Calc | Section 7 & 8: Assignment #7 (due 11/1)

1.

10.

17.

23.

36.

1.

f(z) =5— 12z + 3=, [1,3]. Since 7 is a polynomial, it is continuous and differentiable on R, so it is continuous on [1, 3]
and differentiable on (1, 3). Also f(1) = —4 = f(3). f'(e)=0 < —12+6c=0 < ¢=2 whichisintheopen

interval (1, 3). so ¢ = 2 satisfies the conclusion of Rolle’s Theorem.

flx) =a° —3z 42 [-2,2]. f is continuous on [—2, 2] and differentiable on (—2, 2) since polynomials are continuous and
. - o v F(b) = fla) s o f(2)—f(=2) 4-0 2
ciu‘il"erenirlabl-e-:m]R.‘;F(c:l_ib_cb = 3¢ —3= 2-(=2) ~ 1 =1 & 3" =4 =
& = 2 & e= :I:i which are both in (—2, 2)
3 ﬁ? ¥ -
Let f(x) = 22 + cosz. Then f(—m) = —27 — 1 < O and f(0) = 1 > 0. Since f is the sum of the polynomial 2z and the
trignometric function cos x, f 1s continuous and differentiable for all x. By the Intermediate Value Theorem, there 1s a number
cin (—, 0) such that f(c) = 0. Thus, the given equation has at least one real root. If the equation has distinet real roots o and
bwith a < b, then f(a) = f(b) = 0. Since f is continuous on [a, b] and differentiable on (a, b), Rolle’s Theorem implies that
there is a number r in (a, b) such that f'(r) = 0. But f'(r) = 2 —sinr > 0 since sinr < 1. This contradiction shows that the
given equation can’t have two distinet real roots, so it has exactly one root.
By the Mean Value Theorem, f(4) — (1) = f'(e)(4 — 1) for some ¢ € (1, 4). But for every ¢ £ (1,4) we have
f'(e) = 2. Putting f'(c) > 2 into the above equation and substituting f(1) = 10, we get
f4)=Ff(1)+ f'(e)(4 —1)=104+3f"(c) = 10+ 3 - 2 = 16. So the smallest possible value of f(4) 1s 16.
Assume that f is differentiable (and hence continuous) on R and that f'(z) £ 1 for all =z Suppose f has more than one fixed
point. Then there are numbers a and b such that & < b, f(a) = a, and f(b) = b. Applying the Mean Value Theorem to the
function f on [a, b], we find that there is a number ¢ in (a, b) such that f'(c) = M. But then f'(¢) = i 1,
—a —
contradicting our assumption that f'(x) # 1 for every real number = This shows that our supposition was wrong, that is, that
f cannot have more than one fixed point.
(a) fis increasing on (1, 3) and (4, 6). (b) f is decreasing on (0, 1) and (3, 4).
(c) f is concave upward on (0, 2). (d) f is concave downward on (2, 4) and (4, €).

(&) The point of inflection is (2, 3).
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Calc | Section 7 & 8: Assignment #7 (due 11/1)

10. (a) f(z) =42’ + 32" —6z+1 = f'(z) =122" + 6z — 6 =6(22> + 2 — 1) = 6(2z — 1)( + 1). Thus,
flz)>0 & w<—lorz>jandf(x) <0 & —1<z< 3. Sofisincreasingon (—oc,—1)and (3,00) and
f is decreasing on (—1, 1).
(b) f changes from increasing to decreasing at x = —1 and from decreasing to increasing at x = % Thus, f(—1) =61isa

local maximum value and f(3) = —3 1s a local minimum value.

@© f'(z) =24x+6=6(4z+1). f'(z)>0 & =z>-tandf'(z)<0 < =z < —% Thus, fisconcaveupward

on {—i, oo) and concave downward on (—oc, —%}. There 1s an inflection point at (—%., f(—%}} = (—%? %]
. ' . . sinx

13. (@) f(z) =sinx +cosx, 0 <x <27, f'(2) =coszx—sinz=0 = coszx=sinz = 1= =
cCOo8 210

tanz =1 = =z=Z%orZf Thus, f(x) >0 & coszx—sinz>0 & cosx>sing & 0<xz<For
% <z <2rand f'(z) <0 & cosz<sinz & f<z< %. So f is mcreasing on (0, §) and {%“.,2?7) and f
is decreasing on (§, 2%).

