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7.6 The Area of a surfaceof revolution

1 Are Length

GOAL Given a curve in theplane wewant to compute its length

length of a string placed ontop of it

Examples
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Conclusion Length of a polygonal curse Concatenationof segments
is the sum of thelengthsof all chords Thelengthof achord is imputed
via Pythagoras Theorem af'd has length f c a d b

What about general curves

A Approximate them bypolygmals with n points well distributed

compute the length ofthe polygonal take limit when n o

Theorem The arc length ofthegraph yshe m acontinuous

differentiable function f a b IR with continuousderivative

is L little dx

Examples

Lex y so f x I a o 5 1 h IF dx D
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Wehave a functions

For L i fix 2x a 0 bite him 2 4 5 little
For Lz Lux Ext art b E ti I Iffy E
Q Why is the formula for L valid

I Approximate g fix bypolygmals with n points well distributed
I obtained by subdividing Ca 5 as wedid for Riemann Sums then
compute the length ofthe polygonal take limit when n o

P Xi Lexi
a ftp.qf

Po ta has

Pat xm fix nil
Pn Lb Lb

x d kika's knkn xn

STEP 1 Subdivide a 5 into n intervals a x Cx Xz

Xue Xu xn b of lengths
Dx X a

Axe Xz x Set S max DX
Isis n

D Xn i Xu Xu z Example Xi bye i for all i1
gives DX AXE AXn by

STEP 2 CallPo CaFca Pi xp fix Rita hexad

Pn lb Hbs
Draw the polygonal joining Po Pi Pi Pa Pa



STEP 3 Compute the lengthLook each Tippi i i oh

Pi
7

ye

taxi toxin hi IN Xi t Lexi Lexi
Pi

Dx it fit fixity
Since f is differentiable on Xi Xi continuous m Cx i i Xi

we can use the Mean Value Theorem to find X in Xi X it with

Lxiii's t ut f
x I Ii

STEP4 Compute the length L of the polygonal

L Lit In fiIxi'DxiPolygE a RiemannSum

Since f is continuous weknow tax is antinuous integrable

are L him Lpoyg him I I cxiDxi
max Di so max Di so is

so L I little dx

Often it is very hard the find the antiderivative of litter
If so numerical approximations withRiemannSums are

the practical way to ampule L with enough precision

EXAMPLE I Find the length ofthe curse y X between 10,0
4,8Soln I 1 sare for y y x n y Z x 2 continuous

0,09 i cusp



So L
f styrax HET ax radio

4 1 9 x x on us

u 1 q 10 1
du fax x 4 outta

Solna Use implicit differentiation to find y
Zy y 3 2

For y o we get y 3 Eg
Ubad ptison

y z 44,1 EX

We get L I hap ax q 10 1 same calculation

Anc length element
Bd

Iya
ds I dx tdyt

I I I i ii s
So La Ids Tax

Ids It's dx if g ga can

be rewritten as
x X y

I What if we write x xcy in EXAMPLE 1

X y m x z g
3 so X I g

L Itsy dy this is harder to compute but it
canbe done
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EXAMPLE2 Circumference of radius r

Top half can be parameterized

A hen IFT mo Hn E III Eym rexer

fix IE
L I ItET I I E dx If gg

dr

I 1 IIEI.ITdu I dx we'll compute it later with
x r m Us l

trig substitutionsx r us a I

2 Surfaces of Revolutions

INPUT f a b R continuous

and positive

444 a Process Revolve y six aboutthe
x axis stake the saga s y
thesolidofrevolution S surfaceofvolution

Q What's Ana s



STEPI Take n strips Xu Xu fr k b in

take the surfaces of revolution obtained from t on eachship
We get the Frustum of a com

I ax
AmalFrustum É attends

ZITLex Max
T

KEITH's imma s É i
STEL Compute Riemann Sums

himAna S
man ay

É Ana Frustum m Xuxa

b

Sims Ana S 21T fix 1144,7 dx E is
continuous

EXAMPLE I Sphere of radius a

gun
run

has last

f
Iz

so t
Ey1101 Annals ZIT IET MÉydx

Zita dx Zita za Gita

O Ring Q Why
A Use the ane model Cutting the frustum

gives a bind trapezoid
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Model Example Cine

S We cut it open lay it out L

I circular sector of a
disk of radius L

Total area E IT L m Sector area IT LYE
Circumference of thesector 21T L Ey full circumferenceof

baseof the ane

ZIT'tso LE
r giving E E

Conclusion Anna S IT E E Ir L

Frustum of a cone We start from L ri ra complete

it to get a full one of side length L

with abase of radius r

it
Aria S Aria Cme Li r AriadneLara

In L IT raLz
IT C L 2 Lz CAN

But similarityof D gins I L so El ritz

Now we add and substracter Lz in A to get
Ana S IT r L ri la tr La rata

rzL
IT r hi ta t ra L Lz Thr tr L ta

and Aria Frustum at Critz L predicted by
A



EXAMPLE
Wemity this formula with our integralformula
ye fix

ane solidof revolution obtainedby

If y g
rotating a segment

4 yes my b

At 10,0 O Otb so b o

At hare I Mhz so fix EXThink
antinous on co hi

AmalFrustum ZIT
EX HitFF dxhz

I ait Ex that dx
it

q
x white I If that hihi

In order to get 21T ritz plz we need to use trigonometry

By similarity weset it E E HIIIII
So

IF thirst hihi
IT La k i Ira Lal i

I ra
I l Li Li IE 14 La 4th

IT 4 Lz at t ra
IT 4 22 re I t ra
IT L Lz r ra

Include Aria Frustum Tu Cr tra L La as wewanted


