
 
LectureXXXIX 510.6Cant PartialFractions 490

GOAL Integrate rational functions ratersof polynomials II 940

SETI Reduce to the case where Q I or digP a degQ
bylongdivision

Ing kin gives Sox Rex polynomials with Pg SaQ Rex and

R O or degR s degQ
ms Pg S t

tearyto integrate

CrucialFACTI Every polynomial with real coefficient canbewrittenas
a product of linear r e

ay y
reducible degree2 polynomials

no realroots like x 1

These dig a polynomials hare the form a x't b xtc with 5 acco
wats bill arenotmad

This fact will allow us to simplify our task

STEPL Treat 2 cases

p a

Quincy't ity
m amatethesquare get

Q x X

P ay tho a a anstantjubstituteated

substitute used

Q ex d Agm

I

HARDERONESTEIUse these2 cases to solve dx whendegPCdegQ
This requires the use of PartialFractens

IDEA Write I with dyes dyQ as a sum ofmaterial functions

ofthe frm Egm
or Effie with miso stucco

He Reuse the process of written commondenominator f factorizedQ
O
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EXAMPLE I LIFE I Ez 1 5 i mustbe determined

so f x dx tf dx slulx iltnlulx.cl C

The construction dependsm the factorsofQ and theirmultiplicity
CASE I Qu X d x Xz x du Q has all realroots

all are different

We write PEI It Igt Ian
We can determine Ai An in 3 ways

Takecommon denominator equate eachcoefficient in Pix with RHS
numeratorEvaluate numerator on RHS at the n roots tofindAi An

Withouttaking ummmdenominator evaluateat n randomnumbersto seta
equations in nun knows

EXAMPLE 2 9 2 6 A An
x x 2 x 3 YI IT

Method Common Denominator

Numerator A x 2 x 3 Az X X 3 A X x 2

A 1 2 5 6 t AzKLSX A XIX

A Az Az X t 5A 3Az 2A3 X 6Al

Equatewith P

f
9 A AztA withx2

0 5A 3Az 2A weftx
6 6A coff i n Art

Replace A toget 9 It AztA
O 5 3Az 2A

8 AZ As mA 8 Az
5 3A 2 2h3

ReplaceAs in Last equation 5 3Az 218 Az Az 16 m A2 21

So Az 8 Az 8 21 29

Gf A I A2 21 Az 29



Ah 9 76 A x 2 x 3 Az X x 3 A X x z

At X O my 6 A 1 2 3 0 to GA ms Art

At X 2 m 42 O Az 2 2 3 0 2Az ms Az 21
At X 3 mo 87 0 t O t Az 3 I 3A m Az 29

Red At x 1 I no
Ai da

At x 1 I iffy A 4 43
At x 2 I Eyes

mo

s ZAI 2Az A

15 12 A 4Az 3A solution is the same as before

92 20 A 10Azt 8A

CASE2 Q has all realroots but somehave multiplicity 2

Write Qu x d x ta x du with me inn 1
roots are distinct

Ii Replace II him CASE 1 by the sum

III tII t

Iijima
with mu multiduo

Sothe ofteams multiplicityof du are a rootofQ
We find all coefficients Ai j as we did in CASE 1 fr Method

we will alsoneedto computederivatives uptoordumal evaluate them at X du
EXAMPLES

Eye IF IIe If
Numerator 2 1 Ai x 1 t Ai z X 1 A1,3

Evaluate at x 1 3 0 to A 1,3 me A 1,3 3

Take derivatives uptoorder2 evaluate at x I



Eductive 2 2 Al I x 1 A 1,2 3990

Atx 1 2 20 A 1,2 m A 1,2 2

La O 2 Al I mo A 1,1 0

Cd A 1,1 0 Al 2 2 Al 3 3

EXAMPLES
Ft It CEE t I z

Numerator I A x z t Az x 1 x 2 Azz x 1
At x 1 I A L 1 Z t o to m A 1

At X 2 I 0 to Az 2 2 1 m Az 2 1

Derivative O 2A x 2 Az K 2 x 1 Az 2
At x 2 O O Az 2 1 Azz Az I

m Az 1 1

Md Syfy2,2 I dx tf dx tf adx

huh it bul x 21 g t C

CASE 3 Q has quadratic factors with no real roots x bxtc

The decomposition depends onthe multiplicity ofthe facto
th 5 90 0

If multi thenwe have a summand 1,4511 inthepartial
fraction decomposition

If mutts m 1 then we have m summands in thepartial
faction decomposition namely

É ftp.t HIII
We find the values of A B A B Am Bm with

the same methods used for Cases 142
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EXAMPLES FEI 2 2 2 4 2 2

2 4.2 o so x EX 2 has no real roots

Write Etta t IEEE
Numerator X 2 A X x 2 2 Az x 2 2 IAXtB X

Evaluate at X 0 2 0 Az 2 ms Az 1
Derivative 2x A x 72 2 X 2 2 Az 2 2 t

As 3
2

2 B X

At x o O A 2 0 Az 2 Az Ot Bz O
O 2A 2Az 2A t 2 my A I

Evaluate at 2 random numbers to get equations forAs Bs
At X l 3 1 1 I 1 2 2 1.5 A Bz

3 As B
At X I 3 D L D 11 2 2 1 I t L A Bz

3 2 AstB

m

f
3 AztBz Sun 4 283 m By 2

I Az Bz difference 2 2A3 A3 1

Itis axe I It YÉxtz

SEE a f S fY xndx

III F
amulet

ÉÉÉita Jeff It du
d
III

Xtc ut

f fue du
t faff lull tu't tactana

So S Efsa dx ln 1 1 t t t lull xx tantalite 1C