(b) f changes from mcreasing to decreasing at x = % and from decreasing to increasing at x = E'T'". Thus, f (%) =+2isa

local maximum value and f(ﬁT”) = —+/2 is a local minimum value.

(© f'(2) = —sinzg —cosz =0 = —sinzx=cosz = tanzx=-1 = ;r=‘%01‘7ff.DiVidethEinterval

(0, 27) into subintervals with these numbers as endpoints and complete a second derivative chart

Interval f'(z) = —sinz —cosx Concavity
(0,2r) f(3)=-1<0 downward
(3 Iz ffm)y=1>0 upward

(ZF,2m) f(H3E)=3-3Vv3<0 downward

There are inflection points at (2%, 0) and (I, 0).
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Calc | Section 7 & 8: Assignment #7 (due 11/1)

32. (a) f is increasing where f is positive, on (1, €) and (8, o0), and decreasing where ' is negative, on (0, 1) and (€, 8).
(b) f has a local maximum where f' changes from positive to negative, at = = 6, and local minima where f' changes from
negative to positive, atx = l and at =z = 8.
(c) f is concave upward where ' is increasing, that 1s, on (0, 2), (3, 5), and (7, oc), and concave downward where f” is
decreasing, that is, on (2, 3) and (5, 7).
(d) There are points of inflection where f changes its (e) ¥y

direction of concavity, at z = 2, x = 3, x = 5 and

r=T.

4. (@) S(x)=x—sinz,0<z<4dr = S zr)=1—cosz. S'(z)=0 & cosz=1 < 2=0 2r and4dn
S'(x) >0 < coszx < 1, whichis true for all x except integer multiples of 2, so § is mcreasing on (0, 4r)
since 5'(2x) = 0.

(b) There is no local maximum or minimum. (d) 4 ;
(€) 8"(x) =sinz. §"(x) > 01f0 <z < wor2r <z < 3w, and §"(x) < 01f 3ar
T<x<2ror3w <z < 4w SoSisCUon (0, 7) and (27, 37), and S is CD 271
on (7, 2m) and (3w, 47). There are inflection points at (, ), (27, 27), and ™
(3, 3m). of = 27 37 am
7. This limit has the form %_ We can simply factor and simplify to evaluate the limit.
2 —_— —_—
hm & =Ly D=1 2+l 141,
P e R m{_r - ]) z—1 X 1
o . smdxr g5 . 4cosdx 4(1) 4
12. This limit has the form & lim —— Z | = ==
0 s lbtanbz =0 5sec?(bz) 5(1)2 b
1 0+0 O .
33. 9]5.1_% z;l::lc:i = C'i T=1= 0. L"Hospital’s Rule does not apply.
44. This linuit has the form 0 - (—oc).
) ) ) Inzx g . 1,/:.," . sinx . sin @ .
Iim sinz Inz = lim = lm ———— = — lim -tanz | = —( lim lim tanz
z—0T z—0+ cscx z—0+ —cscx cotax z—0t & z—0t @ z—0t
=—-1-0=0
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Calc | Section 7 & 8: Assignment #7 (due 11/1)

56. y = (tan22)®* = Iny= z-Intan2x so

In tan 2 1/ tan 2z)(2 sec” 2 —22% cos 2
lim Iny= lim z-Intan2z = lim Soon2 £y, (1/tan2z)@scc 3o) 2z cosdr
z—0+ z—0t z—0t+ 1/x z—0+ —1/z2 z—0+ sin 2z cos? 2z
9 _
= lim —— - lim ——=1-0=0 =
z—0+ sin2x  —o+ cos 2z
lim (tan2z)® = lim ™Y =¢’ =1
x—0T o— 0t
= 1/= 1 @
62. y = (" +x) = Iny = —In(e” +z),
x
1 €T k- 1 x x
Solim]ny=].imwilimex+ 2 im —Z iim <=1 =
T—oo T—oo x z—oo ¥ @ z—oc ® |+ 1 r—oo £%
lim (e 4+z)/" = lim e®Y =¢' =e.
Z—oo LoD
4
In(4 1
83. y = (4o +1)°*"* = Iny=cotz In(dw+1),50 lim lny= lim M Z lim ~’:l:v_—l—l =4 =
z—0t z—0+ tanx z—0tT sectx

