Solutions Practice Problems Ch. 13, 15 and Appendix H (Math V1101 - Calculus Il - Section 8) Fall
2013

15. The projection of the curve onto the zy-plane is given by r(t) = {¢,sint¢,0) [we use 0 for the z-component] whose graph
1s the curve y = sinx, z = 0. Similarly, the projection onto the zz-plane 1s r(t) = (t,0, 2 cos t), whose graph is the cosine
wave z = 2cos z, ¥y = 0, and the projection onto the yz-plane is r(t) = (0, sint, 2 cos t) whose graph is the ellipse

y¥+i2=1Lz=0

z 2
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xy-plane xz-plane

From the projection onto the yz-plane we see that the curve lies on an elliptical
cylinder with axis the x-axis. The other two projections show that the curve
oscillates both vertically and horizontally as we move in the x-direction,

suggesting that the curve is an elliptical helix that spirals along the cylinder.

20. Taking rq = {a,b,c) and r; = {u, v, w), we have
rit)=(1—-t)ro+tr1 =(1 —1) {a,b,c) +t(u,v,w),0 <t <1 or r(t) =(a+ (u—a)t,b+ (v—>b)t c+ (w—c)t),
0 < ¢ < 1 Parametric equationsarez =a+ (u—a)t, y=b+ (v —0b)t, z=c+(w—c)t, 0 <t < 1.

28. Here 22 — sin®t — z and 22 + y2 —sin’t +cos’t = 1, s0 the

z
- . . - - . - - ._,.—-—'__-
curve is contained in the intersection of the parabolic cylinder — | ]

z = ? with the circular cylinder 22 4+ 3% = 1. We get the complete [17°°°" {10l
; +mm
intersection for 0 < ¢ < 2m. v /'a"‘;.\ )

/ ~+x+yi=1 4
x '-_--0-1---=

30. Parametric equations for the helix are x = sint, ¥ = cost, z = t. Substituting into the equation of the sphere gives

sint+cos’t+t? =5 = 1+t =5 = t==2 Sincer(2) = (sin2,cos2,2) and
r(—2) = (sin(—2), cos(—2), —2), the points of intersection are (sin 2, cos 2, 2) ~~ (0.909, —0.41€, 2) and
(sin(—2), cos(—2), —2) = (—0.909, —0.416, —2).
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41.
Both equations are solved for z, so we can substitute to eliminate z: /22 +3y2 =14y = 2’2+ =1+2y+3? =

=142 = y= %(xz — 1). We can form parametric equations for the curve C of intersection by choosing a
parameter z = ¢, theny = 2(t* — 1)and z =1+ y =1+ 1(t* — 1) = 2(£* + 1). Thus a vector function representing C
isr(t)=ti+3(t* - 1)j+ 3 + 1)k

43. The projection of the curve C' of intersection onto the xy-plane is the circle 22 +y? =1, z =0, so we can write x = cost,

y =sint, 0 < t < 27. Since C also lies on the surface z = 2% — y2, we have z = 2® — y® = cos® ¢t — sin’ ¢ or cos 2t.
Thus parametric equations for C' are ¥ = cost, y = sint, z = cos 2t, 0 < ¢ < 2, and the corresponding vector function
isr(t) =costi+sintj+cos2tk 0<t<2m

44,

The projection of the curve C' of intersection onto the xz-plane 1s the circle z? + 22 =1,y = 0, so we can write £ = cost,

z =sint, 0 < ¢t < 2. C also lies on the surface 2 + y? + 427 = 4, and since y > 0 we can write
y=+T 2% — 422 = /4 —cos?t — 4sin”t = /4 — cos?t — 4(1 — cos?t) = v/3cos? t = V3| cos t|

Thus parametric equations for C' are £ = cost, y = v‘§| cost|, z=sint, 0 < ¢ < 27, and the corresponding vector function

isr(t) = costi+/3|cost| j+sintk 0<t<2m

45.

