Local Systems in Algebraic Geometry 2024

Abstract

These are the lectures notes of the instructional conference “Local Systems in Algebraic Geometry”
held May 7-10, 2024 at Ohio State University (organized by Stefan Patrikis, Dave Anderson, Angelica
Cueto, and Jennifer Park). The conference featured two mini-courses of four lectures each given by
Daniel Litt (“Nonabelian cohomology and applications”) and Alexander Petrov (“The p-adic Riemann-
Hilbert correspondence”), and supplemented by background lectures given by PhD student and postdoc
participants. For n = 1...8, talk (i.e., section in this document) 2n — 1 is the background lecture for
talk 2n, which may also rely on some earlier talks.

The conference and subsequent mathematical retreat in which the students worked on the notes was
funded by an NSF Research Training Grant, DMS-2231565, and by Ohio State’s Mathematics Research
Institute.

For more information about the conference and retreat, see https://people.math.osu.edu/cueto.5/
RTG/rtg24/RTGConference24.html. For lecture videos from the conference, see https://www.youtube.
com/@0SU_RTG_AGNT.
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1 The classical Riemann-Hilbert correspondence. Speaker: Chris-
tian Klevdal. Notes by Yifei Zhang and Jake Huryn

Let X be a connected manifold, and letC be the constant sheaf onX attached to C. More concretely we
have
C(U) = ff :U! Cjf locally constantg:

De nition 1.1. A local system onX is a sheaf ofC vector spacesF such that Fj, ' C' for U in some

open cover ofX . The category of local systems onX is denoted by Lo (X).

Example 1.2. " Letf :Y ! X be asmooth proper submersion. By Ehresmann’s theorent, is a
locally trivial bration, so R'f Cis a local system onX.

© Let C be a punctured open disk. Letf : E ! be the family of elliptic curves where the
bre over q 2 is Eq := C =c¢f (this is isomorphic to C=(Z + tZ) via the exponential map). Let
L := (R C)-. We havelLq' H1(Eq; C). This is generated bye;; e, wheree; is a loop that lifts to
the loop around 0 inC and e, is a loop that lifts to a loop from 1 to q.

Let F be a local system onX, and let :[0;1]! X be a path, then we have a canonical isomorphism
F o 'F (@ as both of them are naturally isomorphic to HO([0;1]; F). Using that a locally constant
sheaf on a simply connected space is constant, this induces a monodromy representation

1(X;x) 1 GL(Fy):
Example 1.3. For L as above, we get 1( ) ' Z! GL,(C). The generator acts onHy(Eq;C) by
sendinge; to e; and e, to e; + &

Theorem 1.4. The following is an equivalence of categories

Locc(X) —— Rep( 1(X;x))
Fr—>Fy

Remark 1.5. Locc(X) is a purely topological invariant of X. The Riemann Hilbert correspondence will
relate this to a category that is de ned by the analytic structure of X.

Now let X be a complex manifold.

De nition 1.6. A module with integrable connection (MIC) on X is a pair (E;r ) where E is a coherent
sheaf with respect toOx , the sheaf of holomorphic functions, and

r tE'E ¥

satis es the Leibniz rule: r (fs) = s do + fr (s) for f 2 Ox (U);s 2 E(U), and the atness condition:
r2:EI'E 2 (given by r composed with the induced map fromE  x to E % sendings w to

r(s)~w+s dw)isO.
Example 1.7. " Take X = C ,andlet 2 C. Consider Ox;r )with r f = d %Z This gives a
module with integrable connection.
" Let V 2 Loce(X): Then (V. ¢ Ox;r)with r =1 dis an MIC becaused? = 0.

Let X  P(C) be open, and let

d

Ef‘- A(2)f

be a rankt homogeneous linear system of di erential equations. Then there is an associated connection
(O% ;r)with r (f) = dff A(z)fdz. The solutions to this system of equations correspond to global sections
of (0% )" =0 :=ker(r ).



Remark 1.8. An equation like f (M + a, 1(2)f ™ Y+  + ag(z) = 0 is encoded by the companion matrix
associated to the polynomialx" + a, 1(z)x" '+ + ap(2).

Theorem 1.9. We have an equivalence of categories

MIC C(X ) e LOCC(X )

(E;r ) —— E" 70;

and the quasi-inverse is given by 7! (V ¢ Ox;r ).

