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1 The classical Riemann-Hilbert correspondence. Speaker: Chris-
tian Klevdal. Notes by Yifei Zhang and Jake Huryn

Let X be a connected manifold, and letC be the constant sheaf onX attached to C. More concretely we
have

C(U) := f f : U ! Cjf locally constantg:

De�nition 1.1. A local system on X is a sheaf ofC vector spacesF such that Fj U ' Cr for U in some
open cover ofX . The category of local systems onX is denoted by LocC(X ).

Example 1.2. ˆ Let f : Y ! X be a smooth proper submersion. By Ehresmann's theorem,f is a
locally trivial �bration, so Ri f � C is a local system onX .

ˆ Let � � � C be a punctured open disk. Let f : E ! � � be the family of elliptic curves where the
�bre over q 2 � � is Eq := C� =qZ (this is isomorphic to C=(Z + tZ) via the exponential map). Let
L := ( R1f � C)_ . We have Lq ' H1(Eq; C). This is generated by e1; e2 where e1 is a loop that lifts to
the loop around 0 in C� and e2 is a loop that lifts to a loop from 1 to q.

Let F be a local system onX , and let 
 : [0; 1] ! X be a path, then we have a canonical isomorphism
F 
 (0) ' F 
 (1) as both of them are naturally isomorphic to H 0([0; 1]; 
 � F ). Using that a locally constant
sheaf on a simply connected space is constant, this induces a monodromy representation

� 1(X; x ) ! GL(F x ):

Example 1.3. For L as above, we get� 1(� � ) ' Z ! GL2(C). The generator 
 acts on H1(Eq; C) by
sendinge1 to e1 and e2 to e1 + e2

Theorem 1.4. The following is an equivalence of categories

LocC(X ) Rep(� 1(X; x ))

F F x

�

Remark 1.5. LocC(X ) is a purely topological invariant of X . The Riemann Hilbert correspondence will
relate this to a category that is de�ned by the analytic structure of X .

Now let X be a complex manifold.

De�nition 1.6. A module with integrable connection (MIC) on X is a pair (E; r ) where E is a coherent
sheaf with respect toOX , the sheaf of holomorphic functions, and

r : E ! E 
 
 1
X

satis�es the Leibniz rule: r (fs ) = s 
 df + f r (s) for f 2 O X (U); s 2 E(U), and the 
atness condition:
r 2 : E ! E 
 
 2

X (given by r composed with the induced map fromE 
 
 X to E 
 
 2
X sending s 
 w to

r (s) ^ w + s 
 dw) is 0.

Example 1.7. ˆ Take X = C� , and let � 2 C. Consider (OX ; r � ) with r � f = df � � dz
z . This gives a

module with integrable connection.

ˆ Let V 2 LocC(X ): Then (V 
 C OX ; r ) with r = 1 
 d is an MIC becaused2 = 0.

Let X � P1(C) be open, and let
d
dz

~f = A(z) ~f

be a rank-n homogeneous linear system of di�erential equations. Then there is an associated connection
(On

X ; r ) with r ( ~f ) = d~f � A(z) ~fdz . The solutions to this system of equations correspond to global sections
of (On

X )r =0 := ker( r ).
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Remark 1.8. An equation like f (n ) + an � 1(z)f (n � 1) + � � � + a0(z) = 0 is encoded by the companion matrix
associated to the polynomialxn + an � 1(z)xn � 1 + � � � + a0(z).

Theorem 1.9. We have an equivalence of categories

MIC C(X ) LocC(X )

(E; r ) Er =0 ;

�

and the quasi-inverse is given byV 7! (V 
 C OX ; r ).

This is the analytic RH correspondence. Main point of the proof: Locally (E; r ) looks like a solution
to a di�erential equation, so Er =0 is a local solution by existence and uniqueness for ODEs (by [Kat70,
Proposition (8.8)], MICs are vector bundles).