The projection of the curve C' of intersection onto the

zy-plane 1s the circle z? + y2 =4, z = 0. Then we can write

x=2cost, y = 2sint, 0 <t < 27w Simce C also lies on

Ll v Wi

FHt the surface z = 2%, we have z = 2> = (2cost)® = 4cos’ t.

o7 HT Then parametric equations for C' are = 2cost, y = 2sint,

H ~2
=2
\’\01\-‘\/{{1( z:4m32t505t52ﬂ—-
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46. )
z 14
0 p
S~
1 X

z=t = y=t = 42=16-2" -4’ =16—1"—4* = 2= /a—(3t) —¢*

Note that z 15 positive because the intersection i1s with the top half of the ellipsoid. Hence the curve 1s given

byz=t y=1>, z=4/4— 1t? —t*
47.

For the particles to collide, we require r1 (t) = r2(t) < (#*,7¢t — 12,1*) = (4t — 3,1, 5¢ — €). Equating components
givest? = 4t — 3, 7t — 12 = t? and t* = 5¢ — €. From the firstequation, t* —4¢t +3=0 < (t—3)(t—1)=0s0t=1
ort = 3. t = 1 does not satisfy the other two equations, but £ = 3 does. The particles collide when £ = 3, at the

point (9,9, 9).

4. Since z = t* = (t7)/3 = /3, @. 7 ) r'(t) = (2t, 3t?),
the curve is the graph of z = /3. r'(1) = (2,3)
r'{l)
r(l)
N i1,1)
0 x
6. Smcey—=e * = lt = 1 the (a), (c) O r'(t)=€e'i—e ],
e x

curve 1s part of the hyperbola r(0)=i—]

1
Y= E.Notethat:n >0 y=>0

14. r'(t) = [at(—3sin3t) + acos 3t]i+ b - 3sin®tcostj+ c- 3cos’ t(—sint) k

= (acos3t — 3atsin3t)i+ 3bsin®t costj — 3ccos’ t sintk
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18. r'(t) = (3t +3,2t,.3) = r'(1) = (6,2,3). Thus

r'(l) 1

T =D ~ Vo ee

(6.2.3)=2(6.2.3)=(%..7).

34

To find the point of intersection, we must find the values of ¢ and s which satisfy the following three equations simultaneously:
t=83—51—-t=5—23+1>=3g% Solving the last two equations gives ¢ = 1, 5 = 2 (check these in the first equation).
Thus the point of intersection 1s (1, 0, 4). To find the angle & of intersection, we proceed as in Exercise 33. The tangent

vectors to the respective curves at (1,0,4) are rj(1) = (1,—1,2) and r5(2) = (—1,1,4). So

1-1+8)=2-= %andﬁ':cos_l(L) ~ 55°.

_ 1
cost = 7z (= =i = v

Note: In Exercise 33, the curves intersect when the value of both parameters 1s zero. However, as seen in this exercise, if 1s not

necessary for the parameters to be of equal value at the point of intersection.

M. r'(t)=2ti+ 3 j+vVik = r(t) = t2i+ 35+ %tﬁﬁ k + C. where C is a constant vector.

Buti+j=r(1) =i+j+$k+C Thus C= —Zkandr(t) =i+ i+ (¥ - )k

.r(t) =v2titejtek = r(t)=+2itej—ek =

[¥'(2)| = \/(\/’5)2 +(ef)2+(—e )2 =2+ e te = /et +et)2 =€ +e " [sincee’ +eF > 0]

Then L = [} |v'(t)|dt = [ (€' +e~?)dt = [e* — e‘t]; —e—e L

6. r(t) = 12ti+ 8524+ 3%k = r'(t) =12i+12tj+ 6tk =

Ir'(¢)] = V144 + 144t + 36t = \/36(t +2)2 = 6|t + 2| = 6(t +2) for 0 < ¢t < 1. Then
1

L= [l ()| dt = [}6(t+2)dt = [3:52 +12t] —15.
]

14. r(t) = e*cos2ti+2j+ e*sin2tk = r'(t) = 2e*(cos 2t — sin 2t) i + 2e**(cos 2t +sin 2t) k.,

g2 = |r'(t)| = 2€®* \/(cos 2t — sin2¢)? + (cos 2t + sin 2¢)2 = 2e”* \/2 cos? 2t + 2sin” 2t = 2/2 ™.
s=s(t)= [ r'(u)|du= [ 2v2e*du= ﬁez“]; =2(e* 1) = HFtl= e = t= %ln(v% + 1)_
Substituting, we have

