabatic invariant representation. Note that for large = (2.299) is close
to the autonomous Hamiltonian system

R —h—h?/2=0 (2.314)
with Hamiltonian
s=H>—h2—1h3/3 (2.315)

The solutions of (2.314) are elliptic functions, doubly periodic in C. With
w = u' we first rewrite equation (2.299) as a system

du

du _ 2.316
il ( )
dw u? w 392 1

WL Y e 2.317
S N T (2.317)

We expect the solutions to be asymptotically periodic, and s to be a slow
varying quantity; this is certainly the case in the region where (2.309) holds.
It is then natural to take h =: u as an independent angle-like variable and
treat s and x as dependent variables. and then, with

R(u,8) = VJu?/3+u?+s (2.318)
we transform (2.316), (2.317) into a system for s(u) and z(u):
ds 2w T84 1 2R(u,s) 784 1

= ==y - - ey T 2.31
du x + 625 x4 x + 625 4 (2.319)
dx 1 1

R 2.32
du w  R(u,s) (2:320)
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ra (s)

FIGURE 2.2: Regions of the roots of u®/3 + u? + s and the contour C.
The r;s are the regions where the three roots of R change as x traverses X,
and s = s(z) changes accordingly.

Note 2.321 Given an initial condition wuy,s(us), z(ur) such that the right
side of (2.319), (2.320) is analytic, the system {(2.319),(2.320)} admits a
locally analytic solution z(u), s(u). The function z(u) is analytically invertible
by the inverse function theorem since 1/R # 0. Using (2.319) this determines
an analytic s(z). From s and u, we define an analytic branch of w = u’. The
systems {(2.316), (2.317)} and {(2.319), (2.320)} are then equivalent in any
domain in which u, v, s(u),z(u) are analytic.

To obtain a nontrivial evolution, we evolve u on a loop around exactly two
of the three roots of R, the only choice to have an infinitely-sheeted Riemann
surface. Indeed the evolution around one square-root branch point would give
rise to two sheets; an evolution around all three corresponds to a loop around
infinity, which is also a square-root branch point of R.

It turns out that there are closed curves C, see Fig. 2.2, similar to the clas-
sical cycles [35], such that R(u,s(u)) does not vanish on C and z(u) traverses
Y from edge to edge as u travels along C a number N, times. More pre-
cisely, starting with ug € C and writing u,, instead of ug to denote that u has
traveled n times along C, s,, = s(u,) and z, = x(u,), the following hold: (i)
29 = x(ug) is close to the first array of poles near iR, arg(zo) = —7/2(1+0(1)),
and s(ug) is given by (2.315) (recall that w = h) (ii) for some N = N,,(xo),
xn is close to the last array of poles, arg(zy) = —7(1 + o(1)). The size of
|z, | is of the order |zo| for all n < N. Two roots of R(u,s,),n = 0,1.., Ny,
are in the interior of C and a third one is in its exterior. Written in integral
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form, (2.319) and (2.320) become

. R(v,s(v 392 1 o .
2/: <( ) ) (2.322)

() o) 625 20

“ 1
= In o d 2.323
) =ont [ (2:323)
where the integrals are along C.

2.11i.2 The Poincaré map

As in the case of the pendulum, an important ingredient is the Poincaré
map for (2.322), (2.323): we look at (sp41,Znt1) as a function of (z, sy,).
With the adiabatic invariants analogy in mind, the Poincaré map is used
to eliminate the fast evolution. The asymptotic expansions of s(u) and z(u)
when u is between u,, and u, 41 are straightforward local expansions of (2.322)
and (2.323). We denote

J(s) = féR(v,s) dv; L(s) :%C R(qujvs) (2.324)

It is easily checked that
5

1
"4z =0; wh =— 2.32
J +4p(s)J 0; where p(s) 3535+ ) (2.325)
and, since J' = L/2 we get
/
1

R AC SRRy 2.326
ARt (2:326)
The points s = 0 and s = —4/3 are regular singular points of (2.325)

(and of (2.326)) and correspond to the values of s for which the polynomial
u3/3 + u? + s has repeated roots. Simple asymptotic analysis of (2.322) and
(2.323) shows that the Poincaré map satisfies

2J,

n

Tnt1 = Tp + Ln (14 0(1)) with L, = L(sp) (2.328)

(1+0(1)  with J, = J(sn) (2.327)

Sn+1 = Sn —

Here, and in the following heuristic outline, o(1) stands for terms which are
small for large x,, and large n. The rigorous justification of these estimates is
done in [22].

