
 
LectureXL 512.1 The Mean ValueTheorem revisited 2920

12.3 HospitalRule Otherindeterminate to s
1LHospitalRule for 8 indeterminacies

L HospitalTheorem Fix a in R and two functions h g differentiable

in some open interval containing a Assumethat g ex to m this interval

except pertip's at x a It has seas o then

Ina GI fin tyg providedthe Rts limit exists

Mowrer if glia 0 then RHS Gpa
Qbs Lasttime The rule applies for a to

Neighborhood
g
1,55

f M s s s go
N so large

x small x large integer

Q Why isthisrulevalid

Recall fig hexffa is a of indeterminate fly if the limit exists

Sowe should expecta connection between duiratises indeterminate Wewill

usethe MeanValueTheorem MUT a generalizationof it

MeanValueTheorem If t a b IR iscontinuous onLab differentiablem

as thenthen exist as cab with

13 4111T it d'sslopeoftangentline
slopeofthesecantline
through19Ga bGb

Sa ha L b m Rolle'sTheorem

GeneralizedMVT Given 2 functions f eg with
1 t g continuous on a b

e h g differentiable m a b with glx to frall x in a s

thereexists a in as with 5431
É ÉÉ since otherwise gwould havea criticalpoint inCali

thiscannot happen because g doesnot vanish on 19,5



14220

droolof GMI We consider theauxiliary function

Fez Feb fan Sey Saas g b Sea hee hea
F untenuous on 9,5 differentiable m a b

F a 0 0 0
so Flay F b

F b 0

Rolle'sTheorem ensures that wecan find c in a b with F'cc 0
But Flex Feb G as s x 8lb Sta cc

so F'cc so givesGg tgif as we wanted D

Next weuse Generalized MVT to confirm L'Hospital'sRule Wehavetoanalyze

2Cases i

CASE I Assume g ca 0

Then 4 4 5
0

I ItSix SII
gu If In some ace x if x a thin

c aherewetakenot justc butall
conclusion Eye 1 Iq lesia II iitieckis's limit

exists

CASE2 By GMT Ggg tf fr sme c in ax

So leia GE led gig if the Rts limit exists

D It the Rts limit doesnot exist we cannot applytheRule meaning

we could still have a valid limit for Gg
2 OtherIndeterminacies

GOAL Extend L Hospital'sRule fromq to otherindeternunacies
0 D R D E 09 00 10 g is a special me

o
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IE I

TYPEI

separate proof
O N 00 20 10 o o follow Ang or Eg rules

by algebraic manipulations
We do type2 indeterminacies first
53.0.1

IDEA gg
becomes 8 a Sy

g as

Algebra Divide byreciprocal of one factor
Exe Gigot x ht knot

bigFatso
thingy0 A

hottie thot Jinx Aint It leg Xlix this is

Ch Weshould chose a reciprocal with simplederivative

4 36ses 09N
Algebra Take In ampute limit then take exponentialofthis limit

Why In legia Fix fi la Fix ProvidedFox ones
exp leggett

EXAMPLES fgm xx 0 type

Take ln bin
of
h x begot Xlix o earlierexample

o o I'tip
Then lying I e
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Ayy x 2 type

Take in fyi ln x fig flux this
big In tis

0

So lim x x

x ooo
e

Gig 11 tax for a to 5 type

Take in high a tax lyin lull tax stein hl4

Its It a

LHap

So less Ctax FI
5 D D

Algebra take commondenominator if an expressiongoestoo wecansee it

as a ratio of2 functions withdenominator goingto o

EXAMPI lying see x Tan x lyin tax ng thin 5
o to

IF ti't IF I D

I
I HospitalRulefor 8 Pick tag continuous differentiable functions aroundx a

with g ex to fr all x a man a If Agia tox lyingSox too then

Hma Ig hsia tf provided the Rts limit exists

This ruleapplied to a cu IR also if a to

Proof Nexttime