Now let X be a smooth variety over C. Then the category MIC(X ) is de�ned in the same way, doing
everything with the algebraically de�ned sheaves. We have

MIC( X ) LocC(X )

MIC( X an )

sol

Question 1.10 (what should have been Hilbert's 21st problem). Is sol essentially surjective?
Case 1: X proper. In this case Serr�e's GAGA says Coh(X ) ! Coh(X an ) is an equivalence of categories,
then so is MIC(X ) ! MIC( X an ). (One has to be careful here: a connection is notOX an -linear but only C-
linear. One has to slightly reinterpret connections; see Daniel's mathover
ow post [hl])
Case 2: X not proper. Fix j : X ,! X an open immersion with X smooth proper and X n X = D a
strict normal crossing, which is guaranteed to exist by Hironaka's resolution of singularity. This means
for any x 2 X there is a neighborhoodU � X of x and U ! An �etale with D jU ' V (t1 � � � tk )jU =
V(t1 � � � tk ) � An U (this says D jU is the pullback of union of some coordinate hyperplane inAn ). We use the
sheaf of logarithmic di�erentials 
 1

X
(log D) � j � 
 1

X given by 
 1
X

(log D) restricted to U as above being free

on f dt 1
t 1

; � � � ; dt k
t k

; dtk+1 ; � � � ; dtn g

De�nition 1.11. 1. An MIC on X with log poles alongD is (E; r ) with E 2 Coh(X ) and with r : E !
E 
 
 1

X
(log(D)) again satisfying the Leibniz condition and 
atness condition.

2. The essential image of the restrictionj � : MIC( X; D ) ! MIC( X ) is MIC reg (X ), connection with
regular singularity at 1 .

Remark 1.12. In the de�nition of MIC, the existence of such r forcesE to be locally free by Katz, but in
this de�nition, such r won't guarantee E to be locally free anymore.

Fact 1.13. MIC reg (X ) does not depend on the the choice ofX .

Example 1.14. ˆ r � (f ) = df � � dz
z on C� has a regular singularity at 1 : if t = z� 1, dt=t = � dz=z.

ˆ Consider L on � � in the Example 1.2, (V; r ) the associated MIC. V is a free module that is globally
generated by e1 
 1; e1 
 log(z) � e2 
 1. Then we let V be free of rank 2 on � with r [f 1; f 2] =
d[f 1; f 2] + [ f 2dz=z;0] which has log pole at 0. We have that (V; r ) is the restriction of ( V; r ) just
de�ned.

Theorem 1.15. Analyti�cation is an equivalence of categories

MIC reg (X ) ! MIC( X an ):
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Key points of the proof: Given (Ean ; r an ) 2 MIC( X an ), we want to extend it to MIC( X
an

; D an ) (which
is de�ned similarly as in the algebraic setting and can be shown to be equivalent to MIC(X; D ) by GAGA)
such that

H 0(X
an

; Ean )r =0 � H 0(X an ; Ean )r =0 :

This is called Deligne's canonical extension. Since the category MIC has internal Hom, and the actual Hom
set is the global 
at section of the internal Hom, this gives the fullness. It is faithful since the analyti�cation
functor is faithful.
For essential surjectivity: Let's assume for simplicity dim(X ) = 1. Then we only need to extend along
the punctured disk to the whole disk and glue. On � � , we have the equivalence between MIC on �� and
representation of � 1(� � ). Let's say (Ean ; r an ) corresponds to� 1(� � ) ! GL(E) which sends the generator

 to A. ChooseB 2 End(E) such that A = exp(2�iB ). Take Ean to be a free module on � with r
being v 
 df � f (B (v) 
 dz=z). Then the 
at sections are qB � v where qB := exp( B logz). Check that the
monodromy representation of this on � � is the same as (Ean ; r an ) : 
 � qB = AqB . Now we can deanalytify.
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2 Nonabelian cohomology and applications, lecture 1. Speaker:
Daniel Litt. Notes by Luke Wiljanen.

2.1 Pre{History: Non-abelian cohomology and examples

Question 2.1. Let X=K be a variety. How does the topology ofX re
ect its geometry? ...its arithmetic?

ˆ Abelian: Let X=K be smooth and proper.

{ K = C: For H �
Hodge (X ), there is a Hodge structure and the Hodge conjecture.

{ K �nitely generated: For H �
` {adic (X ), there is a Galois action and the Tate conjecture.

{ K �nitely generated: For H �
dR (X ), there is a conjugate �ltration, Hodge �ltration, and the Ogus

conjecture.

ˆ Relative abelian: Let X ! S be smooth and proper. One can associate an abelian invariantRi � � �.
There is an action of � 1(S; s) on (Ri � � �) s. One can ask questions about it, and there are various
conjectures.

