
 
LectureXXI Ss 6.2 TheProblemof areas

GOAL Find a methodto compute areas ofregionsenclosed by simple curses
1The Problemof arias

EXAMPLE I Closed convex polygons

t
ta 1 Triangulate it fromone vertex

Is Ty 2 Add up the areas of thetriangles

Triangles sides 2

Q What about non linear annex regions

A Method of exhaustion
1 pick apoint p in its interior

2 Pick a finite numberof points in theboundary
P ftp say pi Pu clockwise

y
3 Build all triangles PRB PRB PPIPur

s

Note Convexity ensures all As are in the interioroftheregime
Trianglesdo not overlap onlymeetalongedges vertices

4 Make n o placetheprints Pi Pn closeto eachother equidistributed

alongthe borderofthe regions The triangles will endupcomingalmostallthe

regin S so theyapproximate Arials
EXAMPLE2 S aide of radiusR P 0,0

Choose pi Paw as theverticesof a regular 2 gon called Sn

or o o q

n2N S S Sg
Oz I 03 E Qu E



Q Why 2 I n At each step wedividetheangle 0 in half
On ZEN E

2 At eachstep Sn is containedinSnot square octagons

3 Easy and calculation Ana Sn 2 Anaof itriangle

On

in
R Ama D horse

Conclude Ama Sn 2Nhahathy anbn

In PerimeterSn

Q Whathappens as we let n o I ie as we exhaustthecircle

hw Ras On R as I ya
R radiusofthecircle

Perimeter Sw my
Perimeterofthecircle circumference ZIR

So Aria aid nleggAria Sn I IR IR

Q What if wehad taken circumscribed 2Nguns ratherthan inscribed ones

a t I

OuterSz Outer53 OuterSa
Oz I 03 I Q

Note 1 Tangencies occur atthe midpoints ofeachside
ofthe 2Ngon
2 Outerside hes lengthBn 2Rtant BwRn E

y
3 Aria OuterSn 2N IBN E 2NBn

7 I Perimeter OuterSw
Again Rn II Perimeter OuterSn E 2 ER



Weget Aria Sn s Ana Gide s Aria OuterSw A

hitPeim Sn E Area Gide E E Perimeter OuterSun

HE HE
By squeeze Lemma Aria Gide TR this justifies A

Obsin We get the formulaof Ana Circle fromthe Perimeter Circle
2 We can use this methodto approximate IT to anydigit wewant

9Howto approximate it
Set Rot Use hue as In

bn a sonIn my InnerPerimeter 2Mt sonIn
Bn 2 tan In m OuterPerimeter 2Mt tanIn

So OuterArea 2N tan In
Inner Area hnIumperim WE 211 sin In

2nd Sm asIn
gisinEne

Sen 2x 2Sen x as X Tr X In
Replace in ArialSn s Ana Ginde s Area Outen

2n sin In s IT I 2N ton

If the ends agree in thefirst k decimal places fr n largeenough
then these are also the first k digits of IT


