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58.4 The natural logarithm function
58.5 Population growth

Id Fr a o x real wedefine at
lying

a exponential

there a at Ta where E o is theuniquepositivesolutionto ya
For a 1 ax R R

o ly of is invertible with inverse
toga R T IR logarithm to thebase a latte x togaat x

1 Derivatives of exponentials
We compute a for x o using the methodof increments

the lawsof exponents

at gluing axtmgfglgi.axaffd lgs.at a

a legs att as long as alien a exists
Emits litdoes

leg aft a ly slopeofthe tangent line to y a at lo 1

2X

If Yt

positive slopes negative slopes
a I o call

Definition e is the uniquenumber satisfying algin91 1 tangentline
hasslope1

e 2.71828 legs th accuracyupto a decimal
e for explosion places bysetting n 100,000

Jacob Bernoulli
1695 1705

Euler found an alternative way to compute this limit



e algin i t t t t t th accuracyupto adecimal
places by setting n 7

Observation
Ie's

ex call e the exponential function

It's the unique solution to t t
hopeI

In turn cet c get ce also solves t's h

Proposition All solutions to fit are of the form farce
for some parameter C

Why Consider a solution fix write sax 4
By the Quotient Rule weget

gl
49 fix ex

exp eÉ e1É so

And 8150 for all x forces g to be a constant Gc

Then fly c meaning he cex
X

Consequence Ie ex gives fed x text C

Examples f es dx g
w

e Ife du fleuec

du sax of tf eft E
Tanstant I

J xe dx
I
ane
f e te t C get C

du 2x dx
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2 The natural logarithm

Definition In x loge x so y lulx means Ctx

Proposition lux is infinitely differentiable and lux

Why Use implicit differentiation on e x

M e x

I Lex

gives e y I so y't et
Propertiesof lux

Slopesoftangentlines for exalux
an related graphs are minors

f ofeach other

him
at
h o line

a
hX

because e 1

Integration J bn IH C

Examples O f af de g f ti at hut C ten x'd
U X't
du 4 3 dx

I tan x dx f smg dx y f hut C

u ax In ax C
du sax for us x o

3 Otherbasis ofexponentials logarithms

Keyfact It ate then at deb s e
t

so Exa e be lna ex Lawofexponents
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Similarly if y by ax then x sad e e'd
so tnx by Inla y so logax hiya
In particular logax ta lux Ia

Q Growth of ex lux

at ex ex o so ex is strictly incurring

flux I o se eux

But how fastdo they grow We'll use L'Hospital rule to anhimthis

him
a ef to for any positive integer n so expous

fast than ANY polynomial

lui
a typ 0 for all p o so lux grows slower

than ANY positive fractional powerof X eg x's x's

54 SolvingDifferential Equations

Impose y ky for a fixed k has solutions y c e

where c is a constant

Why Use separation ofvariables day ky m day hdx

So f dy fhdx kx C so y enter ex

Any
unstante

To check that there are no more solutions write gas Ey wheref x solves t shh



Then g ex Hengfkett khgÉgI_ o

So g is a constant that is hex c e for somefixed a

5 Populationgrowth

Basic Model Set Nlt population attime t leg bacteria

Assumptions unlimited food no predators no deaths ToyMODEL

Rateof changeofcurrent population If kN it Kanstant

ks percentageof population increase

Then N t NoEkt whereNo Nco population at
time to

k us doublingtime

Set ta doublingtime time it takes to doublethepopulation
in size

Assuming No 0 we set 2No N ta Noekta
2 eked
In 2 Ltd m ta by

Esquire N Etta No eklttta noekttktd

Legge
d

Nlt em 2N t

So it doesn't matter when we start counting The doublingtime is

the same

EXAMPLE I The number of bacteria in aculturedoubleseveryhour

How long does it take for 1000 bacteria to produce 1 billion
109

Solution ta I hour so k hg luz No 1000
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m Nlt Noekt tooo east
Weneed to find t with 109 103 eth m 106 etluz
Take ln 6h10 the 2 so t 6kg121 a 15.5 hours

EXAMPLE2 In 1970 theworld population was 3.6 billionThe Earth

weighs 6586 1018 tu If the population increases at a rateof 27 per

year an average person weighs 120 lbs when will the weightofall
people equal the Earth's weight
Solution k Ig No 3.6 109 so N t

3 6 109 e
t

We want t so that 120Net 6586 1018.2000 Iti 2000lb

120 3.6 109 450 6586 10182.103

6586 1021.2
So e 50

65,182.31 3
510

m got In 3,39g 1012 be 32981412bullo he 108

so t 50 ln 32981412bullo he 1108 1552.92years