ˆ Non-abelian: For X , we have � 1(X ). Since this is a complicated object, we slightly abelianize and
look at its representations Rep(� 1(X )). The idea is that questions we can ask in the abelian setting,
we can ask in this non-abelian setting, and vice versa.

ˆ Relative non-abelian: For X ! S smooth and proper ands 2 S. There is an exact sequence

� 1(X s) ! � 1(X ) ! � 1(S; s) ! 1;

and this induces an outer action� 1(S; s) ! Out(� 1(X s)). We get an action of � 1(S; s) on Rep(� 1(X s)).
We'll study this non-abelian monodromy representation.

In this talk, we will consider X = P1
C n D and P1

S n Duniv ! S = Conf n (CP1) where Duniv is a divisor
whose �ber over x1 + � � � + xn is f x1; : : : ; xn g.

2.2 Projective Line Removing Some Points

Consider CP1 n f x1; : : : ; xn g. Its fundamental group has a presentation

� 1(CP1 n f x1; : : : ; xn g) �= h
 1; : : : ; 
 n j 
 1 � � � 
 n = id i

where 
 i comes from a loop aroundx i . From this presentation we have an identi�cation

Hom(� 1(CP1 n D); GL r (C))
�

�=
f (A1; : : : ; An ) 2 GL r (C)n j

Q n
i =1 A i = id g

simultaneous conjugation
:

Finding such matricesA1; : : : An which product to the identity is straight-forward since you can solve for
An in terms of A1; : : : ; An � 1. The problem becomes more interesting when we impose some constraints.

Question 2.2. Fix conjugacy classesC1; : : : Cn � GL r (C).

1. (Existence) Does there existA1; : : : ; An 2 GL r (C) such that
Q n

i =1 A i = id and A i 2 Ci for all i ?
(Deligne{Simpson Problem)

2. (Uniqueness) When is a solution unique up to simultaneous conjugation? (If so, (A1; : : : ; An ) is called
a \rigid tuple", \rigid representation", or \rigid local system".) From [Kat96], a tuple ( A1; : : : ; An ) 2
GL r (C)n yields by middle convolution a tuple (A0

1; : : : ; A0
n ) 2 GL r 0(C)n . Under a suitable speci�cation

of parameters and a middle tensor product by rank 1 local systems, middle convolution maps rigid
tuples to rigid tuples and is such that r 0 < r if r � 2. Middle convolution is invertible. By reduction
to the case of rank 1, Katz is thus able to classify (irreducible) rigid local systems on the punctured
line.
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3. (Monodromy) The group � 1(Confn (CP1) acts on Rep(� 1(CP1 n f x1; : : : xn g)) by

� i : (A1; : : : ; An ) 7! (A1; : : : ; A i � 1; A i A i +1 A � 1
i ; A i ; A i +2 ; : : : ; An )

where � 1(Confn (P1)) = h� 1; : : : ; � n � 1i . We then get an induced action where we mod out by si-
multaneous conjugation on the right. What are the dynamics for this action? What are the �nite
orbits?1

2.3 ODE (de Rham side)

There is a category of modules with integral connection

MIC( P1; D ) =
�

(E; r : E ! E 
 
 1
P1 (log D)) 
at bundles on P1 with regular singularities along D

	
:

Example 2.3. Suppose that 1 =2 D, and that B1; : : : Bn 2 glr (C) are such that
P

B i = 0. Let E = Or
P1 ,

and r = d +
P B i

z� x i
dz. This is a Fuchsian ODE.

Remark 2.4. The matrix A j conjugate to the matrix exp(2�iB i ).

Question 2.5. As you vary x i , how does one changeB i so that the monodromy representation stays the
same?

Answer 2.6 (Schlesinger 1912). The B i have to satisfy a di�erential equation:
(

@Bi
@xj

= [B i ;B j ]
x i � x j

i 6= j
P

i
@Bi
@xj

= 0 for all j

Remark 2.7. Schlesinger wasn't the �rst person to try to write this down. In 1905, Fuchs did the case
n = 4, B i 2 sl2. In this case, the equation is called the Panlev�e VI equation.

There is a correspondence
�

�nite � 1(Confn )-orbits on Rep(� 1(CP1 n D))
	

 ! f algebraic solutions to Schlesinger equationg

Classi�cation of algebraic solutions when n = jD j = 4, r = 2 (Hitchen, Dubrovin, Mazzocco, Boalch,
Kitaev, Lisovyy, Tykhyy):

ˆ 4 continuous families,

ˆ 1 countable in�nite family, and

ˆ 45 exceptional.

