
 

Lecture LV11 514.3 Differentiation Integrationofpowerseries
570

519.4 Taylor series Taylor's formula
Derivatives Integralsof powerseries

Thinkingofpowerseries as polynomials with infinite tails weask

Q Canwe differentiate integrate powerseries team by term

É YES but the reasons are ratherdelicate weneed uniform convergence
from AppendixAls

I Fix fix aux with radius ofconvergenceR 0 so fix

is a function m C R R Then

1 fix is continuous onC R R
2 fix is differentiable m C R R we get flex by term by term
differentiation flex E an x Lao ta xt aex ta X t

a t Zaz X t 39 X t É n aux

3 text can be integrated term by term m C R R

I heat I ant dt EI faut'd t an If a

Observe We can repeat the process in 12 f is a promseries its Roc

is R andget that fix is infinitelydifferentiable m l R R

dff EE n tu i In kti an x Egg an x tsk33

2 Application 1 findelementary functions frpowerseries
EXAMPLE I Lex EI 1 x fr x in L l D

Integrate term by term to set

http at É É l tidt I 41 t HII
This equality is valid m l i 1 X E ft



I Can we push it to x I 1 157

A Fn x 1 In z I I t ft time

Fo x 1 in co i i i i t
e 9 bothdiverge

I

EXAMPLE Lex EIEi has R t byRatioTest

Compute t term by term

f É II EY ni É II txt Et t f

So f is a solution to the differential equation yEylycop By uniqueness
ofsolutions we get Lex ex fr all xmR

EXAMPLE3 II n'X x 4 2 9 3 16 X t

Claim ROC 1

Why Use Ratio Test

I ftp.ttit jixl g1x1
Enrages if 1 1 1

Disenges if 1 1 1
soby definition Rts

So Lex IF n'x X It 2x 32 94 t is defined on

1 1,1 It diverges for x I simunciiji.tt
In particular six also has ROC 1

Q What function is represented by fix
I We work with g instead Sox xÉ n i x

Integrate gex term byterm hix f g it It also hasRoc l



hix E I Ina t dt II na EI EI x

x 2x't 3 3
X

ltzxty.gl
The function j also has ROC 1 Jax É CtDX
Weintegrate j term byterm get a new functionPex with ROG

Pix jet at EI last at I Iast dt ÉÉt
If x xxx't x't x it x X't

Is
Now we reverse the process bythe Fundamental TheoremofCalculus

Pix Ex m Ex Pix j x

jax hYI Ix
he X j x T

Ey
Se g ex h'ex I II x X 211 x l l l X I X tax

gigl x l X

fix X six LIF
Conclusion fix yt can be expressed as apowerseries

or 41

namely II n'x
53 Application 2 Taylor series
Fix fix EI an x with ROC R o

We know G F f f all exist are powerseries withROCRa

f x 9 t 292 X t 393 X 99g X t

f X 292 3 93 X t 9 394X t



f X 3193 9 3294X t

11 x 4 9g t

series vanishingat x 0 withROER
me

So fl o n an to n an fires

TAYLOR COEFFICIENT an f Yo

Conclusion If a function can be representedby a powerseries withRoc R
then the series must be the Taylor series around x o ie

fix EI th x too t t co x fig x't E3 x't
Q Canwe reverse this Meaning assuming we havea functionwhich is
differentiable upto any order at x o we canwrite down its Taylor series

II fig x Does this series represent fix

I NOT always

41 5 3 tax
e if

we can ampule all G byo if X o

definition weget f 8 so for all n This means that theTaylor
series is EI o x 0 But f is not theconstantfunctionO it's

just almost flat aero

Easy extension Taylor seriesofa functionb around a fixedpoint x c
in the domain of f is I FYI G c

no

Naturalquestion When can we represent h by its Taylorseriesaround
apoint c in its domain ie when is fix É tidy x c I



It's enough to focus on the case c o Assume theTaylorseries has
ROC R 0 We candecide a by estimating the error ofapproximating
f by a truncation of theTaylor series This is the so called Lagrange
RemainderFormula

Snax Go t f co x t flog x't I x t t fly Xn
polynomial ofdegree en in x

Call Rix Sn lx fix Remainder

Proposition II fI x converges to fix it andonly it IRN E
for every x in C R R

A This becomes a useful statementonly if we have a formula InRN G ex
that we can use to check 1Rn f ex I

LagasseRemainderFormula

Rn flex 13 x't for sme b between o e x

QbsWecan extend this for Taylor series expansions around c Then

Rn f ex fifty x c
t
for some b between c e x