lim (4o +1)°°*" = lim ™Y =¢*

z—0+ z—0+

120 y= flz) =x/(z® —9) A D= {z|z#+3} =(—0c,—3)U(—3,3)U(3,00c) B. z-intercept = 0,
y-intercept = f(0) = 0. C. f(—=) = —f(=z), so f is odd; the curve is symmetric about the origin.

D xllurzilm:.cz—g =0, soy=01saHA xl_l.r;l+ z2—9 zm’xl_lg-l— 2 -9 =—Do,x_lfl_1:;+ 2Z2_9 &
2 2
. x _ . rey (xt —9) —=(2z) - +9
x_l}r_r}g_xz_g——oo,so:c—Eandw——BareVA_ E. f'(z) = == —9) __{x2_9)2<0[m?é:|:3]
so f 1s decreasing on (—oo, —3), (—3, 3), and (3, oc). H @ ,__31 7

F. No extreme values ;

G. f(z) _2z(2® —9)® — (&® +9) - 2(= — 9)(2=)

(x2 —9)4 0
_ 2z(x” + 27) j-

W>then—3<x<ﬂorm>3p

s0 fis CUon (—3,0) and (3, o0); CD on (—oo, —3) and (0,3). IPat (0,0)
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13.

18.

y=f(z)=1/(z"-9) A D={z|z+#=3}=(—00,—8)U(-3,3)U(3,00) B. y-intercept= f(0) = —5,no
z-intercept  C. f(—=z) = f(z) = fiseven; the curve is symmetric about the y-axis. D. ]:11:}:1 5 =0 s0y=0
x—Too X -
isaHA lim = —co, lim =no, lim =cc, lim ! =—oo, 0x=3andx= —3
z—3— 22 — 9 z—3t x2 — 9 e——3—- 2 —9 r——gt 22 —9
are VA. E. f'(z) = —(f—mg]z >0 < <0 (x+ —3)so fisincreasing on (—co, —3) and (—3, 0) and
2 —
decreasing on (0, 3) and (3, 00). F. Local maximum value f(0) = —31. H ¥
_af.2 _g\2 2 _ 2 !
G. o — 2(z® — 9)" + (22)2(z* — 9)(2x) _ €(x" + 3) S0 e
RO R
>0 & z>3orz<—3 sofisCUon(—oc,—3)and (3, 0c) and A . !
x=— x:
CD on (—3,3). NoIP ‘
y= flz) = 39: T A D=(—o0,1)U(l,00) B. y-intercept: f(0) = 0; z-intercept: f(z) =0 = z=0
=3 —
C. No symmetry D. liI:E T 0,soy=0isaHA lim f(x) = —ocand lim+f{a:] =oo, 50z =1isa VA
z—+eoc pt — e—1— ax—1
, (z® —1)(1) —=z(32%) —22°—1
E. fl(z) = @ 1) = Ty fllz)=0 = z=-31/2 flz)>0 = z<—3{/1/2and

fllz) <0 = —31/2<z<landz > 1, so fisincreasing on (—oc,—;‘fl/E) and decreasing on (— /12, l)
and (1,c0). F. Local maximum value f(—ffl/:?) = £ {/1/2; no local minimum

_ (@ —1)*(=62") — (=22° — 1)2(2? — 1)(3=°)

" ¥
G. f'(z) (=2 —1)72 H.
_ —62?(a® = 1)[(2® —1) — (22° +1)]  62”(2® +2)
B (2% —1)* T @17 P
0 x
f'z)>0 & a<—V2andz>1,f(z)<0 & —V2<az<0Oand '
0 <z <150fisCUon (—oc,—¥2) and (1,o0) and CDon (—¥/2, 1). 1
y=

Pat (—¥/2,3V2)
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Calc | Section 7 & 8: Assignment #7 (due 11/1)

2. y=flz)=x/vVz: +1 A. D=TR B. y-intercept: f(0) = 0: z-intercepts: f(z) =0 = x=0
C. f(—=z) = —f(=z), so f is odd; the graph is symmetric about the origin.