The computer aided proof relies on e�ective version of Manin{Mumford for tori.

Question 2.8. Can we classify �nite � 1(Confn (CP1))-orbits on 2-dimensional representations of

� 1(CP1 n f x1; : : : ; xn g)?

Answer 2.9. Almost.

De�nition 2.10. We say (A1; : : : ; An ) 2 SL2(C)n is interesting if

1. It has �nite � 1(Confn )-orbit.

2. The subgrouphA1; : : : ; An i � SL2(C) is Zariski{dense.

1A complete classi�cation of �nite orbits appears in recent work of Bronstein and Maret: see https://arxiv.org/abs/2409.
04379.
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3. None of theA i are � id.

4. It doesn't move in a continuous family of �nite orbits (Corlette{Simpson).

Theorem 2.11 (Lam{Landesmann{Litt) . Suppose that(A1; : : : ; An ) is interesting and that someA i has
in�nite order. Then, there exists � 1; : : : ; � n ; � 2 C� such that (� 1A1; : : : ; � n An ) = MC � (B1; : : : ; Bn ) where
MC � is Katz's middle convolution operator and wherehB1; : : : ; Bn i � GL n � 2(C) is a �nite complex re
ection
group.

De�nition 2.12. B 2 GL r (C) is a pseudo-re
ection if B has �nite order and the rank of B � id is 1. A
�nite complex re
ection group (FCRG) is a �nite subgroup of GL r (C) generated by pseudo-re
ections.

Finite complex re
ection groups were completely classi�ed by Shephard and Todd. There is 1 in�nite
family and 34 exceptional ones.

Corollary 2.13. Let (A1; : : : ; An ) be interesting with someA i of in�nite order. Then, n � 6.

The upshot is that MC � (B1; : : : ; Bn ) � R1� � C where � : Y ! P1 n f x1; : : : ; xn g is an explicit family of
curves.
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3 �Etale fundamental groups and local systems. Speaker: Gleb
Terentiuk. Notes by Luke Wiljanen.

3.1 �Etale fundamental groups

Goal 3.1. For a connected schemeX with a geometric point x 2 X (K ), construct a pro�nite group � �et
1 (X; x).

Motivation 3.2. For X a reasonable topological space, there is a correspondence

f covering spaces overX g $ f � 1(X; x ){setsg

Fact 3.3. Let F : G � Sets! Sets be the forgetful functor. There is a natural mapG ! Aut( F ) which is
an isomorphism.

Fact 3.4. Let F : Finite � G � Sets! FiniteSets be the forgetful functor. Then,

Aut( F ) ' lim �
N � G

�nite index
normal subgroup

G=N = bG

where bG is the pro�nite completion of G.

Let F �Et X be the category of �nite �etale X {schemes, and letFx : F �Et X ! FiniteSets be the functor
sending a �nite �etale X schemeY ! X to the �nite set jYx j, the underlying topological space of the �ber
product Yx = Y � X SpecK .

De�nition 3.5. The �etale fundamental group of X relative to a geometric point x is

� �et
1 (X; x) = Aut( Fx ):

Remark 3.6. (1) If x; y 2 X (K ), then � �et
1 (X; x) ' � �et

1 (X; y).

(2) We have an equivalence of categories

F �Et X
��!

�
�nite � �et

1 (X; x){sets
	

:

(3) Given f : X ! Y and a geometric point x 2 X (K ), let y = f � x 2 Y(K ). There is a natural map
� �et

1 (X; x) ! � �et
1 (Y;y).

Given a �nite type scheme X over C, let X an = X (C). Then, (Y ! X ) 7! (Y an ! X an ) gives an
equivalence between F�Et X and f �nite covering spaces ofX an g by the Riemann existence theorem.

Corollary 3.7. With X as above, the natural map� top
1 (X an ; x)^ ��! � �et

1 (X; x) is an isomorphism.

Example 3.8. Let X = Spec(K ) with a geometric point x given by K ,! K . Then, we have an isomorphism

� �et
1 (X; x) ' Gal(K=K )

between the �etale fundamental group ofX and the absolute Galois group ofK .

