
 LectureXXVII 52.3 Volumes via movingslices theWashermethod
57.4 Volumes TheMethodofcylindricalshells

lasttime Wedescribed solidsofresolution computed their volumes
ha the disk method if htt

Vi Ikin'd
WasherMethod

INPUT Z positive continuous functions f g on a b

with Sox E fix
Rotate both graphs get a surface ofrevolution R

differenceof z disks of
i radii fix fixI

du AreaWasher dx IT Six Six dx

n Vol R It fix six dx

Example i fix t six Fx
with Os X E E
du Ill as x dxF

Vol Ill as x dx IT x su x

IT E 1 TI O O TAI
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2 Volumes n'a movingslices

Nyt we want to mimic the volume amputation techniques

for solids of resolution for more general solids We will compute

volumes by analyzing the arras of convenient slices
either vertical or horizontal

x slices X crosssections

du A ex dx
x

y

hate an ama called A ex

think ofa cylinderwithwidthdx
and base the crosssection

My
section

Vol du Aix dx

9Why is this formula valid
The idea is the same as for solids ofresolution
Wedefine Rx solid between a x

so Vol Rx ten
Vl Rx tax Vol Rx

Dx o AK
We use continuity of Aix to show this limit is Aex
the region between Rx tax Rx can be under a onrestimated

with cylinders ofwidth DX Volume mox Alt DX
a textsx

Tedx t DX

1 Hardestpart is the determine if x or g slices arebetter
for computing



PROBLEM O Plane Pick a cylinder with base acircle

of radius a slice it with
aplane throughthecenterof the

base at a 450angle Compute the volumen between theplane thebase

Solution We look at the cross sections in the x direction

Cross sections right isosceles D
Side length rex we use

y
to compute re

a
Tox x at

a
so A x RAJI RIx

a EXVolume Aix dx EY dx
a

lax I 111263 4 l a'eatD ga

What if we use y slices

Aly y slices rectangles

height yI

g p g

base boy

homeis inclined go

Y T a

We use Y
a
9 2 to determineby

a so a y by gives

x bly fat 2 My
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Next Vol J Aly dy a last y dy

I 2 Tu l E I ru du gu ÉF
a a y the
du 2yd I a limitsof as

integration
As expected weget the same value

3 Cylindrical Shells

INPUT A decreasing continuous function f Cab IR witha o

Next we rotate the graph about the y axis to get a solid of
revolution R

Q What is thevolumeof R

ascab
tha

m

hea M
LEEb Kc

Method Onestimate Vol R by covering R with cylindrical shells

Cylindricalshell Cylinder I Cylinder2

Cylinder I cylinder of height h x radius x DX xtdx

Cylinder 2 x

Weunfold theshell get
2IT X dx

a

51111111 u
hex fix f b

And I 2Ixdx ZIT X

So dV 21T x hex dx n Vol R dV 21Tx haim dx



What do the cross sections ofthese shells look like

I s They look like concentric

circles of radii x extdx
Outer circumference 21T xtdx5

topof thesolid Inner ZIXb

aExamples

Sphere of radius r

To use cylindrical shells we compute the Volumeof the
northern hemisphere O

stiffening
Thetop half Weston

a p s
Use has x r to get hex Fx

a dv 21T x hex dx LI X Trx dx

So Vol R 2 2 Ix Tedx GI J X F dx

Emit
ru at Inkdu

du xd x Y 25231 E Ers
LasexpectedIf heighthanadius

Intin
In

h
s or R

I has fix linear with froth
f r o n tix L r x X th
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We confirm that f is decreasing
du ZI x hadx 2k x txt h dx

So Vol I zit x x th dx faith X 21Thx dx

ath f x dx at h x dx

ath f t ath 1 g th r't Thr

z th r t th r Tbf

What if we have 2 bounding wires y tax y fix
with f g antinuous m Ca b tag

y fix

a

y
has six six

So IV 21T x has dx by cylinder shells

Vol R atx tax six dx

Typically a o

Alternative Use disk method on top part bottompart
win the y direction A we need to express x in terms

of y whichmay not bepossible it depends onway tix regex are