2.11i.3 Solving (2.327) and (2.328); asymptotically conserved quan-
tities

We see from (2.327) that s,41 — s, < sy, and z,41 — @, < x,. Here too it
is natural to take a “continuum limit” and approximate s,1 — s, by ds/dn
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and x,1 — @, by dz/dn. We get

ds ds/dn _ —2J(s) _ J(s)
& = dujdn = 2l L0 = =7 A+ ) (2.329)

which implies, by separation of variables and integration,
Oz, s) :=aJ(s) =xoJ(s0) (1+0(1)) (2.330)

That is, Q is asymptotically a constant of motion.

In the case of the pendulum, L(t) is given and one constant of motion
suffices: together with the value of L, it provides two independent conditions
for a second order equation; for Py, to fully solve the equation we need to
control another quantity; a second (nonautonomous) one is obtained using
(2.327) and (2.330) as follows. We write

1 ds 2
T20) dn 77 (s0) (14 0(1)) (2.331)
Let J be an independent solution of (2.325) with J(0) = 0. Since the first
order derivative in (2.325) is missing, the Wronskian W of any two solutions
is a constant. Thus (J/.J) = W/J? and 1/J? is a perfect derivative. Denote

K(s) = ko /OS % = jEZ; (2.332)

where £ is the Wronskian of J and J. Integrating both sides of (2.331) from
0 to n we get

2n 2n

K(s) — K(sg) = — (1+0(1)) = K(s) + = K(sp) + o(1)

(2.333)

Ko l‘oJ(So) Ko on(So)

for n = O(xp). K is in fact a Schwarzian triangle function.

Note 2.334 As we saw in the analysis leading to (2.309), the singularities
of solutions having asymptotic power series behavior in the right half plane
are almost periodic, with the same period as the exponential terms in the
transseries. While these solutions form a lower dimensional manifold, spon-
taneous formation of singularities is a “local” process, and it is expected that
singularities are produced with roughly the same spacial spacing for all solu-
tions. For this reason, the normalization based on simplifying the exponentials
in the transseries is a reasonable choice even in a transseries free region.

2.12 Appendix

In this book we work in R™ (or C) and we will state the results in this
simpler setting. See [74] for general measure spaces. The integrals we use
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are Lebesgue integrals. A function is in L!(S) where S is a measurable set
if [¢|f(z)|dz < oo. The Lebesgue measure X is simply the measure defined
first on boxes B by A(B) = volume(B), and then extended to measurable
sets by additivity and “continuity” (regularity). A function is measurable if
its inverse image of any measurable set is measurable.

2.12a The dominated convergence theorem

Theorem 2.335 (dominated convergence) Assume {f,}nen s a family
of real-valued functions and that f,(z) — f(x) for almost all x in S 1.
Assume further that for alln |f,| < g a.e [\] 11, where g is in L1(S). Then
f e LYS) and

lim th(s)ds%/gf(s)ds (2.336)

The Theorem also applies for complex valued functions, when real and imag-
inary parts have the requisite properties. Furthermore, it is easy to see that
a similar statement holds for more general parametric convergence, that is, if
n is replaced by a parameter y in a, say, metric space, under similar assump-
tions: |f(y,x)| < g(z) for all (x,y) where g is integrable, and f(y,x) — f(z)
as y — yo a.e.[\.

Note 2.337 if K is a compact set in R, then F € LL(K), see (1.45), iff
F € LY(K). Indeed, in this case there exist two positive constants ¢ < ¢z such
that ¢ < e < cg; the rest is straightforward. Nonetheless, if F' € L1([a,b]),
it is still useful to work in L}([a,b]) 0 < a < b € R, since ||F| 11 (jqp) — 0 as
v — oo. Indeed, if v > 0 we have |F(p)|le”"? < |F(p)| and |F(p)|le”*? — 0 on

[a,b]. Thus Theorem 2.12a applies and fj F(p)e=*Pdp — 0.
Lemma 2.338 (i) Let H be analytic in the region {z : dist(R*,z) € (0,¢)}

and such that for some v we have supg|q<. ||[H (p + ia)|, < co. Let

h(z) = jgoo e H(p)dp (Re(z) > v) (2.339)

;C

where we use the notation faooc for an integral along a contour encircling R™
counteclockwise, at a distance c of it.
Assume further that

h(z) =0(e™"™) as x — 400 (2.340)

where r < c¢. Then H is analytic in D,.

11 That is, except possibly for a set of measure zero; a set has zero measure if it contained
in a union of boxes of arbitrarily small total measure. The notation a.e. [A] simply means
for all x except for a zero measure set.
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(i) The same holds in the following other cases:

(a) 3%0;2 is replaced by 5900;2@ where now the contour surrounds R™ at distance
at least ¢ and approaches co at an angle ¢ and H is analytic inside the curve,
except perhaps for RTe'® +oo;

(b) ﬁ;‘; is replaced by fofz;ﬂ where now the contour surrounds R at dis-
tance at least ¢ and approaches oo at an angle +¢ and H is analytic inside
the curve, except perhaps for RT.