r(t(s)) = 2 =(F11) cos 2 (%111(5,5 + 1)) ir2jeet(3m() gino (% 1n(:-;5 n 1)) k

= (ﬁ + 1) ms(ln(ﬁ +1))i+2j+ (75 +1) sin(ln(% +1)) K
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19.
@ rt) =(V2t.ee™®) = r'{t)=(vV2.e,—e*) = [I{)|=v2+ef+e = /(ef+e?) =€ +e"
Then

r'(t) 1 B - P
(t) |I‘" I et +e-t (V@-, e*, —e t) = gt 1 <v-"_e el —]> after multlplymg by ; and
"(t) = 62t+1(v’_e 22t n)_ 1) - (VTet, e, 1)
- ’ 2 2
= Ty L€+ 1) (VB 267,0) = 267 (VB! e, 1)) = s (VB (1= %), 267, 26%)
Then
TN = ;1*‘”/28% 1 =26 +e¥) fdeb e = =7 ————/2e%(1 + 2t + e*)
(e + =
= ; 2-3%[:]_—]—.32#)2 _ ﬁet(1+ezt) _ V"EB
(€% +1)° 1)  e*+1
Therefore
T'(2) e’ +1 o2t g2t
N t = = 'V“_E- 1 —_ 6 S 2e
( ) |T’{t)| v"ﬁe* (62: 1)2 < ( }
B V2 f:(12*—%1) <ﬂ6t(1 _EHLQEH’E{EH) - 2t1+] {1 — e’ V2e! v"_t%t)
etle
e DO V1 VB VR VI

[r'(t)] e +1 e*+et ¥ 42t fet et £ 241 (24 1)2

20. @r(t) =t 3t%.¢7) = r'{t)={Lt2) = ['@)=v1+£+4>=1+5 Then

r'(t) 1
T(t) = = 1,¢,2t).
(%) rQ - T ( )
T'(t) = ﬁ (1,¢,2t) + ﬁ (0,1,2) [by Formula 3 of Theorem 13.2.3]
1 2 2 2 1
—2m(< 5¢,—5t%, —10¢%) + (0,1 + 5", 2+ 10" )) = ————==— (-5t,1,2)
(1+ 5¢2) (1+ 5t2)
2
IT'(8) = ————— VBBP T 1+ 4= JEETE o VBV Vb
(1+512)3/2 (1 +5¢2 (1+5¢2)3/2 T (145232 T 1452
T/(t) 1+ 5t 1 1
Thus Nt = : —5t,1,2) = ——= (—5t,1,2).
() = [T ()] VB (14 5¢2)3/2 { ) V5 + 25¢2 { )
o r(e) = TOL_V5/a+52) VB
|r’(2)] V1 + 5t (1 + 5t2)3/2
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22,

23.

25.

3.

38.

r(t) =ti+t2j+etk = r{t)=i+2j+e’k r'(t) =2j+ek

[v'(8)] = /12 + (2t)2 + (e?)2 = VI + 42 + €%, r'(t) xr"(t) = (2t —2)e'i—€e'j+ 2k

() x1"(8)]| = /=2l F (e P+ 2 = /[ —2)e" T e +d= /@ -8t + 5)e* + 4.

[e'(t) x x"(t)] /(487 —8t+5)e?* +4  |/(4t2 —8t+ 5)e?* +4

Then x(t) = =
e/ (2)? (VITaE T e%)’ (1+ 42 + 2t)%/2

r(t) =3ti+4sintj+4costk = r'(t) =3i+4costj—4sintk, r’(t)=—4sintj—4costk,

Ir'(t)] = 9+ 16cos? t + 16sin’t = /I F 16 =5, r'(t) x r'(t) = —16i+ 12costj — 12sintk,

£ "
() % r(t)| = 1/256 + 144 cos?  + 144 sin? £ = /400 = 20. Then K(t) = Nﬁ‘—tj}“” = i—g = ;—5
I

r(t) = (t,8*,£®) = r'(¢)=(1,2¢,3t"). Thepoint(1,1,1) correspondstot =1, andr'(1) = (1,2,3) =
()| = VITIT9=VIE r(t) = (0.2,60) = r’(1)=(0,2.6). r'(1)xr"(1)= (6, —6.2).so0

IF(1) x r(1)] = vIEF 36 74 = 6. Thenw(1) = ZD XTI _ V76 _ 1 /19
r'(1)] Vid TV 14
v (z) &