This is the analytic RH correspondence. Main point of the proof: Locally E;r ) looks like a solution
to a di erential equation, so E" ¥ is a local solution by existence and uniqueness for ODEs (by [Kat70,
Proposition (8.8)], MICs are vector bundles).

Now let X be a smooth variety overC. Then the category MIC(X) is de ned in the same way, doing
everything with the algebraically de ned sheaves. We have

MIC(X) sol Loce(X)

\/

MIC( X a")

Question 1.10 (what should have been Hilbert's 21st problem) Is sol essentially surjective?

Case 1: X proper. In this case Sere's GAGA says CohK) ! Coh(X?23") is an equivalence of categories,
then so is MIC(X) ! MIC(X2"). (One has to be careful here: a connection is noOx a -linear but only C-
linear. One has to slightly reinterpret connections; see Daniel's mathover ow post [hl])

Case 2: X not proper. Fixj : X ,! X an open immersion with X smooth proper andX nX = D a
strict normal crossing, which is guaranteed to exist by Hironaka's resolution of singularity. This means

for any x 2 X there is a neighborhoodU X of x and U ! A"etale with Djy ' V(t1 t)ju =
V(t1 tk) an U (this says Djy is the pullback of union of some coordinate hyperplane iPA"). We use the

sheaf of logarithmic di erentials -(logD) j % given by L (logD) restricted to U as above being free
onft S Esidtea;  dtg
De nition 1.11. 1. An MIC on X with log poles alongD is (E;r ) with E 2 Coh(X) and with r : E !

E  (log(D)) again satisfying the Leibniz condition and atness condition.

2. The essential image of the restrictionj : MIC(X;D) ! MIC(X) is MIC"™9(X), connection with
regular singularity at 1 .

Remark 1.12. In the de nition of MIC, the existence of such r forcesE to be locally free by Katz, but in
this de nition, such r won't guarantee E to be locally free anymore.

Fact 1.13. MIC™9(X) does not depend on the the choice oK .
Example 1.14. “ro (f)=d "Z—Z on C has aregular singularity at1 : if t =z 1, dt=t= dz=z

~ ConsiderL on in the Example 1.2, (V;r ) the associated MIC.V is a free module that is globally
generated bye; 1;e; log(z) e 1. Then we letV be free of rank 2 on with 1 [fq;f2] =
d[f 1;f2] + [fodz=z;0] which has log pole at 0. We have that ¥;r ) is the restriction of (V;r ) just
de ned.

Theorem 1.15. Analyti cation is an equivalence of categories

MIC™9(X) ! MIC(X?"):



Key points of the proof: Given (Ean;r an) 2 MIC( X 2"), we want to extend it to MIC( X D2a") (which
is de ned similarly as in the algebraic setting and can be shown to be equivalent to MICK; D ) by GAGA)
such that -

HO(Yan;Ean)r =0 HO(Xan;Ean)r =0:

This is called Deligne's canonical extension. Since the category MIC has internal Hom, and the actual Hom
set is the global at section of the internal Hom, this gives the fullness. It is faithful since the analyti cation
functor is faithful.
For essential surjectivity: Let's assume for simplicity dim(X) = 1. Then we only need to extend along
the punctured disk to the whole disk and glue. On , we have the equivalence between MIC on and
representation of 1( ). Let's say (Ean;r an) correspondsto 1( ) ! GL(E) which sends the generator
to A. ChooseB 2 End(E) such that A = exp(2 iB ). Take Ea, to be a free module on with r
beingv o f(B(v) dz=2). Then the at sections are ¢ v where¢® := exp(B logz). Check that the
monodromy representation of this on  is the same asEan;r an): ¢ = Ag®. Now we can deanalytify.



2 Nonabelian cohomology and applications, lecture 1. Speaker:
Daniel Litt. Notes by Luke Wiljanen.

2.1 Pre{History: Non-abelian cohomology and examples

Question 2.1. Let X=K be a variety. How does the topology ofX re ect its geometry? ...its arithmetic?

Abelian: Let X=K be smooth and proper.

{ K = C: For Hygq4e (X), there is a Hodge structure and the Hodge conjecture.

{ K nitely generated: For H..q (X), there is a Galois action and the Tate conjecture.

{ K nitely generated: For H 4 (X), there is a conjugate ltration, Hodge ltration, and the Ogus
conjecture.

