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51 Basics on exponents

Q Given a 0 x ink what is a

We know the answer for special cases

It x is an integer
l x n o a

a.gg
2 x 0 a I t for a o

s x no a s E
titty

It x is rational write x me with n o min opunie
E EThen at ta where Ta is theunique positive

number b with b a on for a o

K We don't really need to use the reduced expressionofX

ate Ta
m

c
m where c istheunique positive

number with ch sa

But if b a then Ck b byuniqueness of cab
Then chm action Emojis Ees I

p b

so at b ath for any h integer

General definition Approximate x using rational numbers

arbitrary closeto x define a via a limiting process
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Definition ax lay a for a o x anyrealnumber
rational

Good NEWS By construction Gax will automatically be
continuous

BAD NEWS It's notclear fix exists the limit may depend
on how we choose r x For example if Xin isrational does
the limit exist and agree with the old definition at Fa

Of course it all works outfine in theend reason law ofexponents

Law ofexponents
ax at ax 2 ax Y ay ay ax's

Proof It's enough to check these formulas for x y natural
Fr general x y approximate by rationals take limits

Indeed if X him r then xx y him rts the

y him s x y him r s

a x y dim
I in a

formulas obtained by limits on both sidesof will agree

Efiata'tlie
a leg as

In Iggygas
fins arts a t

said Limit Its in
Now assume x yet I can use thesamedenominator

Pick b o with b a lie b Ta
a Ma

ye
so at at b be bitingbiting butat page

b

o atty a ett a
ltm beth same
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ax I att Craze m be m

big Ife Iggy
be m I same value

a att nfa m elm with Cta

But c

in ftp.IIE
a It

so c b

ax bn F
t
de with d bn

But d b c cliff c d
both d c o so dem

and axl elm c
l de a Y

2 Graphs of ax

We will have 3 cases a 1 a 1 o act

y
If a n a'll for all x

x

If a l ax is untinuous a I for any fraternal70
so the same is true for ax a I fr x o

at is increasing if xcy then at alt Atx

an x at I at sax

y X o
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a i fi a leg 8

Range ly o

strictlyincreasing
so it's injective
horizontal line
a

Ye

If ocast Write at I now I l

We get the new graph by reflection of about the y axis

a I fo Ko

Ya strictlydecreasing
so injective

l

gg
a

Isis o

Range 3y o

3 Logarithms

Conclusion Fr at 1 we get at R 39709 is

injective and surjective so I to 1 we can find an inverse
function toga I 0 E IR

x logax
We call it logarithm to the base a



Graphs of logax Reflect thegraphof a along the x y like

a

y loyal I
Flax

a I 0cal

Dote loyyax logax Lab x s

Note If a I fess logax o fin logax a

It ocast fig logax o lim
x o

Max to

Basic properties of toga

logalx x2 logax logaxe

Why y logax means a X

Y z logaxe atz y
X 1 2 9 at allthe guy

yityz logalx.at

loyal logax heyax

Why at d af so y ya loyalty



3060

toga x blogax
Why If x at then x a abt so logax by

logaax

log alt x bydefinition at at fras D x

alofa x by definition ly logax means a x

loyal 0 logan I