PROOF  Note first that hy(z) := h(z+v+e¢) is analytic in a neighborhood
of (—&,00). This and (2.345) show that hi(q) = [, hi(x)e 9%dx exists, and

the integrand in the definition of hl(q) satisfies the hypotheses of Fubini’s

theorem and
y e "P"PH(p) > Hi(p)
h1(q :7{ ——dp ::f ——Zdp 2.341
=g~ o pta (2.341)

Note 2.342 Eq. (2.345) implies that the Laplace transform H := IS h(z)e™ " dx
exists and is analytic in the half plane Req > —r.

We start with large Re ¢ and approach the origin. To enter the disk of radius
r, q crosses the contour of integration. We bend the contour inward allowing
g to approach the origin at a distance 0 < ¢’ < ¢ and then pass the contour
through ¢, collecting the residue 27iH(g), and then return to the original
contour. Thus, for |g| < r we have

> Hi(p)

hi(q) = 2miH, (q) + s mdp (2.343)

where now ¢ is in D,. By Note 2.342 h(q) is analytic in I, and so is the

integral on the right side of (2.343), manifestly so due to the fact that the

contour is outside D,.. But then H;(q) and therefore H(q) is analytic in D,.
(ii) The proof is very similar to that of (i).

Exercise 2.344 Adapt the proof above to the weaker condition
h(k) = O(e™™) as N3 k — 400 (2.345)

Hint: consider instead the properties of the generating function Z;‘;ko hy(k)2*.

2.13 Banach spaces and the contractive mapping princi-
ple

In rigorously proving asymptotic results about solutions of various problems,
where a closed form solution does not exist or is awkward, the contractive
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mapping principle is a handy tool. Once an asymptotic expansion solution
has been found, if we use a truncated expansion as a quasi-solution, the re-
mainder should be small. As a result, the complete problem becomes one
to which the truncation is an exact solution modulo small errors (usually in-
volving the unknown function). Therefore, most often, asymptoticity to a
formal solution can be shown rigorously by rewriting this latter equation as
a small perturbation of the identity operator (in a suitable norm) acting on
a truncation of the formal solution. Some general guidelines on how to con-
struct this operator are discussed in §2.13b. It is desirable to go through the
rigorous proof, whenever possible — this should be straightforward when the
asymptotic solution has been correctly found—, one reason being that this
quickly signals errors such as omitting important terms, or exiting the region
of asymptoticity.

In §2.13.1 we discuss, for completeness, a few basic facts about Banach
spaces. There is of course a vast literature on the subject; see e.g. [69].

2.13.1 A brief review of Banach spaces

Familiar examples of Banach spaces are the n-dimensional Euclidian vector
spaces R™. A norm exists in a Banach space, which has the essential properties
of a length: scaling, positivity except for the zero vector which has length zero
and the triangle inequality (the sum of the lengths of the sides of a triangle
is no less than the length of the third one). Once we have a norm, we can
define limits, by reducing the notion to that in R: x,, — =z iff ||z — z,|| — 0.
A normed vector space B is a Banach space if it is complete, that is every
sequence with the property ||z, — zm| — 0 uniformly in n,m (a Cauchy
sequence) has a limit in B. Note that R™ can be thought of as the space
of functions defined on the set of integers {1,2,...,n}. If we take a space of
functions on a domain containing infinitely many points, then the Banach
space is usually infinite-dimensional. An example is L°°[0, 1], the space of
bounded functions on [0,1] with the norm || f[| = supg ) |f[- A function L
between two Banach spaces which is linear, L(x 4+ y) = Lz + Ly, is bounded
(or continuous) if [|L|| := supj, =1 [[Lz| < co. Assume B is a Banach space
and that S is a closed subset of B. In the induced topology (i.e., in the same
norm), S is a complete normed space.

2.13.2 Fixed point theorem

Assume M : S +— B is a (linear or nonlinear) operator with the property
that for any z,y € S we have

[M(y) = M(2)|| < Ally — =] (2.346)

with A < 1. Such operators are called contractive. Note that if M is linear,
this just means that the norm of M is less than one.
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Theorem 2.347 Assume M : S — S, where S is a closed subset of B is a
contractive mapping. Then the equation

x = M(x) (2.348)

has a unique solution in S.