" Relative abelian: Let X ! 'S be smooth and proper. One can associate an abelian invariari’!
There is an action of 1(S;s) on (R' ) s. One can ask questions about it, and there are various
conjectures.

~ Non-abelian: For X, we have (X). Since this is a complicated object, we slightly abelianize and
look at its representations Rep( 1(X)). The idea is that questions we can ask in the abelian setting,
we can ask in this non-abelian setting, and vice versa.

Relative non-abelian: ForX ! S smooth and proper ands 2 S. There is an exact sequence
iXs) b a(X) !t (S9! L

and this induces an outer action 1(S;s)! Out( 1(Xs)). We get an action of 1(S;s) on Rep( 1(X5s)).
We'll study this non-abelian monodromy representation.

In this talk, we will consider X = Pt nD and P nDyny ! S = Conf"(CP!) where Dyny, is a divisor
whose ber over x1 + + Xp isfXg;:i:11;Xn0.

(CP Xy i ixn@) = hasiiis nij 1 n=idi

where ; comes from a loop aroundx;. From this presentation we have an identi cation

Hom( 1(CP'nD);GL,(C)) _ (AL A 2 GL(O)" ] Q{Ll Ai=idg

simultaneous conjugation

Finding such matricesAy;::: A, which product to the identity is straight-forward since you can solve for

Question 2.2. Fix conjugacy classe<L;;:::C, GL,;(C).

of parameters and a middle tensor product by rank 1 local systems, middle convolution maps rigid
tuples to rigid tuples and is such that r®<r if r 2. Middle convolution is invertible. By reduction
to the case of rank 1, Katz is thus able to classify (irreducible) rigid local systems on the punctured
line.



3. (Monodromy) The group 1(Conf"(CP?!) acts on Rep( 1(CP! nfxi;:::x,0)) by

where 1(Conf"(PY)) = h;:::; , 1i. We then get an induced action where we mod out by si-
multaneous conjugation on the right. What are the dynamics for this action? What are the nite
orbits?*

2.3 ODE (de Rham side)

There is a category of modules with integral connection
MIC(P};D)= (E;r :E!'E L. (logD)) at bundles on P! with regular singularities along D

P
Example 2.3.P Suppose thatl 2 D, and that By;:::B, 2 gl (C) are such that B; =0. Let E= O,
andr = d+ Bi_dz. This is a Fuchsian ODE.

Z Xj

Remark 2.4. The matrix A; conjugate to the matrix exp(2 iB ;).

Question 2.5. As you vary x;, how does one chang®; so that the monodromy representation stays the
same?

Answer 2.6 (Schlesinger 1912) The B; have to satisfy a di erential equation:
( @8 — [BiiBj] i 6 ]
@ Xi X

@B — i
i @y - for all j

Remark 2.7. Schlesinger wasn't the rst person to try to write this down. In 1905, Fuchs did the case
n =4, B; 2 sl,. In this case, the equation is called the Panlewe VI equation.

There is a correspondence
nite  1(Conf")-orbits on Rep( 1(CP'nD)) !f algebraic solutions to Schlesinger equatiog

Classi cation of algebraic solutions whenn = jDj = 4, r = 2 (Hitchen, Dubrovin, Mazzocco, Boalch,
Kitaev, Lisovyy, Tykhyy):

" 4 continuous families,
~ 1 countable in nite family, and
" 45 exceptional.
The computer aided proof relies on e ective version of Manin{Mumford for tori.

Question 2.8. Can we classify nite ;(Conf"(CP'))-orbits on 2-dimensional representations of

Answer 2.9. Almost.

De nition 2.10.  We say (A1;:::;An) 2 SL,(C)" is interesting if
1. It has nite 1(Conf™)-orbit.
2. The subgrouphAy;:::;Ani SLo(C) is Zariski{dense.

1A complete classi cation of nite orbits appears in recent work of Bronstein and Maret: see https://arxiv.org/abs/2409.
04379,



3. None of theA; are id.

4. It doesn't move in a continuous family of nite orbits (Corlette{Simpson).

in nite order. Then, there exists 1;:::; n; 2 C suchthat( 1A1;:::; nAn)= MC (By;:::;Bn) where
MC is Katz's middle convolution operator and wherdBq;:::;B,i  GL, 2(C) isa nite complex re ection
group.

De nition 2.12. B 2 GL,(C) is a pseudo-re ection if B has nite order and the rank of B idis 1. A
nite complex re ection group (FCRG) is a nite subgroup of GL,(C) generated by pseudo-re ections.