= = e”(1+ €)%

Since y' = y"” = €%, the curvature 1s k(z) = I
v =y (z) 1+ (y,(m}}glsﬂ (1+e2=)3/2

To find the maximum curvature, we first find the critical numbers of x(z):

_ & 1+ e2® — 3 1 — 2%
+ _ .= 2my—3/2 = 3 2z B/2 2y _  m _ .=
K(z) =e"(1+e™) +e*(=3)(1+e™) (2e) =e (1 + e2=)5/2 =€ (1+ e2=)5/2

* =Llorz=—%4In2 Andsince 1 —2¢* > Oforz < —%In2and1— 2™ <0

k'(z) = 0when 1 — 2¢* =0,s0e
for z > —3 In 2, the maximum curvature is attained at the point (—; In2, e~ 1"2”2) = (—; In2, 715) :

Since lim e*(1 + e2*)~%/2 =, Kk(x) approaches 0 as z — oo.

&=

Notice that the curve a is highest for the same z-values at which curve b is turning more sharply, and @ 1s 0 or near 0 where b is

nearly straight. So, @ must be the graph of y = (), and b is the graph of y = f(z).

39.

Notice that the curve b has two inflection points at which the graph appears almost straight. We would expect the curvature to

be 0 or nearly 0 at these values, but the curve a isn’t near 0 there. Thus, a must be the graph of y = f(z) rather than the graph

of curvature, and b is the graph of y = x(x).
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42. Here r(t) = (f(2),9(8)). r'(¢) = (F(¢).4'(2)). =" (¥) = {f"(t).¢"(2)).

E

K OF = [VIOP T @OF | = (F©) + @ @71 = @+ ad

|ﬁﬂmwm=mﬁfmfm—f®ﬂmhHw—wﬂm=ﬁiﬂﬂﬂmﬂﬂzﬁ%ﬁ%a

i 2 2
3 _ () (2,281) (2t,2¢%,1)
47. (1,%,1) correspondstot = 1. T(t) = O e S A |

T'(t) = —4¢(2t* + 1)77 (2¢,2¢°, 1) + (2t +1)7" (2,4t,0)  [by Formula 3 of Theorem 132 3]

0 T(1) =(3.3.5)

= (27 +1)77 (8% + 4¢® + 2, —8¢% + 87 + 4, —4t) = 2(267 + 1)7% (1 — 2¢% 2, —2¢)

T'( 2(2t% +1)7% (1 — 2¢2,2t, —2t) o (1—2¢%2¢,-2t) (1—2¢% 28, —2t)
'T'( 20262 +1)-2/T — 2022 + (2)2 + (=2¢)7  1— 42 + 4t* + 862 1+ 2t

N(1)=(-3.3.—3)amdB() =T() xN() = (-3~ 5.~ (~5+35).5+5) = (-5.5.3)

N(t) =

) _
Ol

z

B. r(t) =ti+ 2costj+sintk = Att =10
v(t)=1i—2sintj+costk v(0)=i+k
a(t) = —2costj—sintk a(0) =—-2j

v(t)] = V1 +4sin®t 4+ cos? t = /2 + 3sin’ ¢

Since y? /4 4+ 2% = 1, z = t_the path of the particle is an elliptical helix

about the z-axs.
13. r(t) = e*(cost,sint, t) =
v(t) =r'(t) = e’ (cost,sint, t) + €' (—sint, cost, 1) = e*(cost — sint, sint + cost, t + 1)

a(t) =v/(t) = €*(cost —sint — sint — cost,sint + cost + cost —sint, t + 1 + 1)
= e*{—2sint, 2cost, t + 2)

|v(t)| = €'\/cos?t +sin?t — 2costsint + sin®t + cos? t + 2sintcost + t2 + 2t + 1
=eViZ+2t+3
15. a(t) =i+2j = v(t)=[a(t)dt= [(i+2j)dt=ti+2tj+Candk=v(0)=C,
soC=kandv(t) =ti+2tj+k r(t)=[v(t)di= [(ti+2j+k)di=3t"i+t"j+tk+D.

