
 
LectureXLV11 513.3 Convergent divergent series O

1 From sequences to series

Definition If tank n I ai as as is a sequence the serieswithgeneral

term an is the expression an 9 t act as t

Example Lecture95 É it to t t genetic
suigmmthfg.nl

QHow to interpret an

I consider the sequenceof partial sums
S a Example S I
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Sn ait azt tan aj
S n it t then a

l x i x i txt x for x to siren Su 111 i gu
Use the partial sums to definethe series as then limit

Def II aj alms E aj him Sn

Examen Su g i you q 11 o g by limit law

In so so É
Definition If the limit ofpartial sums exists and it's finite EL in R
we say that theseries annexes IL Alternative L is the sumofthe series

If the partial sums have no knit o its limit is to wesay thatthe
theseries diverges



Ite This definition is very similar to our approach to improper integrals O

f fax dx line
a ft find X m É aj huh Ei aj

We will use the connection to RiemannSumsto compute various sums ofseries

show divergence leg harmonic series If I divergesbecause taxdoes
2 GeometricSeries

Recall l x I I txt x l X't
ng

i txt x 4 foxy

A fin II i fig x only gives a memberwhen Ik

So Geometric Series Io x whenever Ike

Furthermore the seriesdiverges if 1 121

x oscillates if xs 1 so it has no limit as n o

fyi x o it x 1

Kt What if we start somewhere otherthan o

II x x x't't x I it xxx't

x É xD It for 1 1 1

Note It k o then X 1 we recoverthe original formula

EXAMPLE É in It t t I lit It ft t g
Alternative approach Add and substract missing terms
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So EÉ En Io In 1 1 1 2 I I
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Same alternativeapproachworks in general

II x i x x't x x x't't fr lyk

so II x Io x i txt x
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53 Application

Impose The onlynumberswithdecimalexpansions with repeated patternsare
rational numbers

Examples O 33 0.3 I 1 I l l T 10g

Why Say Z has a decimal expansion withrepeated patterns 0 251

Wut Z

affinity
anti ants Keita
s terms in repeatedpattern
repeating pattern

Write b bs for the repeated pattern
so Z EI age É got font t fast fastit that

T.it nF
a t y Yost 4oz t
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j Is
in

Now if Z has a repeated pattern but Z o n z 1 we canadd

an integerw to it L2 so that ZtN has a repeated pattern

same as Z and now of ZtN a l If Zin is inQ so is Z



Q How to build a decimal expansion for a rational numbers

Disen Z we write Z N t f with N integer Ocgap
rational in o 1

orp o

by using long division m Z g
So decimal expansion of Z I agree
By ourProposition weshould have a repeated pattern for 1

Howdo we

find it 3 1142857
EMPLE 7 1 22

23 3.142857 142857
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I tfotf.tfstf.tt tf
I t t got

remainder
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Eh Given Z rational

STEPI Use long division to write Z N x with Yager
OS X C I

IR x I o gap ampule the decimalexpansion

of X by doing longdivision adding O's to the remainder Since

the remainders are 0,1 2 p i this process cannotgoforever
without repetitions The pattern will then consist of all ratios that

produced the stringof remainders whenthe repetition first took place
Consequent I E are not rational so they decimalexpansionshave no

repeated patterns


