
 
Lecture LN 513.5 ComparisonTests

813.7 Ratio RootTests
520

513.8 TheAlternatingseriesTest
ComparisonTest I Fix 2 sequences of nm negative terms tu Ibnla
Assume Osan bn for all n largeenough

Then 111 If I bn converges withsumL then Elan converges

e If II an diverges so does bn

LimitComparisonTest Suppose 3944,341 are un negative sequences withbn o

for n large enough Assume fin any L 0 Then eitherbothÉ9u É.ba
courage or they both diverge same behavior

1 Application 1 Proofof Ratio Root Test

Ratio Root Tests Pick sand a sequence of pritise integers fan
largeenough Assume either fry a L n lyin Tan M

can onexist Then nlargeenough

II a futures
it La me

diverges it L I N I

don't know if 1 1 Me anything can
happenRATIOTEST ROOTTEST

Observation Appendix A12 has a refinement if 4 1 or R l the

limit comes from below or above 1

avenges by Ratio TestGtf E E I I

Att RootTest YET CE E Est
f n because Infor by 0 by L'Hapital



It u anngesby RootTest I u In gain
Proof We use comparison Test with the geometric series Eor
or a tail of it for asuitable r o

iE r L since find a L we can find no so that

d uniting

So anti C f Ano

I
so tail In.amI.rmamot9hot2Cf9noc f29no

anots S r Anata 539no AnoEnos 9n IfI
9 Is rkano.fr all k I ran

By lamparismTest1 Ein am unreges so am also converges

tail
2 Suppose L I then aunt an o fr all k largeenough
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f 111ft
n o

in 9no fr u no
E

s an to

This ensures E an diverges

Roottist 1 Suppose Mal pick r with Marat ster 17
o

f tiffins Since lui Tan M we can find no o
n so

so that M E c fan cater for n no

In particular ans r fr n no
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Then EI an e Ehr If because ra

Again by Comparison Test 1 Egan ansenges so É an also conserges
tail

2 Now assume M 1 pick r with M r 1 Set E M r o

p init since hisTan M we can find no o

so that r M E a fan Ate if u no

rn Éthen r s an to all o his
offseason

Again the comparison Test I says 7,9 mustdiverge Then theoriginal

series É an also diverges tail

elevatingSeries
Q What about series that don't hare constantsign
Particular case sign alternates t t t n t t

Cnet If C1 an 9 a ta 9g t with 9h30

EXAMPLES O E EE 1 it it Ghz

If It i g tf to t

Not The alternation of sign givescancellations which in generalhelpfor
convergence

GOAL Decideantergence divergence ofthese series HARDERComputetheirsum

EXAMPLE É Int 1 it it
luz

Instatugy Use an In decreasing
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that partialsums with em and odd
indices

51 120

52 1 I L S

S t t 52 53 5 S

Sq 53 I S3 Sy
Igt Szcontinuing in this way we get

Santy n t EY't't lift San

Iggy
San

Santi Santi z
s Sant

So Sant S z nti San for all n I

similarly say Sant t t I sent ut

Szent I Santa t I 3 San 2 52 nti

so Sant Santy I Santi fr all n 1

Weset
i S 5 5575 7 Samy
12 Sy s sa s s a gam

odd indices

EVEN indices

Sam Sam F S my 3SamEuis increasing3 Inadets

boundedbelow

boundedabove
Sant Sam 7 S2 my 3Samal is decreasing

Sam
n
352mn m bothunreuse ISantiscal Entity so theyhavethe same limit This limit is É Int next weshow it's luc

53 Application Euler'sConstant

Pick an I fix m I bun

Write L legs I t th hun with OE Lea 1

Equivalently align 1 it t th hint o d



Lane Li O Euler's Constant 0.57721566990153286060 45250

Algorithmic notation bn ons if by
We can write the limit H as it It th hunt 8 too

linguine I I t ft E Int lnz

Why Using the inn odd partial seems we know É I converges pager
Now look closer at the partial sums San witheven indices

San t t t t t t t
In

F its ft tie It tf t tin
regroup ODDdenominators EVEN denominators

I t.tt th a It tf t InAdd
substract ti t In it t t t
evendenim

hen 8 to u hun to toll

In an hun to i In 41 to i h 2 to 11
Conclusion lui since Sant San I so both

n
Sen M2

havethe
samelimit

Since leg Sant hi San ha we get Ef hz

A We have to be careful when resuming a series with alternating
sums unless 111 atul converges Morenthisnexttime