Example 3.9. Let F be a �nitely generated �eld over Q. Consider Gm; F . Let Y ! Gm; F be a �nite �etale
map. By composing with the inclusion Gm; F ! P1

F
, we get a mapY ! P1

F
. This map extends to a smooth

compactifaction Y ! Y . We now look at the resulting map ' : Y ! P1
F

. An argument using Riemann{
Hurwitz shows that gY = 0 and that there are exactly two points of rami�cation. Namely, with rami�cation

10



points y1; : : : ; ys above 0 and ram�cation points z1; : : : ; zr above 1 of rami�cation degrees e1; : : : ; es and
d1; : : : ; dr , respectively, we have

2g�Y � 2 = � 2n +
X

(ei � 1) +
X

(dj � 1) = � (r + s)

where n is the degree. Consequently,g�Y = 0. Hence, Y �= P1
F

. It follows that Y can be identi�ed with
Gm; F , so that the map Y ! Gm; F is the map x 7! xn . The group of automorphisms of thenth power map
is identi�ed with the group of nth roots of unity. So, Aut( Y jGm; F ) ' � n (F ). So,

� �et
1 (Gm; F ) ' lim � � n (F ):

This comes with an action of GF = Gal( F=F). We write bZ(1) for lim � � n (F ) with this Galois action.

3.2 Local systems

De�nition 3.10. A Q` -local system onX is a continuous homomorphism� �et
1 (X; x) ! GLn (Q` ).

Example 3.11. A main source of local systems comes from the following setting: LetX ! S be smooth
and proper, and assume that` is invertible on the base, i.e.,` 2 O (S) � . Then, we haveQ` -local systems
� �et

1 (S;s) ! GL(H i
�et (X s; Q` )).

Theorem 3.12. Let F be a �nitely generated �eld over Q, and let � : GF (( t )) ! GLn (Q` ). Then, � jGF (( t ))
is

quasi-unipotent. That is, if � topologically generatesGF (( t ))
�= Ẑ, then � (� )N � 1 is nilpotent for some N .

Proof. Since 1 + `2M n (Z` ) � GLn (Q` ) is open, there exists a �nite extensionK=F (( t)) such that

GK � � � 1(1 + `2M n (Z` )) :

Then, F (( t)) � K nr where K nr is the maximal unrami�ed extension of K . Since K nr =F (( t)) is a �nite
extension, some power of the topological generator� 2 GF (( t )) topologically generatesGK nr , i.e., there is
somen 2 N such that � n topologically generatesGK nr .

Let K ` � K be the �eld obtained by adjoining all `-power roots of a uniformizer to K nr . Then, GK ` is a
prime to ` pro�nite group, so � jGK `

is trivial. Thus, � factors through Gal(K ` =K ). We have the short exact
sequence

1 ! Gal(K ` =Knr ) ! Gal(K ` =K ) ! Gal(K nr =K ) ! 1:

Let � : Gal(K nr =K ) ! Z �
` be the `-adic cyclotomic character.

For s 2 Gal(K ` =Knr ), we see that s and s� ( t ) are conjugate for all t 2 Gal(K nr =K ). Then, write
X = log( � (s)). We have that X and � (t)X = log( � (s) � ( t ) ) are conjugate. SinceX and � (t)X are conjugate,
they have the same characteristic polynomials. But, we describe a relationship between the characteristic
polynomials. Namely, if

P n
i =0 ai (M )yn � i is the characteristic polynomial of a matrix M 2 Mn (Q` ), then

ai (X ) = ai (� (t)X ) = � (t) i ai (X ). Since F is �nitely generated over Q, if i > 0, then there existst such that
� (t) i 6= 1. Hence, ai (X ) = 0 for i > 0. Thus, the characteristic polynomial of X is yn . Therefore, X is
nilpotent, and exp(X ) = � (s) is unipotent.

Corollary 3.13. Let X ! S = S n f s0g be over C be smooth projective, whereS is a smooth projective
curve. Let SpecC(( t)) ! S be around s0, i.e., look at OS;s 0 ! bOS;s 0

�= C[[t]], which gives SpecC[[t]] !
Spec(OS;s 0) ! S, and localize to get SpecC(( t)) ! S. As in Example 3.11, we get a homomorphism
� �et

1 (S; s) ! GL(H i
�et (X s; Q` )) . Then, GC(( t )) ! � �et

1 (S; s) ! GL(H i
�et (X s; Q` )) is quasi-unipotent.

