
 
LectureXXX111 59.6 Simple HarmonicMotion
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TODAY We'll solvedifferentialequations modeling
the motionsof vibrations producing sound
oscillations r waves ofperiodicmotions

Ss1 Simple Harmonic Motion

Definition If an object or a particle moves back forth in a straight
line say the x axis so that theforcerequired to move it backto

equilibrium x o is proportional tothedistance away fromequilibrium
we say wehave a simple harmonic motion SHM

1K 913,5 Fit malt m 1 kilts
restorative force for k o

litho no

movement
gives If h Xlt
Now i k m o so c Im o we write c at o fr some9
to ensure it is positive

Gx The equation governing the SHM is

If Exit o fr a 0 degrees

Initial conditions X to Xo initial position
X to to initial velocity Typically F o

EXAMPLE at girls x X O my 2 buildingblocks for solutenes

namely sent Iast 6h x hint fast
his parameters



Theorem The solutions to theSHM equation an ofthe form
x f A sin at b for some a b in R

Names Al amplitud

T I period smallest time it takestoreturn to a
givenpositionIndeed X It T A sin alt tt b A sin att b t ait

A sin att b Xlt
f I E frequency numberofcycles persecond

Note By construction the movementoscillates between LAL IAI

qf I É It takes seconds to

IAI
Mg

IAI go on thecycleonce

Why We will give a arguments

Write If act die use Chain Rule on v Vex

If dye dye die v as wedid fr Escape Velocity
calculations

SHM equations If a'X o becomes

dig v tax so

We can solve this ma separationofvariables
du v a x dx

f v du f a'x dx

of C
Gf v tax 2C z o is constant
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Next we use the initial conditions to determine C so v

At t.to we set v5 t a x 2C

So why Vo't a x a'x ro't a x x

oil

IÉ
x

v2 a A x 20

th É v a yay

ant exceed IAI

sign depends on the direction

Once again we can use separation ofvariables to solve forx

HE a de

Jiffy f e a dt at b

LHS can be computed by substitution u I
SEE f Lx

f Ali YI I SIT
are sin cu are sin

u g
du

Conclude are sin E Iat b my x A sin I at b

Ffv 0 then x A sin att b

If u so then X A sin l at b A sin lat b
sinC W sin w

So the sign of A depends onthedirection of the movement butthe

formula for x t looksthe same in bothsituations

For our 2nd approck we need the following claim
CLAIM Any solution to has the form X it L sin at t s cos at

Since we don't want the trivial solution X t so wecan assume either

L or B to



We set A 12 7 0 so the point E I lies onthis

unit circle
4 f

a
Imb Usingpolarcoordinates we can find b

with as b I sinb

Include X t L sin at t s as at

Al g su at as lat

A asb sin at t seib as at

A sin att b

Note Theonlything weneed is A 0 This expression will also we a solution

TTHM even if A O

Key A 1271 if X it L sin at s as lat is a

solution to SHM m T ZI L
I

2 An alternative solution

Proposition Any solution to y t a'y o for a to has the form

g It L sin at s cos lat

Q Why We argue in a steps

STEP I If GG get are solutions L B are realmembers

Y f hit B g it is also a solution Notesin at aslat
aresolutionsThis is easy to check

y d f t b g mo g a f t s g

a'y asf ta's g

y tag L LEE 81811
0
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STEP2 If y fit is a solution then a fit t fit is

a constant

Why Check that hit a hit t fit has derivative o

If a fit t a'a fit flit t 2ft f 28 EffO

STEP3 If ya is a solution y o y co
0 then Yafo

Why We use STEP 2 a'yet t y't
constant

weget the constant fun sitting too Weget a 04030

So e y thy to This forces ayy 0 y t 0

505,0 To Sina a to we get y it o fr all t

STEP4 Pick a solution y f write

fit yet tag o sin at yo as at

Now f tt y't ta y co as at a yea l sin lat a

J tt y to as at tag co sin at

In particular f o g o ta y o sin o Y o as

Y o O Y o I 0

Fco y o y'to as o ta yo sin10 0

By STEP 3 we get f f to solution with trivial
initial conditions
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Include y t tag co sin at Yoo as lat
L A

Exercise Find the amplitude frequency of the SHM of a

particle with trajectory Xlt 3 son at t Eas at Determine

its maximal velocity
Solution Recall we need to write Xlt A sin att b

Differential equation satisfied by Xlt is X it Exit 0

Check the siren trajectory solves this
X 6 as at 8 l sin at

x 12 sin at t 16 1 us at 4 38m at 4 us at
4 X

so 2 4 Take a 2

m Period T ZI IT frequency f
I

To find A b we need to pick sample points

t o gives X o 3.0 4 1 4 A sin b
t I X

Ig
3 1 4 9 3

A sin zig b Asin Etb Ausb

So A sin b 4
A as b 3

A A Smib tas b 42 32 25
So A 15

m Amplitude I Al 5 Approach A Frans 5

Velocity X 6 as at 8 l sin at
Also X 2A as att b maximal x If

I general Maximal velocity for SHM Xu Asinlattb
is a Al since X f att as att b


