
 

Lectured 52.5 E S definitionof limits Lao
2 Trigonometric limits

52.4 Rates ofchange velocity

Red We saw finnago L as a sand Iwin

1 Ya pick how close to L thevalueoffax hasto be say Iga Lk
158

k I pick a threshold within a for thevariable x to be say 10
26

so that it o lx al 1526 that is a 10k x at 1526 x a

then we must have Sox 11 10
8 That is L 158g 2 159

If I can always pick then I win Otherwiseyoudoffingsix 2

ÉÉÉÉfaÉÉgti Liter every esolyendia there
is a 8 o mychoice such that if oc lx ales then
I six L I E In short I ALWAYS winthegame

horizontalstripExo pig t 2

t.EEgf t j

Pick x c with 3 4 X L E
Xz l 3Xi XI LTE mo s e min 3 i Xi Xz 16 works

Iypically S has a formula involving E a

A Even if wehave a formulaforg finding 8 given Era canbemy

challenging because it involves inserting aformula

Ph Sox l X Show him
o
Six L na E Smethod

In fisenany E 0 we want to find 8 o in terms ofE so

that it or 1 01 8 then Isix it I I X I l l Xx CE

Need to pick8 so that o 1 1 8 forces HE
Answer S E will do IL or ik S we square it to

Toc EYE SEE r



Infected Limit Laws Assumethat tag are two functions defined
around a with fin tox L Aina Sox M Then

1 him fax Ig ex L IM h Ig are functions definednear a
x a

2 Fina fix Six LM f g is a new functiondefined near a

3 For any realnumber c wehave finddex CL of is anew function
defined near a

4 It Myo then him few
a fix f is a newfunctiondefinedman a

Im we'lldiscuss why these properties hold Appendix AZ

ETtwrigonometic
EXAMPLE hey with É
Note sin o o so we have a f indeterminacy

Q Do things cancel out like with or

A To answer we use trigonometry in the unit circle

Iho otherwise use sing 1ft sunt
B p We draw the sect ofthe circle with 4th

This determines the point B

Next we draw 2 right triangles OÉA
o É OBC They are similar all 3 angles

match pairwise BOA DDOC
DOAB OCD 900

4 OBA D ODC



Theratiosofthe sides are determinedby various trigonometricfunctions
2430

AI sink Gg AB sinh

Bf tan h no CD tank

Of cos h to me OA ash

Ingres arc of the circle BE
sector OBC ofthe circle
2 triangles ontb OED

Areaof 05 area ofcircle fractionofanglewithrespect to21T

I I If I E it h o

Ana of 01 3 I base height I OA AB

I ask sink Gary if ha

Area of OED I base height I OC CD

I tenth easily timothy
if had

So Area of 01GB And OFF s Ana of OED

waqf E f e Egg
I ashing s that s silly

it had

asthma s s 4h
If h o we deride all 3 expressions by I the

inequalities remain We get
ash stunt E l s sunt Ih



So asks sigh s ath as 1 1 ash of
h mar o

If h so we divide by o the inequalities remain
Weget ash suit s i s sent In so onceagain
we get a

be ash ssink In we know that

big ash I fly In So suit is squeezedbetween
two functions with the same limit This forces

bin sent I
o

Applin him ash also indeterminacy
h o

We use a well knowntrig identity cosh tsui h

aft KID CashI Ethan Mitt
sent taint

so lim
o htt him at EI I

1 o I
2 functions Limit Laus

k him sink 1 with known limits

Is ETI ETI E o

EVelocity estrange
Think of y fix as indicating a relationship between aphysical

quantities so f's day is the instantaneous rate ofchange



Appeal The independent variable x t is TIME

Example Filling a watertank

Vit Volume ofwater attimet

Ih height
s rateof change at which the tank is

being filled
Also he hit the height ofwater is changing withtime

die rate at which the height changes

y
this is fixed

Note Va h are related Vit hit invadthebased
I their ratesof change are related

Example Rock falling of a cliff
rock

diff
sett

su position at time

É S't velocity U

It has a direction pontineorng

If V t acceleration act

Vt rate of change ofposition

alt velocity

Steed ult has no direction value in thedashboard
of your car

Here experimental results propse S Lt 16 E ft

s t 32 t
ACCELERATION cm Alt 32 ft 9.8

Edueto gravity



14161
Application The independent variable canbe somethingelse

Eg X cars produced

Cox costof producing x cars

dy marginal cost or cost per unit

Apple Cardriving straight down the road

0 It Odometer measuresdistancetravelled
t stop

stacy 1 1h
speedometer speed forward

velocity

Watching odometergives sit distance it time t
speedometer vet silt forwardvelocity attimet

By empirical measures we find estimate that

Sht Got Lots

so ult S t Rot 605 m we can confirm this with
the speedometer

Alt V f 120 Rot 120 i t

M Yes it hi diPosition
ODOMETER

FORWARD VELOCITY
SPEEDOMETER

Each graph gives a different pictureof our travels
between torts