Proof. Find F �nitely generated over Q and a smooth projective spreading outX ! S over F such that the
�ber product with Spec( C) ! Spec(F ) recoversX ! S. Then, GC(( t )) ! GL(H i

�et (X s; Q` )) extends to

GF (( t )) ! GL(H i
�et (X s; Q` )) :

We have GC(( t )) ' GF (( t )) , and so the theorem impliesGC(( t )) ! � �et
1 (S; s) ! GL(H i

�et (X s; Q` )) is quasi-
unipotent.
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4 The p-adic Riemann-Hilbert correspondence, lecture 1.
Speaker: Alexander Petrov. Notes by Mehmet Basaran.

Fix a prime p. Let S=C be a connected smooth variety, and letf : X ! S be smooth and proper. Then
Ri f � Z form a local system onS(C), where i is an arbitrary nonnegative integer.

Let A be a commutative ring (most of the times one ofZ, Zp, Qp, Qp). We de�ne
�

local systems L
of free A � modules
of rank n on S=C

�

=�=

=
n

� 1 (S(C) ;s)
� L�! GL n (A )

up to conjugation

o
:

De�nition 4.1. A local system ofA-modulesL is of geometric origin, if there is a Zariski openU ,! S and
a smooth proper family f : X ! U such that L jU (C) is a direct summand ofRi f � A.

Conjecture 4.2 (Litt, during the lecture) . We may replaceU by S in the above de�nition.

Question 4.3. How can we classify local systems of geometric origin?

Remark 4.4. For any Z-local systemL on S(C) there is a proper �bration of complex manifolds f : Y !
S(C) such that L is a direct summand ofR1f � Z.

De�nition 4.5. A Zp-local systemL on S(C) is called arithmetic, if there exists a �nitely generated over
Q �eld F � C, and a variety S0=F with S0 � F C ' S, such that L extends to an �etale local systemeL on S0.
In a diagram: Here, the homomorphism� eL needs to be continuous.

� 1 (S(C); s) GLn (Zp)

� �et
1 (S; s)

1 � �et
1

�
S0;F

�
� �et

1 (S0; s) GF := Gal
�
F=F

�
1

� L

'

� eL

This de�nition can be formulated verbatim for Qp or Qp in place of Zp.

Remark 4.6. If a Qp-local systemL is of geometric origin, it is arithmetic.

Example 4.7. Take S = A1
Cnf 0g. Then a Qp-local systemL is arithmetic if and only if for the corresponding

representation � L : � 1 (S(C); s) ! GLn
�
Qp

�
, the matrix � L is quasi-unipotent, where 
 is a generator of

� 1 (S(C); s) = Z (cf. Theorem 3.12).

Conjecture 4.8 (relative Fontaine-Mazur) . For every semi-simpleQp-local systemL on S(C), L is arith-
metic if and only if L is of geometric origin.

Example 4.9. For S = A1
C n f 0g the conjecture is true: In this case,L being arithmetic implies that it has

�nite monodromy (i.e. it is trivialized by a �nite �etale cover). If f : X ! S is such a �nite �etale cover, then
L is a direct summand off � Qp, and thus of geometric origin.

Now we illustrate how Conjecture 4.8 can be viewed as a non-abelian analogue of the Tate conjecture.
We work with Qp-local systems onS0;F as in De�nition 4.5. Then

n
Qp-local systems of rankn on S0;F

o
= H 1

�et

�
S0;F ; GLn

�
Qp

� �
:
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There is an action of GF on the right-hand side. In this setting it holds that L is arithmetic if and only if
the class [L] in the right-hand side has �nite orbit under GF . Now assume that S is smooth and proper.
Then there is a map

cl : Z i (S) 
 Qp ! H 2i
�et

�
S0;F ; Qp(i )

�

where Z i (S) consists of algebraic cycles of codimensioni .

Conjecture 4.10 (Tate conjecture). The image of the above map is

im (cl) =
n

x 2 H 2i
�et

�
S0;F ; Qp(i )

� �
�
� x has �nite orbit under GF

o
:

4.1 p-adic Hodge theory

Remark 4.11. If Conjecture 4.8 holds, then all semi-simple arithmetic L should underlie a VHS. In the
following we investigate where this VHS would come from.

