Solutions Assignment 10 (Math V1101 - Calculus Ill - Section 8) Fall 2013

— t
Sk — —sinti+costj—tantk
cost

= —sinti+ costj+

4 r(t) =costi+sintj+Ilncostk = r'(f)

It'(2)] = v/(—sint)? + cos? t + (—tant)? = /1 + tan? £ = v/sec? t = |sect|. Since sect > 0 for 0 < ¢ < 7 /4, here we

can say |r'(t)| = sect. Then

w4 /4 T T
L:f sectdi = |:1n|sect+tant|] =In sec—+tanz —In |sec 0+ tan 0|
'} 0

:ln|ﬁ+1|—1n|1+0|:1n(\/§+]]_
5.r(t) =i+t?j+ ¥k = r{)=2tj+3°k = |r'(t)] =43 + 95 =t/ 4+ 92 [sincet > 0]

1
Then L= [ |¢'(t)|dt = [} t v+ 92dt = L - 2(4+ 9t2]34’2]0 = =(13%/2 — 43/2) = L(13%/2 - §).
11. The projection of the curve C onto the zy-plane is the curve 2 = 2y ory = %m{ z = 0. Then we can choose the parameter

. Since C also lies on the surface 3z = xy, we have z = 3zy = £(t)(3t°) = +1°. Then parametric

r=1t = y:%tz =z

equations for Carex =t y = %tg, z %tE and the corresponding vector equation 1s r(t) = (t, 1t 143 ) The onigin

corresponds to t = 0 and the point (€, 18, 3€) corresponds to £ = €, so

L= [ )de =[] [(1,6,387)] dt = [ /12 22 + (3e2) de = [§ (/1 +2 + hetat

= o/ + 3802 dt = [[(1+§8%)dt = [t + §¢°]; =6+ 36 = 42

r(t) =2ti+(1-3)j+(5+4)k = r'()=2i—-3j+4kand L =|r'(t)| = V4 +9+ 16 = v/29. Then

13.
s=s(t) = f; ' (u)| du = f; V29 du = /29t. Therefore, t = 712—93, and substituting for ¢ in the original equation, we

have r(t(s)) = 72;—931 + (1 — 73;—93) i+ (5—|— 7‘;—98) k.

17. (a) v(t) = (t,3cost,3sint) = 7v'(t) = (1,—3Fsint, 3cost) = [r'(t)] = /1 +9sin’t + Jcos?t = /10.

r'(t) . .
Then T(t) = (0] = 711—0 (1, —3sint, 3cost) or <711—, —7"’;—0 sint, 7"’;—0 cos t>.

T'(t) = o5 (0, —3cost, —3sint) = |T'(t)| = 711_0\/’0 +9cos?t +9sin’t = L= Thus

_ Tr(t) - l‘lm — st, —3Fsint) = —cost, —sin
N(t) = ) = B/Jﬁ (0, —3cost, —3sint) = (0, t, ).

T'(#)| _ 3/v/10 _ 3

® =TT = Vi 10
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Solutions Assignment 10 (Math V1101 - Calculus Ill - Section 8) Fall 2013

25. r(t) = (t,£>,#®) = r'(t)=(1,2¢,3t"). Thepomt (1,1,1)correspondstot =1, andr'(1) = (1,2,3) =

(1) = vIFEIFo =14 r(¢)=(0,2,6t) = r’(1)=(0,2,6). r'(1)xr"(1) = (6,—6.2). so

IF(1) x r(1)] = vIEF 36 74 = 6. Thenw(1) = ZD XTI _ V76 _ 1 /19
r'(1)] Vid TV 14

1 1
30. ¢y = = Y = -
ly" (z)| -1 1 1 (xz)a,'z 2| . |
) BEd T2 - = 0].
K(z) 1+ (yr(m)}z]m 22 | T+ 1/2202 (@12 (@@ + 132 (a1 1)? [since z > 0]

To find the maximum curvature, we first find the critical numbers of k(x):

