
 
LectureXXV 87.1The intuitivemeaningof integration
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7.2 The area between two curves

Recall FundamentalTheoremofCalculus It Lilab IR
is continuous then Aix fit at is the

signed area ofthe region between thegraphof f

Y restrictedto La x the x axis If I is anyidea antiderivative of fix wehave
s

Dx dx Alb I fit dt F b Fca Fed
Consequence 1 The proof of FTC showed that Aix is an antiderivative

of fix so Alex fix
Example I sent dt s sin x ComparewithFTC Isnt dt at 1

WX t 1

Consequence 2 I fit dt L I fit dt I hit dt Lex

If his continuous u ex is differentiable then

hit dt flux Ux

Why LHS A fucx A
ax alex flax Ux

ChainRule Iseguence I
x'tax

Example I sent It sin x'tax 3
2 Sei x

Q What about differentials

IA A dx s f dx signed area of the rectangle with

elementof ana
base x x Ax

Consequence3 If his continuous Ux Y aredifferentiable then

hits dt flux a'ex five Vix
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Why Add an intermediate point

at at I hit dt fit It hit dtt kit dtIx
un

So
Elf hits

dt l I and t kinda

ICI act at Effect dt

Consequence 2

X flax alex
7

flux U'ex flux Vix
The area between two curses

GOAL Compute the area of a region boundedby a smooth curves

So far we've done this when one of the curves was the x axis

Simplestexamples f g satisfy
1 Fca g a f b g b
In axes ax six

É h
Ix DX

Heightofeach strip fix six 0

a Length ofeach base dx

Aria of each rectangle fix Sox dx dA

So Ana fix six dx

EXAMPLE I g x X Lex 2x Find the area boundedby
these 2 curses

STEP 1 Draw the cures find a b points where the 2
curves meet
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S ex fix

Ay
2 X2 2X

X
2
2X 0

X X 27 0 my 9 0 b Z

G24

STEP 2 Check which function is larger on La b Wedo it by
picking any point in between

Pick atty I go I rs f i 2 my GE fix
for oaxcz

STEP 3 Use FTC to find the area A d A fix gex dx

A 2x x2 dx x2 1 9 83 0

Q What happens if we use horizontal strips

IIggy
STEP 1 Write the cures as fundingofy
G y x2 my X Ty hey
G y ZX M X Ply

924 Bounds y 0 4 h p fro yesG y

STEP 2 Element of area dA hey Pay dy

STEP 3 Use FTC

A J hey Pay dy Fy y dy 38 11
34 E 0 238 4



EXAMPLE 2 Find the area between the cures x 3y y
parabola

x ty 3 0

line

STEP 1 Draw the curves find a b points wherethe 2
curves meet

Vertex ofthe parabola day to 3 24 so y 3
x 3131 13 E

y intercepts x o 3yty y gt3 m y 0 y 3

Line x intercepts y o x 0 3 0 me x 3

y intercepts x o Oty 3 0 me y 3

Intersections

So y ay 3 0

ada
Cz B y 3 X 0

Seems easier to use
horizontal

strips hey sy y

Ii Ply 3 y
M C 3 1

Cnnpare at y 2 4127 6 9 2

PC22 3 2
so h P ME3 1

X X

STEP 2 Element of area dA Pig hey dy
STEP 3 Use FTC

I

A I Pay hey dy 3 y Byty dy yay 3 dy
3



Y ay 3y I 2 3 23 18 9 3
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What if we use vertical strips

into 2 parts becausethe

iii top curse is really 2 curses

toppartofthe sideparabola

9 Ana A Az
STEP I Divide the picture by a vertical line throughA 1 2 1

STEP 2 Write the enclosing curses in terms of x

y't sy x o m y 31Mt 3 I Ft z solutions

Toppartoftheparabola has function y 3 Ft x f
Bottom y 2 Fg x g
STEP 3 Use FTC to find A Az

0

Az 111 3 x E Fg d x I E X FE dx

Ex E txt l
3 E 31 2 4 t 10 31 2 E

A II l z Ft E Ft dx L Fg dx
23 tf I 31 tats

k o I 2
4

So Ana A Az I 86 3 same as before