Finite complex re ection groups were completely classi ed by Shephard and Todd. There is 1 in nite
family and 34 exceptional ones.

Corollary 2.13. Let (A1;:::;Ap) be interesting with someA; of in nite order. Then, n 6.

curves.



3 Etale fundamental groups and local systems. Speaker: Gleb
Terentiuk. Notes by Luke Wiljanen.

3.1 Etale fundamental groups

Goal 3.1. For a connected schem& with a geometric point X 2 X (K'), construct a pro nite group ¢ (X; X).

Motivation 3.2.  For X a reasonable topological space, there is a correspondence
f covering spaces oveX g $f 1(X; x ){setsg

Fact 3.3. Let F : G Sets! Sets be the forgetful functor. There is a natural mapG ! Aut( F) which is
an isomorphism.

Fact 3.4. Let F : Finite G Sets! FiniteSets be the forgetful functor. Then,

Aut(F) " lim G=N=@

N G
nite index
normal subgroup

where 8 is the pro nite completion of G.

Let FEtx be the category of niteetale X {schemes, and letFx : FEtx ! FiniteSets be the functor
sending a niteetale X schemeY ! X to the nite set jYxj, the underlying topological space of the ber
product Yy = Y x SpecK.

De nition 3.5.  Theetale fundamental group of X relative to a geometric point X is
e (X; X) = Aut( Fyx):
Remark 3.6. (1) If ;¥ 2 X(K), then & (X;X)' & (X;V).
(2) We have an equivalence of categories
FEty ! nite ¢ (X; X){sets :
(38) Given f : X ! Y and a geometric pointx 2 X (K), let y=f X 2 Y(K). There is a natural map
aX; X)) E(Yy).
1 A 1 (Y

Given a nite type scheme X over C, let X2 = X (C). Then, (Y ! X) 7! (Y& 1 X3a") gives an
equivalence between Etyx and f nite covering spaces ofX 2" g by the Riemann existence theorem.

Corollary 3.7. With X as above, the natural map tl"p xa;x)"! e (X; X) is an isomorphism.
Example 3.8. Let X = Spec(K) with a geometric point X given by K ,! K. Then, we have an isomorphism
4 (X;x)" Gal(K=K)

between theetale fundamental group of X and the absolute Galois group ofK .

Example 3.9. Let F be a nitely generated eld over Q. ConsiderG,, .. Let Y ! G .z be a niteetale
map. By composing with the inclusion G, . & ! P%, we get a mapY ! P%. This map extends to a smooth

compactifaction Y ! Y. We now look at the resulting map =~ : Y ! Pll?. An argument using Riemann{
Hurwitz shows that g = 0 and that there are exactly two points of rami cation. Namely, with rami cation

10



X X
29y 2= 2n+ (& 1)+ (d 1)= (r+5s)

where n is the degree. Consequentlyg, = 0. Hence, Y = P'%. It follows that Y can be identi ed with
G grsothatthemapY ! G . is the mapx 7! x". The group of automorphisms of thenth power map

is identi ed with the group of nth roots of unity. So, Aut( YjG,,.#) ' a(F). So,
ei( (Gmyf) ' Ilm n(f)

This comes with an action of G = Gal( F=F). We write ,b;(l) for lim ,(F) with this Galois action.

3.2 Local systems

De nition 3.10. A Q--local system onX is a continuous homomorphism & (X; X) ! GL,(Q).

Example 3.11. A main source of local systems comes from the following setting: LeX ! S be smooth
and proper, and assume that™ is invertible on the base, i.e.,” 2 O(S) . Then, we have Q- -local systems

¢(S;3) ! GL(HY (Xs5:Q)).

Theorem 3.12. Let F be a nitely generated eld over Q, and let : Gg(y) ! GLn(Q'). Then, ij(t» is

quasi-unipotent. That is, if  topologically generatesGeg () = 2,then ()N 1is nilpotent for some N.
Proof. Since 1+'2M,(Z') GL,(Q') is open, there exists a nite extensionK=F ((t) such that
Gk ta+ 2Mn(24)):

Then, F(t) Ko Where K, is the maximal unrami ed extension of K. Since K, =F(t) is a nite
extension, some power of the topological generator 2 G topologically generatesGg,, , i.e., there is
somen 2 N such that " topologically generatesGg ,, .