Let X be a smooth proper variety overQp. Then GQp acts on H n
�et

�
X Qp

; Qp

�
. There is a functor

DdR :
n

�nite dimensional continuous
representations of GQp on a Qp -vector space

o
!

n
vector spaces V=Qp with a �ltration

0= F b V ����� F i V � F i � 1 V ����� F a V = V

o

such that DdR

�
H n

�et

�
X Qp

; Qp

��
= H n

dR (X=Qp) with �ltration F �
Hodge , F i

Hodge =F i +1
Hodge = H n � i

�
X; 
 i

X

�
.

4.2 p-adic Riemann-Hilbert correspondence

First we summarize the complex Riemann-Hilbert correspondence. LetY=C be a smooth proper variety, and
let f : Z ! Y be a smooth and proper family of varieties. Then there is a bijection

f C-local systems onY(C)g ��! f vector bundles with 
at connection on Yg

such that
Ri f � C 7!

�
H i

dR (Z=Y) ; r GM
�

:

Now to introduce a p-adic Riemann-Hilbert correspondence, letS=Qp be a smooth variety. There is a functor

DdR : f �etale Qp-local systems onSg ��!

8
>><

>>:

vector bundles E=S with
a 
at connection r : E ! E 
 
 1

S on Y
and with a �ltration

F b =0 ����� F i � F i +1 ����� F a = E
such that F i =F i +1 is a vector bundle

and r (F i ) � F i � 1 
 
 1
S

9
>>=

>>;

such that for f : X ! S smooth proper, we getDdR (Rn f � Qp) '
�

H i
dR (X=S) ; r GM ; F �

Hodge

�
.

Remark 4.12. This functor DdR cannot preserve ranks and be monoidal (meaning thatDdR (L1 
 L2) =
DdR (L1) 
 DdR (L2)). To see this, take S = Spec (K ) with K = Qp (� p) for p > 2, and V = Qp(� 1) =

� � 1
cycl = H 2

�et

�
P1

Qp
; Qp

�
. Then

DdR (V ) = H 2
dR

�
P1

K

�
= K

with �ltration 0 = F 2 � F 1 = K . If DdR preserved ranks and was monoidal, then

DdR

�
� � 1=2

cycl

� 
 2
= DdR (V ) =

�
K; 0 = F 2 � F 1 = K

�
:

This is impossible, sinceDdR

�
� � 1=2

cycl

�
also needs to be a one dimensional vector space where the �ltration

jumps at some point, and thus the �ltration of DdR

�
� � 1=2

cycl

� 
 2
would have to jump at an even index, but

the jump is at index 1.
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5 Variations of Hodge structure and Higgs bundles. Speaker: Yi-
long Zhang. Notes by Min Shi.

5.1 Content

1. Example: one parameter family of elliptic curves;

2. Hodge structures;

3. From variations of Hodge structures to Higgs bundle.

5.2 Motivation

Treat the compact, oriented surface with g = 1 as a complex torusC=�, where � = Zhe1; e2i . Choose a basis
f �; 
 g for H1(T; Z), so that H1(T; Z) = Z� + Z
 . On the complex torus, there is a canonical holomorphic
1-form dz, with dz 2 H 1

dR (T)
N

R C �= (H1(T; Z)_ )
N

Z C.
One can integratedz against � and 
 to get two complex numbers (periods)

R
� dz,

R

 dz, which depend

on e1, e2. However, what matters is not these two numbers, but rather their ratio, so we can regardhR
� dz :

R

 dz

i
2 P1. Up to some choices, this gives a map from the isomorphism classes of elliptic curves

over C to A1(C), which is part of the reason that the moduli space of elliptic curves overC has P1(C) as the
set of complex points.

5.3 Hodge structures

Let X be a compact K•ahler manifold (for instance, the complex points of a smooth projective variety).
Then H n (X; Q) has a Hodge structure, i.e.,H n (X; C) = H n (X; Q)

N
Q C admits a Hodge decomposition of

complex vector spaces

H n (X; C) �= H n; 0(X ) � H n � 1;1(X ) � � � � � H 0;n (X )

satisfying H p;n � p(X ) = H n � p;p (X ):

Equivalently, H n (X; C) admits a �ltration called the Hodge Filtration:

0 = F n +1 H n � F n H n � F n � 1H n � ::: � F 1H n � F 0H n = H n (X; C)

satisfying

1. F pH n \ F n � p+1 H n = f 0g;

2. F pH n L
F n � p+1 H n = H n (X; C).

To recover the Hodge decomposition, takeH p;n � p(X ) = F pH n \ F n � pH n :

Example 5.1. For T = complex torus, span(dz) = F 1H 1(T; C) = H 1;0(T) �= C.

