
 2490LectureXLIX 513.1 What is an infinite series

Item we saw examples of infiniteseries fromRiemannSumsofimproper
integrals

1BasicDefinition I examples

Definition An Infinite ofconstants or seriesforshirt is an expressionofthe

form a ta ta t tant an

an is called the nth term of theseries and it's usually givenby asimple

formula

Example an In n o so series is it I tf tf t If I firstindex
is 0 here

GOAL Interpret series such as both formally exactly meaning

tryto compute its value a determine if its value is a or if itdoes notexist

EXAMPLE A Infinite decimalexpansions

Finite expansions
O a azazay an g tf tf t t f n
Here an 0,1 2 or 9 for each n 1

Some real numbers in o have decimal expansionswithinfinitelymanyterms
Examples013 0.333 moms I E t Eat to t É In
so g É ton I InY

wecanmanipulate series

I 3 1415 m I 3 t t t t of t fat 3 9th

EXAMPLE 2 Geometric Series

Q Canwe write I as a series in x

I YES via long din's in

Alternative Check l x text t x I txt x x X
I X
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So If i txt t X mo it x II
If X

go for each fix x which happens it 1 1 1

then It Xt t X t EE X Powerseriesexpansion
of for 1 1 1

Check It x to weset
I I

I lift t that

This agrees with I It t Et decimalexpansionof

Variants replace x by x or x

É X É C1 X I X x2 X x1
Ix Is Ex
Ix I II x IT x s i x x't x't

1 4 1 121

z z I II x II 6 x 1 7 1 4

1 4 1 141

QI Canwe manipulate thesepower series as if they were infinite polynomials
Inparticular can we integrate differential term byterm

If so wecouldgeta lotof fun identities

EXAMPLES

swap II St 1 x dxhat

gg
x

needsjustification

relabel
milt I It tI

so m I
m We get a power series expression for lull tx provided 1 1 1

that we can inded swap E S



actanx f Iya f É a x dx
gap It fi x dx

É Hi x ft
n Weget apowerseries expression for arctan x provided 1 191 thatwe can

swap Ii S

Q Oncethese identities areestablished can we evaluate at some x Afterall

theseseries are functionsof x

Set X 1 in to guess luz D weneeded Ike fortheintermediate

steps so we must proceed with caution

h 2 h H1 I 1 I t t t
Wewill see that this is true future lecture

Set x in to guess arctan i again intermediatestepsused Ixki

so we mustbe careful

I arctanli I 1 I It
We will see that this is a valid identity and can beused to compute IT

upto anydesired place

Application Differential equations

IDEI Given a differential equation y y y ta g o etc wecan

guess a solution by e proposing y ex If an x ITaylorseries expansion

a differentiation term by term
3 Writing relations amongcoefficient to determine them

Typically firstfewwillbe unanstraint
mim
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EXAMPLE I y y

Wut y go 9 X ta x't t an X t

y 9 292 39 X t a gutX t

Equate term by term Ream anti

90 9 m 91 90

9 292 my 92 219 Propose an I92 393 my 93 I Sg
93 994 no 9g

m y no It X II It It Tco 90

But weknow y he is thegeneral solution to y y disco

basin ex Axt I t t É set o D

EXAMPLE2 y ty 0

As before we know thegeneral solution is y L sent Bax
L s parameters

y o p y Las X B Sinx so y copy

Proposed solution y Ifan x

y a ta X tax t t anX t Go y lo

y a zazx 39 X't uti auxX't 9 yes

g 292 3293 9.399 7 t 4 2 an t

X term 9 t 3293 to

xnterm Aut Gta nti an50 m Antz Iffy
Weget 2recursions one fr even indices 92,4 one for oddindices

1 3,5



90 a E 99 43 6159 96 if to 2

We get ask 1 Ey for h o

9 93 4 as 15 45,91 a t
Weget 92kt G Ey Ir ko

and Jex EI aux Eun an X t foodaux
REGROUP

thisstepuguires justification

If 92k X t É azan X

Eigg E Etsi I iea 1EtiEIlta I kkty
Since do Yoo a yin comparingthis sum with thegeneral
solution fix aousxta six yields

six É HIII as x E 4 EI


