
 

LectureXV111 55.2 Differentials tangentlineapproximations

1 Linear approximations differentials

IDEA Near a given point thetangentline to agraph at thispoint is a
goodapproximation ofthis graph

go.hytgfgtdx.fe.tw Recall Dy fix tax tix
Dx incrementin x variable

Incase inthe graph Dx Dyx Dx to HotDx
tangent dx dy

than Y flex x Xo fix

dy Y fix ly joy fix
Dx fixo dx

dx X Xo I any

differentials

The notation dx dy is inspiredby Leibniz

Y fix y fly tally If day as if tyg Dy dy
his Dx dx

Of course both limits are o

We want to give a meaningto fix IT This is preciselywhat

differentials do Q How

I Thedifferential dx is an Independentvariable and dy is defined
in termsof dx by dy flex dx

Summary DL Ay change alongthegraph y fix a curse

as X changesto X Ax
d f dy tangent line as x changesto

X dx XtAx



Remand If his linear y mx b fr fixed parametermist
Then Dy m DX Y em

so dy y dx mdx mAx DyAx dx
by m It

Ideabehindlinearapproximations pretend that his linear usethe

tangent line as an approximation off
TheLch will be to see what the error in the approximation but
we'll deal with this when we discuss Remainder formulasforTaylor
series For today we take forgrantedthat the error is small

Examples fix X um fix 2x so df dy ax dx
Ak Dy xxx Ax

X't EXDX

fix sinX m flex as x so dh dy as x dx
AL Ay sin x Ax sax

2DifferentiationFormulas in differentialnotation

Fix u u functionof ivariable x

PowerRule y a mo dy nu du

Product Rule Your m dy t d luv s adv tu du

QWhy A day u dig today multiply bothsidesbydx

Quotient Rule y y m dy dfg wanted
Chain Rule y ten u g ex ms dy flu du

du gladx
so dy flu s ex dx f six dx



3Tangentlineapproximation
4830

y

f x DX text x Nearthe tangency point Xo fix the

ILI
th

graphof h is veryclose to thetangentline
As Dx dxbecomes closerto 0 thenthe

secant line tangent line
to ItDx By data dy data

Conclusion Fr SMALL values of Dx dx the change in the tangent

line is a goodapproximation to thechange in fix

Dy fix Dx fixo E dy

Equivalently fix tax I fix t dy fix t flexo dx

TEARE
DefineThe linearfunction Lex fixo t fix x Xo is called the

tiniarapproximation
off at xo

We use Lex to approximate f ex fr x man Xo

Appling Approximate valuesof squareroots cuberootsetc
Computeimpact of measurement errors

EXAMPLE I Find the linear approximation of fix Fx at a 0

use it to estimate 9 0.979

Solution flex In l i m flops z too FT 1

L x heo t t o X O L ez x

so f o 69 I 0.1 1 I 0.1 1 0.05 0.95

0.01 F99 I 0.01 I I 0.01 1 0.005 0.995



EXAMPLE2 Find the linear approximation of sin x at x o

Lim flex ax m t o as 0 1 f o sen o o

Lex Fco t t lo X o O t l X X

Obese Thissays Lex x is agoodapproximation of sexual 0 This is
consistent with thefact that fig say 1 This idea will bethe
basis for L Hospital Rule

EXAMPLE 3 Approximate D8
Solution We needto find the closest known value we canampule
3 3527 so Xo 27 we use f x F
Linear approximation I x I 4543 3,4 427 335

f 27 3

x 427 Fla X 27 3 I X 27 2
4

3F8 1128 I L 28 2 2287 3 3 I 3.037

This assumes that 28 is close enough to 27 Istheapproximation
to be meaningful

EXAMPLE4 If theradius oftheEarth increasesby 1ft howmuch would

thesurface area increase

Solution A 41552 f radiusof Earth a 4000mi

dr I ft as me
So DA y da Ah dr stir dr 8 t 4000 mi

I 19.04mi

EXAMPLE55 The radius of a circulardesk is givento be 24cm with

a maximum measurementerror of0.2cm Usedifferentialstoestimate

the maximum error in the calculated one ofthe disk the relative end



Solution Aria Acr Tr n da at rdr

Error in measurement dr

When r 24 we know dr 0.2 atmost so

da I ZIT 29 0.2 19.6 IT

Lend 9.6 IT an when A I 242

Relative errors Rel error
Approx.Vategfanvate

TrueValue Lex ApproxValue Lex DX

So fix.tn hexose

fix
Xof Agf XoLex

Condition Relative error
Number formeasurement

Inample If Etf to f É to
condition number is 2 60 42