Buti=r(0)=D,soD=iandr(t) = (3t +1)i+t*j+tk
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20. Since r(t) = t°i+t2j+t°k a(t) = r'"(t) = 6ti + 2j + 6tk By Newton’s Second Law,

F(t) = ma(t) = 6mti+ 2mj + 6mt k is the required force.

23.
|v(0)| = 200 m/s and, since the angle of elevation is 60°, a unit vector in the direction of the velocity is

(cos 60°)i + (sin 60°)j = i+ § Jj. Thus v(0) = 200 (%i + 325 j) = 1001 + 100 /3 j and if we set up the axes so that the

projectile starts at the origin, then r(0) = 0. Ignoring air resistance, the only force is that due to gravity, so

F(t) = ma(t) = —mgj where g ~ 9.8 m/sg_ Thus a(t) = —9.8j and, integrating, we have v(t) = —9.8tj + C. But

100i + 100/3j = v(0) = C, so v(t) = 100i + (IOUV’E — 9.8t) j and then (integrating again)

r(t) =100¢i+ (100 V3t — 4_9t2)j + D where 0 = r(0) = D. Thus the position function of the projectile is

r(t) =100ti+ (1003t — 4.9t%) j.

(a) Parametric equations for the projectile are z(t) = 100t, y(t) = 100 /3¢ — 4.9¢>. The projectile reaches the ground when
y(t) =0(andt >0) = 100/3t—49t> =#(100/F—49t) =0 = =228 ~ 353 So the range is

2(1987) =100(145) ~ 3535 m

(b) The maximum height is reached when y(t) has a critical number (or equivalently, when the vertical component

of velocity s 0): /() =0 = 100/3-98t=0 = t= %@ 2 17.7 s. Thus the maximum height is
2
y(255) =100 V3 (13) —49(108) ~1531m
(c) From part (a), impact occurs at £ = %ﬁ s. Thus, the velocity at impact is

v(_vilﬂﬂ 3) — 100i + [100 \/ﬁ—g.s(%ﬁ)}j — 100i — 100 /3 j and the speed is

10
[v (2| = vIO000 30000 = 200 m/s.
25.
As in Example 5, r(t) = (vo cos 45°)ti + [(Ug sin45°)¢ — %gtz]j = % ['vou"ﬁti + (vgv"ﬁt — gt2)j]_ The ball lands when
_ w2

y=0(ndt=>0 = i= s. Now since it lands 90 m away, 90 = xz = %'v{. V2 or v3 = 90g and the initial

Vo \/2_’
g g
velocity 1s vo = 1/90g ~ 30 m/s.
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35.
Ifr'(t) = ¢ x r(t) then r'(¢) is perpendicular to both ¢ and r(t). Remember that r'(¢) points in the direction of motion, so if

r'(t) is always perpendicular to ¢, the path of the particle must lie in a plane perpendicular to ¢. But r'(£) is also perpendicular
to the position vector r(¢) which confines the path to a sphere centered at the origin. Considering both restrictions, the path

must be contained in a circle that lies in a plane perpendicular to ¢, and the circle is centered on a line through the origin in the

direction of c.

B.r(t)=(1+t)i+(*—20)j = r{H)=i+(2t—2)j, ()| =12+ (2t —2)? = V42 -8t + 5,

rt) () 2(2t—2)
() 42 —8t+5

r’(t) =2j, r'(t) xr"(t) =2k  Then Equation 9 gives ar — and Equation 10

e’ (t) < r"(8)] _ 2
r'(t)]  JAEZ—8t+5

gives ay =

42. r(t) = ti+cos’tj+sin®tk = r/(t) =i— 2costsintj+ 2sintcostk =i—sin2tj+ sin2tk,
[v'(t)] = V/1+ 2sin® 2t, v (t) = 2(sin® t — cos® t) j + 2(cos® t — sin® £) k = —2cos 2t j + 2cos 2t k. So

_ 2sin2tcos 2t +2sin2fcos2f  4sin2fcos2i _ |—2c0s82tj —2cos2tk| 2 /2 |cos 2t|

V1 +2sin® 2 T o V1+26in22t 1+ 2sin’t
2. (a) ’ {ﬁ é}g} x=2cos BT?T =2 (—322) = -1,
'
;.2 y:ﬁsin%:ﬁ(%):l,mdz:&
_ ir so the pomt is (—1, 1, 2) in rectangular coordinates.
7.0

(b) z 2=1cosl =cosl,y=1s8nl =sinl and z =1,

[y
—

so the point is (cos 1,sin 1, 1) in rectangular coordinates.
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4.

