
 120LectureXX 55.5 Motionundergravity

Recall sit positionof a particlewithrespecttotime t20

t s t velocity speed toy l

Newton's LawofMotion

I A particle in a stateofrestofmotion will continue tobe so unless

an external force is applied to it

II alt acceleration s t Then a f Em equivalently
m mass

F m a MS t A
F force

ordinary differentialequation
II To everyaction there's an equal and opposite reaction

GOAL Solve A Since s t is involved we'llneedzinitial
conditions typically s o S o to give a particular solutiontoA

EExamples Gravity force induces a constant acceleration ga
9.8 32ft

PROBLEM I Findthemotionof a stone of mass m which is droppedfrom
a pointabove the surfaceofthe Earth

Sh ft
my g

Initial conditions Sco 0 referencept

H Y via o dropped
so no velocity

Equation may F mgI
11 II parityfree no

otherfreesacting
no air resistanceeto

m S alt g constant

Solve for s by integratingtwice Idon't forgetthe constants

Nlt alt so vet Sg dt gt t c
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Initial condition v10 o yields 0 0 9 so C 1 0

rt gtS't ult so sit Sgt dt g C

Initial condition 5103 0 yields 0 0 Ca so 02 0

sit SESolution sit Igt

Solution s t Igt't c t t Cz fr Coca constants
These are determined by fixing a independent conditions

PROBLEM 2 Assume a stone is thrown upwards at 128ft fromthe roofof a

building 320 ft high
1 Find its trajectory
2 Determine itsmaximal height
is

_q
atwhattime does thestone reach thepound

Solution
gov f Initial conditions Sco 320

V 320 ft

qt see
549 128

V thrownupwards sosign ist
v

11 11 11
o referencept Equates ma'fF mg

1
parity points in

my S t auf g constant 32 oppositedirectionto
height increase

Again we solve for sit by integrating twice

Ut Jsydt f gdt get C

sit Suit It Stgtte at g C t tea
1 Use initial auditions to find C Cz

S O 320 C z S o 128 C

my Stt 165 128 t 320
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2 Maximal height t is acritical pt of sit

UFS t 0 SO 0 32 tt 128 we get t 132 970
So Maximum height is reachedafter 4 seconds
S y maximum height 16.42 128 4 320 576 ft

3 Hit the ground man's sit o Weget a quadratic equation int
that we can easily solve

16 E t 128 t t 320 0 mo t 128 I 1 1282 416.3207

We get t 10 t z as solutions
2

We only keep the one with t o

Grade The rock hits the ground after ads

Q What's its speed I 1011021 1 32 10 1281 1 1921 192ft

Summary Setup the initial conditions

Equation becomes S t Ig
Integrate twice to solveforS use initial conditionsto
determine the constants C Cz

EEscapet
GOAL Determine the initial velocity to a rocket fired vertically
should have to come to rest cakamplitely fromthe Earth's
gravitational attraction

m Assumption Earth is viewed as a particleofmass
say two

t M located at its center
When firing the rocket thegravitationalfreewillT Mmass dependthdsta fromtherockettothecenterofthe

Earth
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Newton's Lawof Gravitation Any 2 particles ofmatter attract each
other with a force that is jointly proportional to their masses
inversely proportional to the square of the distance betweenthem

F G Mg G o constant s distance
M M masses

sign is becausetheattraction is oppositeto thedirection of
monument

Using this we get malt 94in us sits gig
rocket's gravitational
perspective fora

Lte Onthe ground s co g S o R Graduisofthe
Earth

From this we get g 4,1 at t o giving GM gR
Next we replace this in to get v it s Lt gig
Remember We want to solvefor uh
Escape velocity initial velocity V o 1 TO BE DETERMINED

Ike Think of s as a variable v vis and use chain rule

E E E r

So we get dig r gig mo r du g ds
r side S side

Thevariables are separated we can solveby integrating
fr do f g d s m I gE t c

Q How to pick C No to S cos R so at to
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weget I g C n C Io g R

Solution
Ice stg E SR

Q How to escape gravitational force

I We need rit so for all t

Not 854 ot if we escapethe Earth since spa

So the fly way to ensure r t o is to require Y gR 7,0

Since no o this gives to 328T Escapevelocity 295A

Note This formulaworks for anyplane g acceleration dueto gravity
on that plane

Values for Earth R 4000 mi

8 3242 3 ng
so FR 7mg

Application If the mass M is preserved butRdraveses to R then

the escape velocity increases FI FE If
So if escapevelocity speedof light the light can never escapethe
gravitationalforce This explains black holes