Let K- K be the eld obtained by adjoining all ~-power roots of a uniformizer toK ,, . Then, Gk. is a
prime to ~ pro nite group, SO jg,. is trivial. Thus, factors through Gal(K-=K). We have the short exact
sequence

1! Gal(K-=Kn)! Gal(K-=K)! Gal(K,=K)! 1
Let :Gal(Kn=K)! Z. be the "-adic cyclotomic character.

For s 2 Gal(K-=K, ), we see thats and s (! are conjugate for allt 2 Gal(K, =K). Then, write
X =log( (s)). We have that X and (t)X =log( (s) (") are conjugate. SinceX and (t)X are conjugate,
they have the same char@cteristic polynomials. But, we describe a relationship between the characteristic
polynomials. Namely, if i”:O ai(M)y" ' is the characteristic polynomial of a matrix M 2 M, (Q-), then
a(X)=a( ()X)= (t)'a(X). SinceF is nitely generated over Q, if i > 0, then there existst such that

(t)' 6 1. Hence, a;(X) = 0 for i > 0. Thus, the characteristic polynomial of X is y". Therefore, X is
nilpotent, and exp(X) = (s) is unipotent. O

Corollary 3.13. Let X ! S = SnfsY be overC be smooth projective, whereS is a smooth projective
curve. Let SpecC(t) ! S be arounds®, i.e., look at Og.60 ! d9§;50 = CJt], which gives SpecCJt] !
SpecOs;so) ! S, and localize to getSpecC(t) ! S. As in Example 3.11, we get a homomorphism
4(S;s)! GL(H: (Xs;QY)). Then, Gerry ! 4 (S;9) ! GL(H. (Xs; Q")) is quasi-unipotent.
Proof. Find F nitely generated over Q and a smooth projective spreading outX ! S over F such that the
ber product with Spec(C) ! Specf) recoversX ! S. Then, Gg(ry ! GL(Hg (Xs;Q)) extends to

Ge(y ! GL(Hy (Xs:Q)):

We have Gg(yy Gr(ty - and so the theorem impliesGe(ry ! % (S;9) ! GL(H) (Xs; Q")) is quasi-
unipotent. O

11



4 The p-adic Riemann-Hilbert correspondence, lecture 1.
Speaker: Alexander Petrov. Notes by Mehmet Basaran.
Fix a prime p. Let S=C be a connected smooth variety, and letf : X ! S be smooth and proper. Then

R'f Z form a local system onS(C), where i is an arbitrary nonnegative integer.
Let A be a commutative ring (most of the times one ofZ, Z,, Qp, Qp). We de ne

local systems L n L Y
of free A modules = 1(S(C)is)! ~ GLn(A)
of rank n on S=C __ up to conjugation

De nition 4.1. A local system of A-modulesL is of geometric origin if there is a Zariski openU | S and
a smooth proper family f : X ! U such that Ljy ) is a direct summand of Rif A.

Conjecture 4.2  (Litt, during the lecture) . We may replaceU by S in the above de nition.
Question 4.3. How can we classify local systems of geometric origin?

Remark 4.4. For any Z-local systemL on S(C) there is a proper bration of complex manifolds f : Y !
S(C) such that L is a direct summand ofRf Z.

De nition 4.5. A Z,-local systemL on S(C) is called arithmetic, if there exists a nitely generated over

Q eld F C, and a variety Sp=F with Sy ¢ C' S, such that L extends to anetale local systemE on S,.
In a diagram: Here, the homomorphism ¢ needs to be continuous.

1(S(C);s) : GLn (Zp)
|
£ (S;9) e

-
-
-
' -
-
-
-,
-

1—— § Spp —— §'(S0;s) —— Gf =Gal F=F —— 1

This de nition can be formulated verbatim for Qp or Q, in place of Z.
Remark 4.6. If a Qp-local systemL is of geometric origin, it is arithmetic.

Example 4.7. Take S = AtnfOg. Then a Q,-local systemL is arithmetic if and only if for the corresponding
representation : 1(S(C);s) ! GL, Qp , the matrix  is quasi-unipotent, where is a generator of
1 (S(C);s) = Z (cf. Theorem 3.12).

Conjecture 4.8 (relative Fontaine-Mazur). For every semi-simpleQ,-local systemL on S(C), L is arith-
metic if and only if L is of geometric origin.