(a) r* = (2 \/_) +22 —16sor =4, tanf = and the point (2 V}i 2) is in the first quadrant of the xy-plane, so

v’_ vﬁ
6 = & + 2nm; z = —1. Thus, one set of cylindrical coordinates is (47 5, —1).

(b) r* = 4% + (—3)* =25 s0r = 5; tan® = =2 and the point (4, —3) is in the fourth quadrant of the zy-plane,
sof =tan ' (—%) + 2nm = —0.64 4 2nw; z = 2. Thus, one set of cylindrical coordinates

is (5,tan™" (—3) +2m,2) = (5,5.64,2).

6. Since r = 5, z* + y2 = 25 and the surface is a circular cylinder with radius 5 and axis the z-axis.

10.
(a) Substituting # = v cos # and y = v sin 8, the equation 3z + 2y + z = € becomes Ircos @ 4+ 2rsmmfd + z =6 or

z=6—7(3cosd 4+ 2sinf).
(b) The equation —z? — y? + 2% = 1 can be written as —(xz + yg) + 22 = 1 which becomes -2 + 22 =lorz? =1+ 7r?

in cylindrical coordinates.

2. (a) z=2singcosg =2:-1-0=0,y=2singsing =2.1-1=12,

z =2cos 5 =2-0=0so the point 15 (0, 2, 0) in rectangular coordinates.
(b) z=4sinZcos(—T) =4-2 . 2 = g

y=4singsin(-3) =4 (§) (-F) =&

z =4 cos % =4. % = 2 so the point is (\,"E, —\/E, 2} in rectangular

coordinates.

z ~./§ T x 1
4. = 2 2 2=1+0+3=2, == = = —,and cosf = = =1 =
& = 0. Thus spherical coordinates are (2? 0, %)
z 2y"§ y’ﬁ x V3 V'3

®rp=v3+i+ S =S = —m =g T AT = TGné  dem(r/6) 2

&
7= HTTF [since y < 0]. Thus spherical coordinates are ( 11?r Tr).
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7. p=sinfsing = p° =psinfsing = 22+’ +:22=y < w2+y2—y—|—%—|—2:2:1 =

z? + (v — %}2 +22 = i_ Therefore, the surface is a sphere of radius % centered at (0, %,{])_

8. p° (sinz ¢ sin® @ + cos’ qf:r) =9 < (psingsin 6)2 + (pcos #)*=9 <= 3®+ 2% =9 Thus the surface is a circular

cylinder of radius 3 with axis the z-axis.

_ —(=2)=v(=2-4(2)(1) _ 2=+ v—4 2+

2 227 —22+1=0 = _ _ .
T 2(2) 1 1 272

32 Forz =4(vV3+1) =43+ 4i,r = [:4x-""§)2—42=\,-""E=Sandtanf?=4%,§=% = 4=I =

z=28(cos & +2sin %) Forw =—3— 3z, 'r—\f(—3}2—|—(—3j2=\.-"'ﬁ=3\/§andtan6’=:—g=l = =% =

—

w=232 (cns— +isin 2% } Therefore, zw =8 -3 ﬁ[cos(% + %) —ésin(% + %}] =242 (l: 11—2 1sin %)

zfw = 3—33[1:05(% — &) +isin(Z — %)] = 4‘7’5[005(—13—“) +£5in(—113—2")], and1/z = 1(cos £

5 3 —ésin%}.

36.Pm‘z=1—£=r=ﬁandtan9=_—l=—1 = 9:77” = z=\/§(cos—+1smT) =

T
(1—i)f = [\5 (cos F +2sin TT'T)]S = 24(005& + isin 5—'7} = 16(cos 14 + isin 147w) = 16(1 + 0z) = 16.

38. 32 = 32 + 0i = 32(cos 0 + ¢sin 0). Using Equation 3 with r = 32, n = 5, and 8 = 0, we have

/B 0+ 2k7 . 0+ 2k .
wp = 321"°[c05(¥) —I—-zsin(%)] = 2(005 %Wk—zsm %?rk];whel'ek =0,1,234
5

wy = 2(cos0 +1sin0) =2 Im
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