
 

Lecture V1 514.2 The intervalofannergenceof a powerseries
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Recall fix a ta xt azx't If an x is a powerseries in x

fix is a function ofX F o a

Q What's the domainof f Name Intervalof Convergence

Q2 Canwe find an elementary function representing f Tools Integrate or

Differentiate termbyterm viewbox as a solution to a differentialequationwith

elementary solution Example ex solves F L
too i

t so does 941
Q2 Can we find power series representingany function ms Taylorseries

EXAMPLE tax It x is defined fr i x al it equals I inthis
range

Intervalof Convergence

VeryUsefulTheorem Consider fix E
n

an X

If tax converges at x C b to then it convergesabsolutely

for all x with txt Id

If Lex diverges at x b then it diverges forall x with 1 1 lb

it s
Example above fix diverges at x I so it divergesto txt I

fix annuges for any lake so it aurugesabsolutely for
txt s e m annerges absolutely in 1 41

Only missing pt is x I We check by hand it diverges

EXAMPLE 2 If41 avenges absolutely fr any x ex

Why Fix any c 0

Ratio Test busy It oh go i so avengestsang es



So By the Thrown we haveabsolute convergence in C c c But c o
1568

is arbitrary so we have absolute unrugence everywhere

Insequence We have 3 possible scenarios
Absolute annergence everywhere

annugence only at x o

We can find r 0 minimal where his abs aurugent in f r r

divergent for 1 1 r r radius ofansengenceROC The cases

x r X r have to be checked byhand separately

Proofof theTheorem We use comparison theorems

Suppose f unrenges fr xtc cto then ane This

means that eventually fo n not we must have lane al Take El

in the definition of limit
But then if 1 1 lol we have

Ian x'l l an E c l taellet s let fr n no

Setting r f al gives

II lanx l s I r or tr t r rn

as

By Comparison aux I anreges so EI laux avenges as well
Conclusion If an x annerges absolutely fo Ik lol

Weargueby contradiction Suppose E aux diverges for x b but

unsenges for x d with Idl Ibl Thenby the seriesannexes

absolutely for x b since Ibkldl But this cannot happenby our

assumptions on b Onlywayout Theseriesdinges forany x with 1 1 14
yet titis Ms g



Consequence Given II an X precisely once one of the following 3
situation

occurs

Theseries annuges for all x and absolutely CR to

only for x o CR o

There is a positive real number R radius of convergence for
which theseriesannexes absolutely for KKR

diverges fr IN R
Loc Rea

Nothing canbe said aprioriabout x IR In eachexample we

must treat these 2 values separately

Intervals of annoyance 113 1 0 a

90

L R R L R R ER R a EBR
2 Examples

In general R ROC is computed with Ration Root Test

I Ri to by Ratio Test

II n X R O

Ratio Test
x o fi ftp.tt 1x1fntD g trallxto

So no absolute annoyance for any x 0

a L R R Ei g IR D
b L R R E HIII Rt

o L R R I R D
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Compute ROC using Ratio Test

I 414,1
1 1 H

If 1 1 1 we annge absolutely This forcesR l
It 1 1 I we diverge

Endpoint analysis

XI É ng t.tt t ET in diverges

It If II 1 It g t luz amenges by

Alternating series Test an 20 an o e an decreasing

d R R É R D

Compute ROC by Ratio Test

I GIVE ME in

If 1 1 1 we annuge absolutely This forcesR l
It 1 1 I we diverge

Endpoints El I I É I p serieswithpea i so it anger

II II is absolutelyconvergent so it converges

Q What if we have E an É
1 Computer radius of convergence fr Ian Z m Roc fr fix isalsoR
z Intervalofconvergence for Ian Z say R R then IOC

17 Lex is E Rtc Rtc shift Ioc by c


