
 
LectureXX111 56.5 The computationof areas as limits 2230

6.7 Properties ofdefinite integrals

Definite integrals

Recall Given a continuous function h a b I iewanttofind
the areaoftheregions that lies underthe cure y fix abovethex axis

We use 3 approximations to compute Aria S

Ourestimate withlargerrectangles intrap'S
my Upper Riemann Sums

Underestimate with small rectangles exhausts
I b u LowerRiemann Sums

Rectangles that are close to thegraph
Riemann Sums

All 3 typesof rectangles will have

base on the x axis of small length

height either a max for a min fr of f

restricted to each base or an arbitraryvalue Lex for x in
each base for

STEP I Pick points x xu that determine thebasesofthese Is
Weset a Xo b Xnt for convenience
Wewrite thedifferences as Dx X a

D Xz X z X

DIn Xu Xu small whichmeans

int b Xn

ohhhh d

n is goingto belarger

To fix ideas we can make D xk big for all k i s htt

STETZ Usethese intervals as thebases of our rectangles
ntl smallrectangles ri int heightof rememinoffonExit
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ntl intermediaterectangles P Pn heightofPre fixe for some
ichoice of points Xt Ant with each XE in Xu Xu

Popular choices XI leftmost point Xu

x'a midpoint Xuity

T I B rnrn
R BB no RnRn

d k tats hijab Xun xd k fats hijab Xun
LOWER SUMS UPPER SUMS

É
P R P RPut

Sine mu min Lex s text Mk max fix
XafXEXk XafXEXk

we set
mean Edie Mithra

STEP3 Summing up these anas we get 3 Riemann Sums

It ma Axe E Ethan Axe E EtMyAxe4 1 11
LOWERRiemann Sum Riemann sum UPPERRiemannSum
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Theorem If f is continuous then as S
qq.in xu o wehave

n s and fly EI Anna ru Ing EY AmalRn
And by SqueezeTheorem this limit is also lui E FIXE Axe

8 O K lIt agrees with Anna 15 by thediscussion in LectureXXIIb
Definition I fix dx Ama S definite integral IViewed as a limit

ofRiemannSums
Names a lower limit of integration fix integrand

b upper x variableof
integration

Definition Wesay his integrableover a b if the limit oftheRiemann

Sums exists and it is independent of all choicesofpts x Xu

XI Tnt
Theorem Continuous functions are integrable

A Not every function is integrable inthe sense ofRiemann

IXAMPLE fix 0 if x is natural
if X is inatinal

m oil

This function is nowhere continuous

Lower Riemann Sums myo fo all k so Alr 0

Upper Mao so

A R EY I D xu length 10,1 1

So f is not integrable general Riemann Sums have no limit

This Ad to the creation of other notions of integrability

by Lebesgue m Real Analysis
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2 Examples

EXAMPLE I L 0,5 Ryo fix X ti b
S

his continuous so it's integrable i s
o

E
Anna S Annals Area Sa b

Is t l b 5ft
Pick x xn equidistant so xq I k for he is in

btl I 09 Xo 0 Xut b

UpperSums I

1.1 a LowerSums
E GeneralSums

041 x'in
Lower Sums Ii Xk m mu flyte It Xu

y
figure

UpperSums XI Xu my Mk text It Xu increasing

GeneralRiemann sum FIXE ItXE

So It'Analrn II mnAx É i x T.ba litE.lkiDk1

I E hit limit Etta il
fixednumber

It ht't f Otl ta t tn

b
ably Ei k I

b abject
Lecture22
Popa

b t I
Similarly É AnalRn EI txu by 14D É E Xk

b It MDL b t ÉY
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Haring S by o forces n o

so line
so É Amalia slug

b EE hey b Ey
b É

les EI Amalia ski Ibt psst E
b tfSo f Iti dx b t algin É lit XI In

I This calculationdoesn'tshowthatthe choice of printsdoesn'tmatter but this
fact followshim the Theorem we know his integrable

EXAMPLE2 L o b R fix X Aria fis integrable

Pick Xi Xu equidistant
Xu Ink O Xo b Xun

off it
o f is increasing so Xin Xu bully

He Xu ft
Lownsums É Amalric II EYE E'i4TH E

É Ing C D Ing I k.it Ilotitzt tn

fixed member

II Ii k I Lf ninth I
Lecture22 Prop2

UpperSums EI Amalia EI II E ÉÉ I
bÉ É k
I II k y 1g ua 4ti y zmt

fixed member lecture 22Pop
If

2
1



Both sums have the same limit as n o S o

This limit is 4.2 4
b

Conclusion Aria S x'dx him Éi XE E
for any choice of Xf Xin with baffle s big fi ki anti

3 GeneralProperties
b

If asb i then I fix dx fax dx
a

so Lex dx o

Reason Order of Xi xu is descending Yet bto a

D xu Xun Xu o dkn f t
opposite sign to the increment going fun a tob

fate is the same for bothorders

Additivity I If a cab fix dx box dxt Lexdx

ScalarMultiplication c fix dx C tax dx

Reason f
x

c hey use limit laws

Additivity II fax tgi dx fix dx Six dx

if both hag are continuous

Why Again by Limit Laws Rts xk textSix
Need to work with general Riemann Sums since

Upper R S fo f t Upper RS fr g Upper RS for Atg
Lower t Lower Lower


