
 

Lecture LA513.5 Seriesof Nm negative terms ComperismTests

ComparisonTest I Fix 2 sequences of nm negative terms tu Ibnla
Assume Osan bn for all n

Then 11 If I b converges withsumL then Elan converges withsums Ln l

e If É an diverges so does bn

EXAMPLES Is In for all u 1 g lun is alwaysbelowthelineg x

so
n In divergesbecause EI dos
IT g amuses because É I does E E

Future I SEE In 3

WhydamparismTest work Assume a sane bn for all u take

partial sums on both sides

O E Su a t t an e 5ns bit t bn

since Sa I are both increasing they urge if they are breadedabove diverge

otherwise

C If 5m L then 5ns L for n largeenough theleastupper
Then Su E Si EL la n large enough so Su is bounded ith
Converges to L with L L

2 If Sn diverges then its limit is o because its increasingunbranded

Then 5 also has lyin5 o so É bn diverges

Obs We can extend theresult it the auditions hold fr u largeenough

Tsay no no by rewriting both series by separating the first noterms
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II an a t t a no it E an

É bn bit that b
ampanism Test holdsfor this
part Icalled the tail so it
holdsforthewholeseries

In this setting I an E E sa t 9 bi t fans bro

EXAMPLE IF if avenges by comparing it to Zz

He In In th s f e g tr n 3 n ie

so fr n 3 I it s If emerges so EImy anklestoo
Add the first terms to set I E É E E 7 4 3 3

LimitComparisonTest Suppose 39,4 3h1 are un negative sequences withbn o

for n large enough Assume fin any L 0 Then either bothÉ9u É.ba
courage or theyboth diverge

Why Since Gni In L 0 then for E E we can find no o

for which I L E c ang c Lt E E 17 no no

Since bn o we get o sbut an 4 321bn

So if Egan avenges so does but L II bn by Mt the
comparison Test1 Since Lto we conclude that I by also cuseyes
Similarly if É bn answers so does EE s Again bytheComparisonn L

Test applied to ca weget that É an answers
Same arguments t the inequalities i z show that if me seriesdiverges

then the otherone does as well
EXAMPLE IT IE an if

70 we know bn ta



gives a convergent sequence 15130

Now
E s

So by comparison II an aurenges

Observation Limit GuparismTest are useful when we compare to

II t I I II É x typicalchoicest Ebn
for X fixed

P series II Ip unreges if p i a diverges for psi Lectures

If pal then n'en so
Ip I By Comparison Test

II Ip deranges for psi because É I diverges

If pea then n z n so I s Ia so by comparison

II Ip converges for Pez

For lapse we know it Courage by the Cauchy IntegralTest

Let's use comparison instead

Take Sn É Ip we will show that su SII
so E n

is positive increasing bounded above so it must anterfe

Given n pick m with no 2m Then

Sn E tap E É tap
t
Ip tip t gypdaddedmoreterms

I Ip Ip tptfptfpttp.lt tf Imget ggp
groupby
powersof2 Items It

is the largest terms in eachgroup so i



Sh s It Ip 2
Ip 9 t

p
2m

L t Ip t
type t t

gyp I

It apt t
ftp.yz

t t
my

Erm IE Erm Fri
Wegotthe bound toes we were lookingfor É

mm P

It Intef diverges

Take
an luff bn I I

CinttiII YET I go
Tt z to

Since É I diverges bythe Limit Comparison Test It Find
diserges as well

It II auruges

II an Fit III Kittitas Tana
Take bn

312

IET fat it

Since EI I converges I p series with p z i bythe Limit

ComparisonTest so does It Fife



Consequence Rearranging a convergent non negative sequence doesnot
change The sum

Why Say we rearrange to bn leg bi ace bz as 53 91 big

II an a tastes that S Call Sn thepartial
sums

II bn a iotas t 9 a zoo Call Bn

We see By bit bat bst by 9 iotas ta ta zoo
oh
that tazoo

So Bu 5200SET an S

Same idea works in general B E S for all n

But Bn are increasing so the courage their limit is ES

Say É bn B We know BES

Bat au is a management of bn so by the same argument
we see that EY an S E B switchingtherolesoffans Ibn

S B

Cndd S e B B E S so S B


