
 
LectureXXX1111 310.3Cont Certain trigonometric integrals 1570

10.4 Trigonometric substitutions

Recall LastTime wediscussedintegration as a recognitionproblem what
method to use

i Certaintrigonometric examples

GOAL Find a method for integratingthese 3 functions

S sinmix as x dx

S tanmix see x dx for m n so integers

S atm x csc x dx

Last time we solved depending m parityof men 2 cases

key d sin X as x dx d x sink dx m need ODD
powers

CASE A either m I n are ODD eg i 3,5

Trick Use trig identities to turn integrand into sums offunctionsofthetown
I cost x Sen x if m is ODD I 2 smhx as X it n isODD

Why is this good These terms can be integratedbya simplesubstitution

How Weshow it for 2 thenfor i
If aid we can write n as n 2kt for some integer k.IO
Then as x as241 as x as x as x as x

k
as x l six

Then the Binomial Theorem allows us to expand I su x

l six
k

I K Suix E Sen x t f it sunk x
Conclude Sum x as x sum x as

2kt
x 4 J f sustyny

easyintegration
as sinX

If mid writemehtt Wereverse the rolesof sin us substitution

sinzht ex as x Eo 4 4 Tanhightmann
bysubstitution was x
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CASE B both m n are EVEN ego2,4 6

Write m 2k n 2h for k l 30 integers
Use half angle formulas
as x sen x 1 Add a equs

as x su x as lax
m

as t it as ex

2 mix L as ax Substractzefus

IDEA as x suit x Italy tax
h

m Expand use further half angle formulas until meof the

exponents is ODD or 0 Then we can use CASEA we geta constant

which we know how to integrate

Q What about f tan x see x dx f cotmx csc xdx
For these 2 we need to treat 3 different cases

CASE A M odd
J galop moms an era n canuse anyofthemCASE B n even

CASE C neither so m even n odd m can'tsolve for now

We solve the integrals by usingspecifictrigonometric identities Substitutions

after expanding tan x sechx or at x csc x withtheBinomialThem

CASE A use tan x see'x 1 4secx see x tanx dx

CASE B use sec x I tan x d tan x sect dx

case A use wÉÉÉÉÉ i acute csex ax

CASE B use csc'x it wt x desc x cotx cscx dx
Ex ME tax

EXAMPLES fr
MI n 1 my case A

L O



Stan x see x dx If tan x tan x see x dx ftanx sect 1 secidy's
Pull tnx out reputetank

I seex tan x seexd x f tanX see x dx safe self C
t

grouptaxseexdx d see x d seex

Steps 1 tank see x tan x seex seedx 1
k

z Expand see x 1 with Binomial Theorem

3 Use substitution a see x du tou x seex dx

m 4 1 6 m Case B

f tan x sedx dx E Stan x
sechx see x dx

y f tank Itter
sedxdx

pullsect out replacesecy

expand Stan x It tan x atank see x dx

nonpfeixyStan EEE S ten I dx t 2 faux Eigg
tans tant t z tou x t C

Steps I tammy sect dx tan xGecx x see x dx

z Write see x it tan x expandwithBinomialTheorem

3 Use substitution u tan x du see x dx

A Case C we cannot get solve with one exception m o e not

f see a du In I seecus tan a t B
B constant

f csc u du In csc u cot u B

Remark Sometimes it's easier to express tan x seek or coth csc x

using sin x as x Issue exponents can be negative

Example Stanx seex dx f stg dx f Smg dx

É S T t t t C at C see x C

We already knew this because dseex tan x see xx
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z Trigonometric Substitutions

This method is used to compute integrals involvingeitheroftheses

expressions I Iast where a o is a constant
2 I a
3

Eachexpression requires a different substitutionof x as a trigfunction
i x a since my last dataset aint saas u

useY as'atsuia
12 X atan u mo Taft datatant I tasect

aseca

use it Suga a seda
s x a sec u us Ixtat lasedaat latent tatiana

GIcInterpretation x a an sidesof a right triangle
i late a Tax a xE

a It
x

x
txt

74 14 74
date a a

a Xas a
x asenu X a tana

X g asecu
asu left an FI smu EItem Ey smut tana lift

Examples

faff dx faggaasudu afayydat
x asince dx aasuda

a f tant du af Indu afsmu du

g alm csc last cot as taasu C
TABLE
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In termsof x CSC Iu In Ey

as u ta IIEatlaII
Cot u

cog Éa IT
and f aye dx a lute FI lait C

Sfax I Satiate SEE da ta I Eu
X atornu
dy a seczu du

t
e fansite Ignatieff Ey te smut

Again we need to write seenu in terms of X

a see u latte sins as u
gym

so sinus as u tank
Ey Ia Ep

Conclude I a alot C

We canverifythis Ix Fft YÉ t a'late
any

Initiate a

Yaf dx ganefhating asecutanudu Satan u du

dx asecutanudu

In a sein 1 du a ftp.jafdu atanu autc

partsI
n 2 EVEN

Again we need to write ustank in terms of x atom a that
u are tan tazza

conclude f III dx Heat a arctan ft t c