(2 +1)°2 —2(3)(@® +1)'?(22) (2 +1)"?[2°+1)—32"] _ 1-22"
[(z2 + 1)3’;2]2 (m2 i 1)3 (m2 +1)5/2°

K'(z) =
K'(z) =0 = 1— 2z =0, so the only critical number in the domain is z = ?1-5 Since k'(z) > 0 for0 < = < 71:5

and £'(z) < 0 forz > 71-, K(z) attains its maximum at x = 7’); Thus, the maximum curvature occurs at (71-?111 7’,'5)

Since lim “;TW =0, k() approaches 0 as & — oc.
z—oo |20

32.
We can take the parabola as having its vertex at the origin and opening upward, so the equation is f(z) = az”, a > 0. Then by
[2a| 2a

f.’!
T |{fr(($}}:!2]3;’2 = T (2az) 777 = 0T 1) thus £(0) = 2a. We want £(0) = 4, so

Equation 11, k(x) =

a = 2 and the equation is y = 2z?.

38.
Notice that the curve a 1s highest for the same z-values at which curve b 1s turning more sharply, and a 1s 0 or near 0 where b 1s

nearly straight. So, @ must be the graph of y = (). and b 1s the graph of y = f(z).
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Solutions Assignment 10 (Math V1101 - Calculus Ill - Section 8) Fall 2013

;r:ﬁ?) = e, f'(z) =ce®®, f"(z)=c?e”. Using Formula 11 we have

k(xz) = T g:z(j}]:lzlaﬂ = T _|_|Ej;c:)|2]3,f2 = T 2222;)312 so the curvature at x = 0 1s

k(0) = (1_’_0—:2)3',2 To determine the maximum value for £(0), let f(c) = (1_'_0% Then

) = 2c-(1+ cﬁ):"["(j ;i}-jg]lz-i— )12 (2¢) _(a+ .::2]1:’2(1[2-’.;_;(22-)1;::2) — 3% _ (52:?— ;';322_ We have a critical

number when2c - =0 = ¢(2-c*)=0 = e=0o0rc= =22 f’(c)ispositiveforc:{—ﬁ,ﬂ<c<ﬁ

and negative elsewhere, so f achieves its maximum value when ¢ = V2 or —/2. In either case, k(0) so the members

= g3
of the family with the largest value of k(0) are f(z) = eV and flz) = e~V

1

x5 So the curvature at (0, 0) 1s £(0) = 1 and

52. y=3z° = y =zandy” =1, soFormula 11 gives x(z) =

the osculating circle has radius 1 and center (0, 1), and hence equation z* + (y — 1)® = 1. The curvature at (1, %)

is k(1) = ! _ 1 . The tangent line to the parabola at (1, 1) p, 6 .

A+ 1707 2,3
has slope 1, so the normal line has slope —1. Thus the center of the

osculating circle lies in the direction of the unit vector <— V% , ﬁ >

The circle has radius 2 ﬁ, so its center has position vector 1, 3)

(1,%}+2\f§<—%,%> = (—1, 3). So the equation of the circle . .
is l[a‘:+1:l2 + (y— %)2 =8
6. flz,y)=¢€, g(z,y) =2 +1° =16, and Vf = AVg = (ye®¥ ze™) = <3Am2?3)\y2:‘,np so ye®¥ = 3Az? and
ze™ = 3)\y2_ Notethatz =0 <= y = 0 which contradicts = + y3 = 16, so we may assume x # 0, y # 0, and then
A=yeV/(3z?) =ze™¥/(3y®) = 27=1y = z=y Butz®+14°=165022"=16 = z=2=y
Here there is no minimum value, since we can choose points satisfying the constraint z° + 3° = 1€ that make f(z,y) = e™¥

arbitrarily close to 0 (but never equal to 0). The maximum value is f(2,2) = et
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9.
flz,y,2) =zyz, g(z,y,2) =2 +2> +322 =6. Vf=AVg = (yz,zz,zy) = A {2z 4y,6z) Ifanyofz, y orzis

zero then z = y = z = 0 which contradicts z* + 2y* + 32 = €. Then A = (y2)/(2z) = (z2)/(4y) = (zy)/(6z) or

z? =2y? and 2% = %yg. Thus z? + 22+ 322 =6 implies €y® = € ory = 1. Then the possible points are

(ﬁ, 41, \/g), (ﬁ, 41, —\/g), (—v’i 41, \/g), (—ﬁ, 41, —\/g) The maximum value of f on the ellipsoid is

725; occurring when all coordinates are positive or exactly two are nepative and the minimum is —725 occurring when 1 or 3 of

the coordinates are negative.

