



































































































































Lecture 59.2 Concavity pointsof inflection

Lime We used t to study thegrowth behavior of h local
extrema local extreme values

TODATIGOAL Use higher orderderivatives to studytheconvexity
or bending ofthegraph off

Keyfact f t so f gives information aboutthegrowth

of t I how arethe slopes oftangent linesgrowing decreasing
3 possible scenarios

I T t

d s i s d d s

f stn increasing fish decreasing t str ina m 9,0
CONCAVE UP WARDS CONCAVEDOWNWARDS II Medial'pÉ

changeinconvexity

EdefincarityTest
Definitions Fix f a b IR differentiable m as

If the graph of f lies ABOVE all of its tangent lives on as
we say f is o AVEUPCWA.se a b

If the graph of f lies Elon all of its tangent lives on as
we say f is c avedo.WNLWA.RS m a b

Q How to T this without drawing

A Use f






















































































































198
Gravity Test Assume f is differentiable on ab

If f o on a b then f is concave up on a b

we write C V

If f c o on a b then f is CONCAVE Down on a b
we write C D

Q Why does the test work
I Idea For f is sti increasing if then f is

strictly decreasing For more details see pages 586

EXAMPLE Lex x Find intervals where his C U C D

Sole Use ancarity test

fly 3 2 me f 6 X
lx

Zeroesof f o

Y x o is an inflection point

signof f
graphof t is on bothsidesof
the tangent line at 10,0

ancarityoff C D C U
7

Tange in ancarity

Definition A point c in the domain of f is an hap ont ith
is continuous at C the function changes concavity ate

Remark Inflection points satisfy f ex so r f is Not defined at

x In short x mustbe a critical pt off But we can havecritical
points off that are not inflectionpoints Theycanalsobelocalwordmien

EXAMPLE Lex X has a local minimum at x 0 11 41
flex 9 3 F 12 2 so f ex D forces X O win

G f so
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signof f

ansexityof f cu cu
m x o is not an inflectionpoint

Ef.IT Ii following criteria for findinglocalmadwin
The SecondDerivative Test Suppose f is continuous near e

x

If flee o f cc o then f has a local minimum at c

If flee so file so then f has a local maximumat c

Why Ice so says the tangent line at Sfa ishorizontal

If f cc so by antinuity off we can find a neighborhood

of c where t omit

It 41
0 rides o so

E fly f co c E so Eject ex a file E Thus tix o

fr Xin c dCtf

In this interval the graphof f sits above each tangentline
in particular thetangent line Y fee so ha fee
on this internal so c is a local minimum

IFI
t fee tangent line at la hee

The argument for this case is almost verbatim

The test says nothing when He o or when G
L is not defined at c

Example f x X x o is an inflection pt not max not
winand f lo f o 0
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Examples
Find the local maximin inflection pointsof
Fix 1 3 2

2 3
no differentiable upto anyorder

En f 6 6 2 6 1 4 8 6 RX

hit points off X O x I

hit points off x z
i i k

signoff t signoff t

growthoff I 1 I annexityoff CU CD
t d
Local local inflectionMin MAX ptCombine both tables into me

a sin off
P Y P D ait pty e

signoff t t

growthoff Is A y y I
samexityoff CU CU CD CD

inflectionpt
Use Second Derivative Test F o 0 Flo 0ms o is loudMin

F i 0 If a Cons I is localMAX

I x o local min x1 local Max x o inflection point

fix sinx

Sold flex ax f cxs sent cut

f ex 0 for X O IIT I 215

F x o fr x IE IE

7 D D D



it FIT it At Is it I it 490

signoff t t t t sprain

signoff t t t t

growthoff A Y Y T t b b f

annuityoff CD CD CU CU CD CD CU CU

d
inflection inflection inflection

pt pt pt
D critical points we use 21 derivative Test

f EET EO local MAX f E o local MAX

f L E o local Min
y
f E so local Min

Inflection Points O IT I 21T

t t t t
Exercise Do the same analysis for fit E stts lecture13

EProof oxy Test
It's enoughto show The argument for is very similar

We know that f'd o on as so f is strictly increasing
We wantto show that the graph off sitsabtangent
line at Costco fr any a cab
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We argue by contradiction assume this fails for sure can 19,5

This means that we can find a point d as close to c as desired

where d fld is below the tangent line Lian
Il dec

Gfa Lean

Ig
Since f exists this means f is

differentiable so f is continuous

In'particular f is differentiable m d c

f is continuous m d c

By the MeanValueTheorem we can find p in d c with
f p fledged slopeof thesecant Lsee

New I d f d is below Lian pec and

flip slopeofthesecant see slopeofLian f'cc

So f is not increasing This contradicts our assumption A
CASE Z d C

Tease the MVT to find p in Csd with flip t.ly
we get cap and

Lae sageofLian fi slope of Lac ta

Again this contradicts our assumption a that f was increasing

We concludefrombothcases that no such point Id Kids can exist
so fix is CU near c as we wanted to show


