
 
16Lecture AppendixA2 MoreTheoremsaboutlimits

2.6 Continuous fractions intermediate valueThuram
Ssl.limitslauf
Thrum 1 I Limits and arithmeticoperatives Fix twofunctions fix ge
defined around x a assume thathim fix L tuna Six M

Then 1 ytima fix six L M

12 hina Lix g x L M

3 Gna fix fix L M

Why As usual we use E S method

Pick any E 0 takeEte
Since plug fix L we can find Sp 20 so that it

o lx al c Sg then we must have tix LICE E
Since him six M we can find Sg o so that it

x a

o lx al c Sg then we must have gx MICE E
Pick S min 3Sg SgE o

Then I fix six IL M I I LIL KIMI Elb te l s lbI lol seepage harder

I fix L I I six MI E E t EE E

o lx al SsSg
or lx al s 8g

Grade If o lx al s s then I fix six LM KE
So Gma Lex six Lt M by Els definite
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Similarly I fix six L M k 54 GEM
E I fix L I I six MI E Et E E

Ibtclelbleld lx al s Sg
seepage lx al 868g
Grade Ito lx alas then I fix six L MIKE
So Gma text six L M by Els definition

3 This one is a bit more subtle Again pick E 0

I fix guy LM I
I
I fix fix LexM t LexM LMI
fixM

KEEN EE
s I fix fix M M fix L

Ib elbit let

fax L fax M LCSex M IMI Lex LI

E I fix L Ilga MI t LI ISex MI OMI I fix LI

I fix Lll six 141 14 1 I fix MI Intl Lex LI
IK ILM IN IN
IMIE.IM ltl
Pick N max 3111 1 IMI ti then N 0

I fix guy LMI e I fix LI l six MI N ISex Mlt fix L1
I I

Q Can we pick 8 0 so that if o lx al s then I E
I CE If so we win
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First we find S working for I Take E E

E
Since leg fix L him six M we can find Si Si o

so that it o lx al si then I fix LIC Etf
o c Ix alcs's Ign MI C E É

Pick 8 s min 381 82170 Then it oak ales

we get E thx Ll I six Mlg E E E
S's Si
S'sS2

Next we find 8 working for I Take E Gg
Since leg fix L finna six M we can find Si si o

so that it o lx al s then I fix LI C E En
o lx al Sk Ign MI C E En

Pick 8 s min 389 81E o Then it or lx al s 8 then

weget I N fix L It Is MI E N E E N ZEE NEE

Pick S min 3818 E 0 andude that if ock aks
then we get thx six 2171 ECI I Etz E I

Summary E S techniques The art of bounding

Importataseguene Any polynomial fix on x'ten y't texts
with real coefficients en en i co co satisfies

him fix Cna't cu a t C at co flag
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This is partly why polynomials are our favorite functions

Thorne If fig six M 0 then ft Jex L
Mourn it hiatus L M o we setHsia tf 4
Why The second claim follows by writing big tix I
using the product rule G in Theorem1

To argue forthefirst statement we use E S method

Write 1,4 fl 115TH 180 M Tm Ian
Look at the z factors separately IIISince M 0 we know IM170 Pick E 11 so i

Is I we can find s o so that if O lx al s f then

I fix MI E 171 This means

M L M E s Six M t E M th
If M 0 M M Mz I IE

M 112 M I 31 3111 I
811 Su IIgirls

311 ISox EM
d I ate

i in its 31
If MCO M 111 M Eh I 31 so 31 Sox fM 111 M I My sins

311 box12.1121 sitm six th f



In both cases s s that is If I É
and I I I Isix Ml g g six ME
if oc lx al s s

To finish pick E't 211Mt 0 because 117120

Since leni
a
fix M we can find 82 o so that if

o lx al Sz then I fix MI C E Imp

Pick Semin 38 Sal o We get

It IS co Ml E f E Ent Ep E

S 2582
as long as a six al s s

2 funk

Example
if o exclYan I

2 if 3 Cx c9
x z if X 4

Domainof f IR 30,44
X x 94

f is continuous everywhere inD except at x 3 because



7 fix 2 4 43 fyi tox I fix so

no limit at3 exists
In Els definition use 39 5 8side used 3 S X 3 side

We can define It x 4 titattstextend the
function f to x 4 in a continuous fashion because

lying fix 2 So declaringfca 2 will make h antiatgous

We cannot extend f to x 0 in acontinuous way because

lying fix does not exist

Definition A function f defined in a neighborhood of a point
x a is continuousata it

i fix is defined at x a

12 Gina hex exists and it equals fca

Definition We say f is continuous it it's antinuous

everywhere in its domain

NT Saying him fix tea is the same as saying
a

line fix Fca 0 Using increments we canwrite
a

line
o
flat Dx tea glim DG 0

KeyImposition If flea exists then I Must beantinuous at a



Why bin D8 align Dx j ca o
Ax o

Ia
Product
Rule

A f can be continuous at x o without haring G'ca

Eagle Fox 1 1 9 0

Quinn so notChar fig 1 1 0 lol Go because

lest 1 1 fest X
0 Egg 1 1 leg X 0 0

Ade Ibtclelbltld for any b c real numbers
We show this by a case by case analysis
1 If b c 30 then lbtcl btc lb.lt clElbltld

e It b c so Ibtcl b c lbltlclslb.lt let

3 It b 60 CEO btc 30

Ibtcl btc lb ltc lbl lol Elbltle

same idea works if b so c 0 btc 70

9 If 530 Ceo btc so

Ibtcl b c Ibl la e Ibltld

same idea works if b so c 0 btc 0

answer lb cl lb tools lbltl cklb.lt let