. . x . x/z . xfz . 1 1
D. lim f(z)= lim ——— = lim ——— = llIm ——= = lim = =1
:z:—’o:x}f{ ) r—00 "'.u"'2+l m—1m1fI2+]/ﬂ‘: r—o0 m},fm2 z—00 \/1"‘1!’3’.‘2 \’,’1_'_[]
and
. . x . xzfx i xfx . 1
lim f(z)= lim ——— = lim ———— = lim = lim ————
w——oo @w——co \/z2 + 1 @——oo /g2 + 1/ =——oo \/Wf(—v”:?) z——co /1 1/2?
1
= ———==-—1 soy ==1are HA
—+/14+0 v
No VA.
—— 2z
:I:2—|—1—:1’:~— ] o
2\,‘5;5-1-1 - +1—=x 1 L ;
E. f(z)= CEEGE = = lj‘gﬂ = @ 1) > 0 for all =, so f is increasing on .
F. No extreme values H. ¥
y=1
—3z -
r 7 2 —B/2 .
G. f’(m):—f(:r +1) / .szm,so_f"(m)>0fmm<ﬂ
. {0, 0) *
and f"(x) < 0 for z > 0. Thus, f 15 CU on (—cc, 0) and CD on (0, o).
y=-1
IP at (0,0)

28. y=f(z)=x/vaE —1 A. D=(—o0,—1)U(1,00) B. Nointercepts C. f(—=z) = —f(z), so f is odd;

the graph 1s symmetric about the origin. D. lim —— —land lim ———— = —1,s0y = =1 are HA

z—oo 4/ pd — z——oo /2 — 1

lim f(z) =4occand lim f(z)= —cc,s0ox = +1 are VA

z—1T z——1"
o a

E. fl(z)= ’ _l_m."x _1=m2_1_m2= ! < 0, so f is decreasing on (—oo, —1) and (1, o)

: (22 — 1)1/2]2 (22 — 1372~ (@22 —1)3° : ng : S
F. No extreme values H. ST

3x
2y 2 —5/2 = \

G. f'(z) = (-1)(-2)(a® — 1)~¥ 2= e y=1

f"(x) < 0on(—oc,—1)and f'(z) > 0on(1,00), so f is CD on (—ooc, —1) 0 x

==
and CU on (1, o0). No IP \ Y
x=1
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46. y = f(z) =’ —e® A. D=R B. y-intercept: f(0) = 0: z-intercepts: f(z) =0 = & =¢" = &£ =1 =

z=0. C.Nosymmetry D. lim e —e“*=0soy=0isaHA NoVA E. f(z) =2e" —&® =c"(2e" — 1),
soff(x)>0 & e >1 & z>Ini=—In2andf'(z)<0 = H. ;*
e® < % = g <In %; so f is decreasing on (—-::o__ In %} al
and increasing on (In 3, 00). 3t
2..
o . 1 2In(1,/2 In(1/2 132 i
F. Local minimum value f (In ) = ¢*'2t% ) m(1/2) = (3 —35=—3% N
" 2z = = z ; " x 1 -3 -2 -1

G fllz) =4e™ — " =e"(4e" —1),50 f'(z) >0 & >3 <« h

113 1

. Ing,—5

z>Ingand f'(x) <0 & =z <Ini Thus, fisCDon (—occ,In ) and (DE' I]E*JI -1

Inz.=%

3

)

el
L
&l

CUon (in},00). Pat (In}. (3)" — §) = (in
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