Example 4.9. For S = Al nf0g the conjecture is true: In this case,L being arithmetic implies that it has
nite monodromy (i.e. it is trivialized by a niteetale cover). If f:X ! Sis such a niteetale cover, then
L is a direct summand off Q, and thus of geometric origin.

Now we illustrate how Conjecture 4.8 can be viewed as a non-abelian analogue of the Tate conjecture.
We work with Qp-local systems onS;, = as in De nition 4.5. Then

n 0
Qp-local systems of rankn on Sy = Hg SyeiGln Qp
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There is an action of G on the right-hand side. In this setting it holds that L is arithmetic if and only if
the class L] in the right-hand side has nite orbit under Gg. Now assume thatS is smooth and proper.
Then there is a map

cl:Z'(S) Qp! HE& SueiQpli)
where Z'(S) consists of algebraic cycles of codimension

Conjecture 4.10 (Tate conjecture). The image of the above map is
n 0
im(l)= x2HZ So:E:Qp(i)  x has nite orbit under Gg

4.1 p-adic Hodge theory

Remark 4.11. If Conjecture 4.8 holds, then all semi-simple arithmeticL should underlie a VHS. In the
following we investigate where this VHS would come from.

Let X be a smooth proper variety overQ,. Then Gq, acts onHg X@; Qp . There is a functor

n 0 n
D . nite dimensional continuous | vector spaces vV:Qp_with a ltration
dR representations of GQp on a Qp-vector space : 0=FbPv Fiv Fi 1y Fay=v

i —Eitl  _— pgn i i
FHodge_FHodge =H X, X -

such that Dgr HJ X5, Qv = Har (X=Qp) with ltration  Fyggqe

4.2 p-adic Riemann-Hilbert correspondence

First we summarize the complex Riemann-Hilbert correspondence. LeY =C be a smooth proper variety, and
letf:Z! Y beasmooth and proper family of varieties. Then there is a bijection

f C-local systems onY (C)g! f  vector bundles with at connection on Yg

such that _ _
R'f C7! Hyr (Z=Y);r am
Now to introduce a p-adic Riemann-Hilbert correspondence, [elS=Q, be a smooth variety. There is a functor
vector bundles E=S with 9
E a atconnection r :E! E é on YE

d with a [trati
Dyr : fetale Qp-local systems onSg! Foog TOVER AT el g
~ such that Fi:F“*l is a vector bundle 13
and r (F') F'' 1 ¢

such that for f : X | S smooth proper, we getDgr (R"f Qp) ' H‘dR (X=S);r om ; Fhodge

Remark 4.12. This functor Dgr cannot preserve ranks and be monoidal (meaning thaDgr (L1 L) =
Dgr (L1) Dgr (L2)). To see this, take S = Spec(K) with K = Qp( p) for p> 2, andV = Qp( 1) =
Cyil = H2 PtlTp; Qp - Then
Der(V)= H3% Pt =K
with Itration 0= F2 F!= K. If Dgr preserved ranks and was monoidal, then
_ 2
Dk oo’ =Dg(V)= K 0=F2 Fl=K

cycl

This is impossible, sinceD 4r also needs to be a one dimensional vector space where the Itration

1=2
cycl
2
jumps at some point, and thus the Itration of Dgr would have to jump at an even index, but

the jump is at index 1.

1=2
cycl
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5 \Variations of Hodge structure and Higgs bundles. Speaker: Yi-
long Zhang. Notes by Min Shi.

5.1 Content
1. Example: one parameter family of elliptic curves;
2. Hodge structures;

3. From variations of Hodge structures to Higgs bundle.

5.2 Motivation

Treat the compact, oriented surface withg = 1 as a complex torusC=, where = Zhe;;ei. Choose a basis
f; gfor Hi(T;Z), so that I—N(T;Z) =Z +Z.Qn the complex torus, there is a canonical holomorphic
1-form dz, with dz2 Hiz(T) RrC= (Hi(T;2)-) ,C. R R

One can integratedz against and to get two complex numbers (periods) dz, dz, which depend
Hﬂ €1, % KHowever, what matters is not these two numbers, but rather their ratio, so we can regard

dz: dz 2 P Up to some choices, this gives a map from the isomorphism classes of elliptic curves
over C to A1(C), which is part of the reason that the moduli space of elliptic curves overC hasP'(C) as the

set of complex points.
5.3 Hodge structures

Let X be a compact Kahler manifold (for instance, the complex,\points of a smooth projective variety).
Then H"(X; Q) has a Hodge structure, i.e.,H"(X; C) = H"(X; Q) 4 C admits a Hodge decomposition of
complex vector spaces

