
 
Lecture LV 514.1 Introductionto powerseries 1550

519.2 The intervalofconvergence of a powerseries
GOALS Given a power series an X Consergent for x o

determine all valuesof x that make it convergent absolutelyaurergent
conditionally annugent

Try to recognize this powerseries viewed as a function of x as aknown

function elementary wheneverpossible This is often used to recognize solutions

to differential equations

EExamples
Fix fix If x geometricseries

We know fix converges absolutely frock K by RatioTest
an Ix I so IN

It 1 1 1 É an urges
If 1 1 I É an diverges

Foo I so it anterges
If x I x o yo so Ex dinges4 10

If X l X l I 0 so I 1
If X 1 X l i has no limit so Esg diseases

If X C l x so E x diverges
Conclusion Domainof h C 1,1 fax annuges absolutely in

its domain
Furthermore fix I for Kx i A

Note that cannot be evaluated at x r In particular the

equality in a is only valid fr i x 1 cannot beextended

beyond this interval



E É if it x It t for all x

Again we use the RatioTest to check the series converges absolutely

for all valuesof X o fo x o we get 1

an Yi so anti EI X city NII hat
Gm If

0 so the series unserges absolutely fr all x o

Q Why is the series ex

For this we need to remember that ex is the unique solutiontothe
differential equation f's tox

hi initial audition

Wenextconfirm that II YI also solves the same equation with the
same initial audition This forces both functions to agree

I Howto solve f't via a powerseries

Propose fix Got 9 X t ex't asx't differentiate term byterm

f 9 292 393 799 X't

Identityofseries is guaranteed byTumby term equality
constant 90 9

x tim 9 292 2 927 of
x2term 92 393 93 42 95
X term as 494 no 94 43 43.2 7
Ingeneralm an E
So fix ax a 4,1 unsergenteverywhere

n o n
If Fco I we get 9.0 1
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hlitx X E É HIII
Q Whereis this identity valid

We know bully is only valid for it x o so x 1

Theseries unnerges absolutely frostxki by the Ratio Test
an ftp.t kn1aay 1EtI E

1xl IM
So it wages for 1 1 1

Does notconverge absolutely fr 1 171
If 1 1 1 then lying GII a 40 so theseries diverges

because fly HII to

Indeed ftp41 fgig.tt qy.ygglisomixieth15.1441 o

E
Eustice

If X l If Lili anuses only unditimally by the

Alternating series test I bust so buy bn is decreasing

We saw in Lecture 52 that É ti luk bn hi

It x 1 then I GTII II Let i i y y
diverges this is It wehonour the harmonic seriesdiverges

Gnu The power series converges 17 1 I

Q Ha to guess that he Hx agreeswiththis powerseeds in C i i

I start with the identity I c x validation
NO



Integrate theseries term byterm toget

lulltx f dx f x x x X x dx

E I I Et C EE HIII
To determine C we evaluate at x o

O In i O t C so C O

We conclude ln Hx 7CITI m l i 1 also rabidfoxes

by a separate calculation

These 3examples show us that given a power reins Egan x wefirst
must determine the region where it avenges onlythenwe cantryto recognize
thisfunction as an elementaryme This functionmaynotbedefined everywhere
its domain canbe larger than the domainof thepowerseries

To what extent are theexamples above typical

UsefulLemma 1 If a powerseries É an X converges for s me x C cto

then it converges absolutely for all x with txt lol

2 If thepowerseries É an x diverges for x b then itdingesforall
x with 1 1 Ibl