PROOF  Consider the sequence {z;}; € N defined recursively by

To =T €S (2349)
Tr1 = M(IE())
Tjp1 = M(z;)
We see that
2512 — zjq1ll = [M(2j11) = M(@))I| < Mwjn — 5] < - < Mlay — o
(2.350)
Thus,

M\
1—2A
and x; is a Cauchy sequence, and it thus converges, say to x. Since by (2.346)

M is continuous, passing the equation for x4 in (2.349) to the limit j — oo
we get

@54pt2 = sl < (M 4 Moy = ol € T2l = moll - (2:351)

x = M(zx) (2.352)

that is existence of a solution of (2.348). For uniqueness, note that if z and
a’ are two solutions of (2.348), by subtracting their equations we get

[ = 2’| = [M(z) = M(@)]| < Ao — 2| (2.353)
implying ||z — 2'|| = 0, since A < 1. I

Note 2.354 Note that contractivity and therefore existence of a solution of a
fixed point problem depends on the norm. An adapted norm needs to be chosen
for this approach to give results.

Definition 2.355 The norm ||.|| of a linear operator L : A — B is simply
defined as
1Ll = sup |La
llz]=1

Exercise 2.356 Show that if L is a linear operator from the Banach space B
into itself and ||L|| < 1 then I — L is invertible, that is x — Lz = y has always
a unique solution x € B. “Conversely,” assuming that I — L is not invertible,
then in whatever norm || - ||« we choose to make the same B a Banach space,
we must have || L]« > 1 (why?).
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2.13a Fixed points and vector valued analytic functions

A theory of analytic functions with values in a Banach space can be con-
structed by almost exactly following the usual construction of analytic func-
tions. For the construction to work, we need the usual vector space operations
and a topology in which these operations are continuous. A typical setting
is that of a Banach algebra'?. A detailed presentation is found in [51] and
[61], but the basic facts are simple enough for the reader to redo the necessary
proofs.

2.13b Choice of the contractive map

An equation can be rewritten in a number of equivalent ways. In solving an
asymptotic problem, as a general guideline we mention:

e The operator A appearing in the final form of the equation, which we
want to be contractive, should not contain derivatives of highest order,
divided differences with small denominators, or other operations poorly
behaved with respect to asymptotics, and it should only depend on
the sought-for solution in a formally small way. The latter condition
should be, in a first stage, checked for consistency: the discarded terms,
calculated using the first order approximation, should indeed turn out
to be small.

e To obtain an equation where the discarded part is manifestly small it
often helps to write the sought-for solution as the sum of the first few
terms of the approximation, plus an exact remainder, say 6. The equa-
tion for ¢ is usually more contractive. It also becomes, up to smaller
corrections, linear.

e The norms should reflect as well as possible the expected growth/decay
tendency of the solution itself and the spaces chosen should be spaces
where this solution lives.

e All freedom in the solution has been accounted for, that is, we should
make sure the final equation cannot have more than one solution.

Note 2.357 At the stage where the problem has been brought to a contrac-
tive mapping setting, it usually can be recast without conceptual problems,
but perhaps complicating the algebra, to a form where the implicit function
theorem applies (and vice versa). The contraction mapping principle is often
more natural, especially when the topology, suggested by the problem itself,
is not one of the common ones. But an implicit function reformulation might
bring in more global information.

12 A Banach algebra is a Banach space of functions endowed with multiplication which is
distributive, associative and continuous in the Banach norm.
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2.14 Examples
2.14a Linear differential equations in Banach spaces

Consider the equation
Y'(t) = L)Y (t); Y(0)=Yp (2.358)

in a Banach space X, where L(t) : X — X is linear, norm continuous in ¢ and

uniformly bounded,

sup ||L(¥)|| < L (2.359)
te[0,00)

Then the problem (2.358) has a global solution on [0,00), and ||Y(¢)| <
[YolletH+e).

PROOF By comparison with the case when X = R, the natural growth is
indeed Ce™*, so we rewrite (2.358) as an integral equation, in a space where the
norm reflects this possible growth. Consider the space of continuous functions
Y :[0,00) — X in the norm

[Vloo. = sup e "y ()| (2.360)
te[0,00)

with A < 1 and the auxiliary equation
Y(it)=Yy + /Ot L(s)Y (s)ds =: A[Y](¢) (2.361)
which is well defined on X and is contractive there since
oLt/

t
SLe—Lt/)\/ eLs//\HYHOO’LdS
0

= AL —e "N loop SAIY ooz, (2:362)

/ L)Y (s)ds

0

and therefore in a ball of radius (1 + 7)||Ys||, for large enough ~ (in fact, we
need (1+7)(1—A) > 1),

[AY lloo, < Yol + AL+ 7)[[Yoll < (L +)[[Yoll

while
[A[Y1] — A[Ya][|oo, . < AIY1 = Yi[oo,L,

implying A to be contraction map; and so a unique solution exists for the
initial value problem (2.358) with given exponential bounds for growth as
given. We note that in linear problems, we do not need to restrict the analysis
to a ball. I
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