H"(X; C) = H™O(X) H" %4(X) Ho" (X))
satisfying HP" P(X)= H" PP(X):
Equivalently, H"(X; C) admits a lItration called the Hodge Filtration:
0=F"™H" F"H" F" H" = FH" FOH" = H"(X;C)
satisfying
1. FPHM\ Fn p*IHN = fQg;
2. FPH“L Fn piHN = H"(X; C).
To recover the Hodge decomposition, takeHP" P(X)= FPH"\ F" PHN:
Example 5.1. For T = complex torus, span(dz) = FIH(T;C)= HY%(T) = C.

5.3.1 Where does the Hodge Filtration come from?
We have a resolution ofCx by the holomorphic de Rham complex

Cx !0 x! @ X1 21 1 o

where | is placed in thei-th degree.
By the abstract de Rham theorem,

Hging(X; C) = Hn(X; Cix) = Hn(X; X):
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De ne FP ‘x = Jx ifp j n,andFP ’x := 0 otherwise. Then de ne the Hodge Filtration

FPH™(X; C) = Im( HOGFP )l HXG  x)

By the @®lemma, the inclusion of the holomorphic de Rham complex into the complex of (real) smooth
dierentials ( ;d) ! (A ;d) is a quasi-isomorphism. Then the Hodge decomposition combined with
Dolbeault's theorem implies the degeneration of the Hodge-to-de Rham (Fmshlicher) spectral sequence at the
E.-page. In particular, is injective, and

FPH"(X; C)= H"(X;FP ):
Also as a consequence of the degeneration at tHe; -page,
FPH"(X; C)=FP™TH"(X; C) = H" P(X; &)
5.4 Real Variation of Hodge structures

Let B be a complex manifold and\{\rl1 a local system onB. A real variation of Hodge structures is a ltration
by holomorphic subbundles onvV" . Og

0 1 0 1 0 1 0 1
0O @ 0o o 0o
F@n  0gA F 1@ 0gA i FT@"  0gA FP@"  OgA=V"  Og:
Ce. Co. Ce. Ce Ce.
satisfying

1. FP\ Fn P+l = fOg;
L ——— N
2.FP B P =V Op

. . . . N
3. Griths transversality: there is a at connection r on V" c. OB such that

0
r:FPLOFP B

To be more specic, supposeV" = R"f C, wheref : X | B is a smooth family of compact Kahler
manifolds. By Ehresmann's theorem, locally,X is di eomorphic to X, B. A picture is drawn below, where

X is the ber over a point 0 in B, @@t is a tangent vector at 0 in B, and g is a lift of the tangent vector @@t.
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By Kodaira's theory on deformation of complex structure, the 1st order deformation is governed by a
(0; 1) form in TEO(X):

@ O
@z
Now Gri ths transversality means that for ! 2 FPAJ _. on ber direction with at least p dz's, the image

of I under the Gauss-Manin connection is inFP H"(X;C). In fact, locally, the map H" P(X; §)!
H" P (X; & ')induced by r can be written asr ( )= |

= . f dz :

5.4.1 What is a variation of Hodge structure?

Fix a complex vector spaceH " (X; C). Then a variation of Hodge structures is a family of Hodge structures
on it that varies in a certain way and satis es certain axioms.

Example 5.2. The Legendre family of elliptic curves isfy? = x(x 1)(x t);t2 P* f 0;1;1gg, whose
singularities are fgughly described in Figure 1. Pick a basepoint, 2 P1(C) f 0;1;1g . The holomorphic
1-forms are! { = dy% 2 H1(X¢;C), which spansFIH(X;C) HZ(X;C) = HY(Xy,;C). After desingu-
larization, the minimal resolution can be depicted in Figure 2, with two rational curves meeting transversely
above each 0 and 1, and arh, ber (7 components, with three multiplicity-two bers colored in red) above
1.

The corresponding Picard-Fuchs equation is (for details, see [Lit13, section 1.4.2])

| 00— 1 1 2 1|0

STy ) L TCR DR

By ODE theory, locally around 0, solutions take the form: f (t)log(t) + g(t), where f and g are holomorphic.
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