10. f(z,y,2) =z*y*2%, gz, y,2) =2 +y*+2° =1 = Vf= {mezzz, Qymzzz,ﬂzmzyz}, AVg = (2Az,2Ay, 2)z).
Then V f = AVg implies (1) A = y?2z% = 2?2% = 2%y? and A # 0, or (2) A = 0 and one or two (but not three) of the
coordinates are 0. If (1) then 22 = y® = 2% = % The mmimum value of f on the sphere occurs in case (2) with a value of 0

and the maximum value is 2= which arises from all the points from (1), that is, the points (:I:;lg, ?1-5, 71;5),

L1 11 a1
i v vE) T T )
14, f(z1,@2,...,%n) =T1+ T2+ +Tn, g(T1,T2,. .., Tn) =TI +T3+ - +TH=1 =
(1,1,...,1) = (2Az1, 2220, ..., 2Azn), 50 A=1/(221) = 1/(222) = - - = 1/(2zn) and @y = z2 = - -+ = Znn.

Butmg —I—mg —I—---—l—mi =1 soxi = +1f\/nfori =1 . n Thus the maximum value of f is

f1/m 14/Mm, ... 1/y/n) = /nand the minimum value is f(—1/\/n,—1/\/n, ..., —1//n)=—/n.

15. f(z,y.2)=x+2y, glz,y.2)=z+y+z=1 h(z,y,2) =y’ +2 =4 = VF={1,2,0),AVg= (A AN
and pVh = (0,2uy,2uz). Then1 = A, 2=A+2uyand0 = A+ 2uzsopuy = 3+ = —pzory = 1/(2p), z = —1/(2p).
Thus z +y + z = 1 implies z = 1 and yz + 2% = 4 implies p = :I:z—i@_ Then the possible points are (1, :I:v@, :Fﬁ:]
and the maximum value is f (1, \/E,—v@) = 1 + 2+/2 and the minimum value is f {1,—\,@,@] —1-—22
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18.
flzy,2) =2 +y* +2° glz,y.2) =2 —y=1, hz,y,2) =y’ -2 =1 = Vf=(2z2y22),

AVg = (A, —A, 0}, and uVh = {0, 2uy, —2pz). Then 2z = A 2y = —A 4+ 2uy, and 2z = —2uz = z=0orp=-—1
Ifz=0theny® — 2> = limpliesy’ =1 = y==21.Ify=1 2 —y=1impliesz =2 andify = —1 we have

z = 0, so possible points are (2,1,0) and (0, —1,0). If 4 = —1 then 2y = — A + 2uy implies 4y = —A, but A = 2z so
dy=—-2¢ = z=-—Qyandex—y=1implies—-3y=1 = y= —%_ But then 3 — 2% = 1 implies 22 = —g, an
impossibility. Thus the maximum value of f subject to the constraints 1s (2, 1,0) = 5 and the minimum 1s f(0,—1,0) = 1.

