
 

Lecture 111 AppendixA13 Absoluteus Conditional Convergence

Recall A series II an is abilityemergent if II tant annerges
Iop An absolutelyconvergent series converges

Theseries is arity agent it Ei an converges but I 19ns disenges

EXAMPLES IFCIT is absolutely convergent

If It is conditionally convergent its sum is luz

Propose Rearranging a series withpositiveterms does not change its sum

Lecture53 Rearranging EI Int can changethe sum

THEOREM 1 An absolutely convergent series with sum S will have the

same sum for any rearrangement

Why To show this we introduce a positive sequencesassociated to an

Pu lanl tan an if an 0 que lankan
o if an o

z o else an else

Example an I 2 3 0 4 10 5

I
Thetype of annergenceof an decides theconvergence divergenceof I Pu É
Lemme 1 If Elan avenges absolutely thenboth Pn E Inconverge
furthermore II an I Pn E En

2 If II an annerges conditionally thenEP ETgu diverge
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Proof Byconstruction an Pu gu lanl Put An
1 We know convergent series can be added substracted termbyterm

Since Egan EI tant courage then

EI Pn I Ian Ian II tant If an converges

II In It lanl an
na a I II tant Ifan converges

Also II an É Pu g I p E f I this is a differenceof
2 anregentseries

2 Since EI an converges but EI tant diverges then

TI P Élan tan I I Écang
diverges

hit 2

Effin É tant an É I Écang
diverges

hit 2

Iolofthing amongst s We know any rearrangementof itAssume I land
also has sum S

Call Ebn the rearrangement of Ian Then I but is consergent
n s

becauseit's a rearrangement ofÉ tant In particular its sum is S

Now use ph Ian tan S n

a

bul t by
2 2

In lanl an rn lbul bn
Z

By construction Isn is a rearrangement of 3pm
line guy

so Esu Ep
so É n Eau



In particular by Lemma I applied to 394 3but in k we have

II bug I Isn rn fi su I in I Pu E fu Élan
So the sum is preserved

Q What aboutconditionallyconvergent series

THEOREM 2 Assume II an is conditionally convergentThen its terms

canbe rearranged to give a convergentserieswith anyprescribed sum s in IR
andalso a divergent series with sum a r o

ProofofTheorem2 duetoRiemann
First we fix thedesired value s we want toget Weknowbythe

Lemma that ÉPn Itq both diverge sum o

Westartby writing down p's until the partial sum p t Pn is s

orexceeds s forthe first time
Pit Pat pm s but pit thn as

Then we substiact f's until the result is s or less forthe first
time

pit Pn g 92 qui s but pit Pn 9 gig
s

Then add p's starting him put until wegetsnareforthe first
time

pit t Pn f fm t pay t try s

but not tha f fu t pay t t Paz s

Next we sabstract f's starting him m it unless we get so less
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Note that each step can be achieved because Pn o

El fu o for any fixed kzo

EYE 6 it

An

P Pz 263 P Pit P 523 hi 3

P Ratp f f f fy f 4 3

P PetP 7 f f f 75 96 6 5 me 6

PitPat P f 72 f fa f f Pgt Pst Pat P 2 3

PitPat P f 72 73 fa f f Pgt Pst Pet P 88 333 2 8

Pitpatps f 72 73 fa 15 fat Pat Ps Pet P 88 9 333

Pitpatps f 72 73 fa 75 fat Pat Ps Pet P 88 9 98 2 3
This partial sum starts a rearrangement for Zane's after ignoringo's
Pitpatp f 72 73 fa 15 fat Pat Ps Pet P 88.59 g
O 92 93 hi 0 O O O 96 94 as 0 a O d Ag

In general we have
The sums pit Pn fi fun tp tPrism iTifr rearrangement ofan's with o's that can be ignored

if 9m30Reams Pn1 use
9 n fan it

By construction each an appears as Pu or fu only once