5.3.1 Where does the Hodge Filtration come from?

We have a resolution ofCX by the holomorphic de Rham complex 
 �
X

CX ! O X
d��! 
 1

X ! 
 2
X ! � � � ! 0;

where 
 i
X is placed in the i -th degree.

By the abstract de Rham theorem,

H n
sing (X; C) �= H n (X; CX ) �= Hn (X; 
 �

X ):
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De�ne F p
 j
X := 
 j

X if p � j � n, and F p
 j
X := 0 otherwise. Then de�ne the Hodge Filtration

F pH n (X; C) := Im( H(X; F p
 �
X )

�
�! H(X; 
 �

X ))

.
By the @@-lemma, the inclusion of the holomorphic de Rham complex into the complex of (real) smooth

di�erentials (
 �
X ; d) ! (A � ; d) is a quasi-isomorphism. Then the Hodge decomposition combined with

Dolbeault's theorem implies the degeneration of the Hodge-to-de Rham (Fr•ohlicher) spectral sequence at the
E1-page. In particular, � is injective, and

F pH n (X; C) = Hn (X; F p
 �
X ):

Also as a consequence of the degeneration at theE1-page,

F pH n (X; C)=Fp+1 H n (X; C) �= H n � p(X; 
 p
X )

5.4 Real Variation of Hodge structures

Let B be a complex manifold andVn a local system onB . A real variation of Hodge structures is a �ltration
by holomorphic subbundles onVn N

CB
OB

Fk

0

@Vn
O

CB

OB

1

A � Fk � 1

0

@Vn
O

CB

OB

1

A � ::: � F1

0

@Vn
O

CB

OB

1

A � F0

0

@Vn
O

CB

OB

1

A = Vn
O

CB

OB :

satisfying

1. Fp \ Fn � p+1 = f 0g;

2. Fp L
Fn � p+1 �= Vn N

CB
OB

3. Gri�ths transversality: there is a 
at connection r on Vn N
CB

OB such that

r : Fp ! Fp� 1
O


 1
B :

To be more speci�c, supposeVn = Rn f � C, where f : X ! B is a smooth family of compact K•ahler
manifolds. By Ehresmann's theorem, locally,X is di�eomorphic to X 0 � B . A picture is drawn below, where
X is the �ber over a point 0 in B , @

@t is a tangent vector at 0 in B , and @
@et

is a lift of the tangent vector @
@t.
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By Kodaira's theory on deformation of complex structure, the 1st order deformation is governed by a
(0; 1) form in T1;0(X 0):

� = � �;� f ��
@

@z�

O
dz� :

Now Gri�ths transversality means that for ! 2 FpA n
X =B on �ber direction with at least p dzi 's, the image

of ! under the Gauss-Manin connection is inFp� 1H n (X 0; C). In fact, locally, the map H n � p(X; 
 p
X ) !

H n � p+1 (X; 
 p� 1
X ) induced by r can be written as r (� ) = � [ � .

5.4.1 What is a variation of Hodge structure?

Fix a complex vector spaceH n (X; C). Then a variation of Hodge structures is a family of Hodge structures
on it that varies in a certain way and satis�es certain axioms.

Example 5.2. The Legendre family of elliptic curves is f y2 = x(x � 1)(x � t); t 2 P1 � f 0; 1; 1gg , whose
singularities are roughly described in Figure 1. Pick a basepointt0 2 P1(C) � f 0; 1; 1g . The holomorphic

1-forms are! t =
h

dx t
y t

i
2 H 1(X t ; C), which spans F 1H 1(X t ; C) � H 1(X t ; C) �= H 1(X t 0 ; C). After desingu-

larization, the minimal resolution can be depicted in Figure 2, with two rational curves meeting transversely
above each 0 and 1, and anI �

2 �ber (7 components, with three multiplicity-two �bers colored in red) above
1 .

The corresponding Picard-Fuchs equation is (for details, see [Lit13, section 1.4.2])

! 00
t = �

1
4t(t � 1)

! t +
2t � 1

t(t � 1)
! 0

t

By ODE theory, locally around 0, solutions take the form: f (t)log(t) + g(t), where f and g are holomorphic.
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