Note: Sincex —y =1 = =y 1is one of the constraints we could have solved the problem by solving
flu.z) = (v + 1) + 3% + 2% subjectto y* — 2% = 1.
20.
flz,y) =22 +3y* —42 -5 = Vf=(4r—4,6y)=(0,00) = z=1,y=0 Thus(1,0)isthe only critical point
of f, and it lies in the region 2> + y* < 1€. On the boundary, glz,y) = 4y’ =16 = AVg= (2Az, 2Ay), so
6y =2Ay = etthery=00rA=3.Ify=0thenx =44, if A\ =3, thendx —4=2Ar = x = —-2and
y = %23 Now f(1,0) = -7, f(4,0) = 11, f(—4,0) = 43, and f(—2,42+/3) = 47 Thus the maximum value of
f(z,y) on the disk z” + ¢* < 16is f(—2,+2+/3) = 47, and the minimum value is f(1,0) = —7.
23,
@ flz.y) ==z glz.y)=v"+z*—a°=0 = Vi=(1,0)=AVg=A(4a’ —3z° 2y). Then
1= )x(zlma - 39:2) (1) and 0 = 2Ay (2). We have A = 0 from (1), so (2) gives y = 0. Then, from the constraint equation,
z*—2°=0 = 2°(zx—-1)=0 = =z =0orz =1 Butz =0 contradicts (1). so the only possible extreme value

subject to the constraint is f(1,0) = 1. (The question remains whether this 1s indeed the minimum of f.)

3 _ z*. The left side is non-negative, so we must have 22—zt >0

(b) The constraintisy”> +z* -2 =0 = ’==x
which is true only for 0 < & < 1. Therefore the minimum possible value for f(z, y) = « 1s 0 which occurs forz =y = 0.
However, AVg(0,0) = A (0 —0,0) = (0,0) and V(0,0) = (1,0}, so V£(0,0) # AVg(0, 0) for all values of A.

(c) Here Vg(0,0) = 0 but the method of Lagrange multipliers requires that Vg # 0 everywhere on the constraint curve.

36.

If the dimensions of the box are z, y, and z then minimize f(z,y, z) = 2zy + 2xz 4 2yz subject to g(z, y, z) = xyz = 1000
(z>0,y>0,z>0).Then Vf =AVg = (2y+2z 2242z 2x+2y) =A(yz,zz,2y) = 2u+2z=>Ayz

2:;.*'—|—22::)\:tez;Qx—l—Q;.::)‘.m_t,-_S(:-l*..riugﬁr.:-r)tin-e.aurh-equa\tic;ngives)\:g—l—gzg—l—g:g—l—g = r=y==z
z Yy =z T Yy =x

From zyz = 1000 we have z° = 1000 = z = 10 and the dimensions of the box are z = y = z = 10 cm.
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42,
Let the dimensions of the box be z, y, and z, so its volume is f(z, y, z) = zyz, its surface area is 2zxy 4 2yz + 2xz = 1500

and its total edge length is 4z + 4y + 4z = 200. We find the extreme values of f(x, y, z) subject to the
constraimnts g(z,y, z) = zy + yz + xz = 750 and h(z,y,2) = z + y + z = 50. Then

Vf={yz,zz,2zy) = AVg+ puVh = (AMy +2), Mz + 2), Mz + ¥)) + (4, 1, ). Soyz = Ay + z) + p (D),
zz= Az +z)+p (2).and zy = Az + y) + i (3). Notice that the box can’tbe acube orelsex =y =z = 5:3—“
but then zy + yz + zz = % # 750. Assume x is the distinct side, that is, # # y, % z. Then (1) minus (2) implies

z(y—z) = Aly—z) or A = z, and (1) minus (3) implies y(z —z) = AMz—z)orA=y. Soy=z=Aandz+y+ 2z =50

750 — A’
implies z = 50 — 2); also 2y + yz + zz = 750 implies 2(2)) + A% = 750. Hence 50 — 2\ = ‘T or

50 + 5+/10
3

Thus the minimum of f is f(3(50 — 10+/3), 3(50+5+/10), 2 (50 + 5/10)) = 1 (87.500 — 2500 /10 ), and its

3A* — 100A + 750 = O and A = , giving the points (3 (50 F10/10), (504 5+/10), (504 5+/10)).

maximum is f(%(50 +10/10) . 3(50 —5+/10) . 3 (50 — 5/10)) = == (87,500 + 2500 /10).

Note: If either y or z is the distinct side, then symmetry gives the same result.
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