
 190LectureXIX 55.3 Indefinite integrals Substitution

5.4 Differential Equations Separationofvariables

Antiderivatives

Up to now we'vediscussedrules to find f given a functionf

TODAY We wantto reverse the process antiderivation meaning

Given fix can we find Fix with F Ey fix

Examples O dig 3 2
ms F X x't l

DE as X M F send say IR

Ending question canwe recover F from f Almost upto an additiveconstant

Imposition If Fix Gi are two functions with the samederivative

tax m an interval a b with a b then Fix Glx is constantm a b

QWhy I MeanValueTheorem Pick a b with arak b'sb

iight
since He T Gx is differentiable m a b

we know H is continuousonCalb
Cattrall

H is differentiable m a b

I d b b ByMVT we can find c in a b with

H'cc slopeofLse
But Hcc o so Lac is a horizontal line This means

Hca H b for any pain at b in 19,5
Conclude H F G is a constant function

Consequence Antiderivatives are notunique but they all differby
constants

Kotation Fix C f fix ax Wecall it the antiderivative
r indefinite integralM h



Remark Every formula for derivatives has an analog fr indefinite
integrals This is based on Derivative rules fordifferentials

2DifferentiationFormulas in differentialnotation

Fix u u functionof ivariable x

PowerRule y a mo dy nu du

Product Rule Your m dy t d luv s adv tu du

QWhy A day u dig today multiply bothsidesbydx

Quotient Rule y y m dy dfg wanted
Chain Rule y ten u g ex ms dy flu du

du gladx
so dy flu s ex dx f six dx

3 Rules for Antiderivatives
PowerRule EXmtI ty.xm m dx htt dx X txt

if my 1
so
f x mt dx Yn C as long as m 1

TrigonometricRules

fsu x dx ax C f as x dx seu xtc

S sect dx tan x C f csch dx wt exit C

Stanx see x dx see x C f at ex csc x csc Xtc

Multiplicationby constants additivity
i aconstant f a fax dx affix dx
2 SCox Sox dx SLex dx Sgex dx
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We getantiderivatives for polynomials in fractionalpowersofx without

Examples f 3 44 2 dx 3 Rdx tagx dx t 2fidx
31 9 9 E Ca t 21 9

X 3 2
2

2X C C constant

f x x t2 dx f x's x 4 9 dx f x 9 43 9 4

1 443 t 9744 C fo x EX's 3 4 6

Substitution Most subtle rule counterpart tochainrule

IDEA Reverse of chain rule

Example J Xt ax dx

Call us x 1 Then du 2x dx

f Ft ax dx f ra du fuk du 4 C

To finish substitute back u

XI 2x dx 3471 C

Substitution Rule If Fix h I um write F hius
u u ex Then dF hila du du a'ex dx
Conclusion dF h'la U'ex dx

S h'm LIE
h'm du haste him C Fix t C

How do we use this to compute f fix dx
Recognize part of tax as u'd x
Substitute u integrate f hi du substituteback to

express the answer as a function of x
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NE Integration involves a substitutions

We can check our answer is correctusingthe ChainRule

TheRule is straight forward if we new the differentiation step
as computing a differential

Finding the expression u u x can be tricky Practicehelps
Wemust be able to write the integrand fax dx as hcusda making
sure No x remains

EXAMPLES f us x six ax
I Just

du I C asf C

us as x
du sux dx

I sin Sx dx I f sua dy I l au
C AEI t C

4 5X
du Sdx

Sig s da

da d

d I t c g te

U X 7

9 Differential Equations separationofvariables

The theory of differential equations aims to recover afunction froma
relation among its higherorder derivatives

Examples y 2x By integration y f dy fax dx Xtc

y y or y t y o

By inspection y ex sea x y cosy are solutions

LARD Show all solutions are ofthe frm y a sin x t bas x

for fixedparameters a b

y t x'y y o m Sohn

Certain simple O D E s ordinarydifferentialequations canbeshred

via the method of separationof variables analogofimplicit differentiation
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Example y x'y
Write dy x'y r dy x'y dy

STEP 1 Wegroup differentvariables on differentsidesof theequation separation

step

dy x'd x

STEP2 Integrate both sides putthe constantC onlyon the x side

t f dy f x'd x I t c c arbitraryinstant

STEP3 Solve for y

General Solution I IF
Ntatparameter

family of solutions C parameter

Findingaparticular solution means to choose a value forC Otter wedo this

by specifying ice geo y cos y'to ite typically

as many as the numberof parameters

i

7 3 3 1




