
 

Lecture 1111 519.4CantTaylor series Taylor's formula
1580

ÉÉlT Taylor series of a function f centered at c with c inthedomain

of f is E II ex c
Weneed t to be differentiable up to any order at x c

Q When is f equalto its Taylor series aroundc

A Not always exampleforlast lecture

Netappmech Truncate theTaylorseries byworkingwith a partial sum
estimate the error in the approximation

Write Snax fee t t ca x c t f x c t tf x c

This is the Taylor polynomial ofdegree en C N if free o

Write RN f x fix S N x

Proposition II EY x c with Roc R o unregesto Lex if

andonly if IRn flex 1 y for every x in C Rte Rte

A The no that works for an x may notbe largeenoughforanother x
Thisresultis onlyusefulforpractical purposes if we havea formulaforRID

LagrangeRemainderFormula Rn flex 133 x c
t

for b inbetween
X C

Q Whyshould we expectthis

NI Ro f ex fax fee f b X c bytheMeanValuethem
The proof for higher N will involve theMeanValueThem as well

Another reason Say f I kid x c with Roc R o



Then fix Sn ex É II lx c Io II x c 15820

En a exes Yg's lx ont't

Lagrange Formula replaces this toil by 413 x c
t this value

looks very similarto the 1st term ofthe tail

2 Applications

Show et EiEi
We know by the RatioTest that Roc R 0

Q What is theTaylorseriesofex around x o

fix e m too est

flex e m t o so the Taylor sues is Io II
Fenix e m falco

Remainder IRn et ex I 1 If int l Iffy x't't wifewith b in betweeno e x

If x o le't se's ex
If x o tell e r e I M max ex

k b o bk
So we can bound Rn ex x I independently of b Weget
IRnlena I s IIF M 30.17

0 because É amuses

In conclusion Rn Ce x ego for esay fixed X so ex is

represented by its Taylor series as we already knew
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Taylor series for sin x We take x o as thecenter

Lex sin X m Flo O

flex as X m f o I

f x Sen X m f o o

f x as X mis f lo I

f x sent me flyo D we repeat from here on

Conclude Taylor series only involves odd powersof x it alternate

signs t t pete

Taylor series x E E 7 t EI
Only odd powers is consistent with su x being an odd function

sentx sax
Radiusofannugence

an gx.iq

UseRatioTest

Cnt3 Ruth Lutz anti

145,5
y

ent t.at sants

frany fixed xSo Roc too

Remainder formula
I Rnlsmx est 415,1 x LEI tail I

fly I sub or Iasb In both cases If'T Is

So IRn smx ex I E EY o
n o

17 each fixed x

Conclusion sin x is represented by its Taylor series

sax II 43
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Taylor series for cos x We take x o as thecenter

We can follow the same argument as sink or use thefact that

we can take derivatives termbyterm

as x smx É c it gig 1 7 Itf I

I E t c i 3
with Roc too the series representing as x is theTaylor series

of as x byuniqueness
Note Series has only EVEN powersofx again consistentwith as x being

an even function

Taylor series fo é
Wecan substitute z by x2 in the series for e

n

has Roc too so ité É II É
must be the Taylor series for ex

Appia We can un this to approximate I e dx by integrating
theseries term by term

j e dx EI ti I ax É H x
o n anti

II
n n s Is at t

Pick a partial sum as an approximate value for I e dx
Q What about other centers
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Taylor series fr ext
If the center is 1 we can do the same substitution trick

ext E If
It the center is e we write ext exe

so ext e et e É II E e it
Taylor series for sin x centered at x E

SI Compute sin I as I sure as I etc
Y o 1 8

Taylor series is EEE X E

Check ROC to IRN me
ex I ego forany

fixed x

Sole Write sin x as lx E

f
mx

so sax as

I É EI K E
Taylorseries feast at 2 0

substitute Z X E
3 Proof of Lagrange Formula

Pick ceo as the center write Qnx Iffy h x 0

We want to show that an ex FYI
ty for some b in betweeno ex
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To do so we fix x 0 define a new function Fit for all

t in between 0 X

We use fax fro t Ig X okgo x o t thing xoft Rn f ex

front Ip X okgo x o t 1g xoftQnx xD
Wedefine F t by replacing everyoccurrence ofo n the RHS by t

taking the difference between tax this expression

Fit fix hit t x E Ey lx E LY x LIN QINLEE

Lte F o O

F x fix fix so

F is continuous m Co x because fits fits Kit are all
continuous X t x t x t Nt an as well

F is differentiable on to x for the same reasons

By the MeanValueTheorem applied to F we can find b in lox with

F b 0 Fill
All that remains is to compute F We look at smallvaluesMN

tryto get a pattern

NI Fit Lex fits f it lx t Q x x t

F'it f t f t x t F'It L i Q lx Z HDID
f t Q x 2 x t

So D F b 8 b t 29 x x b forces

O f b t 2 Q x my Qi ex fly



NI Fet tix fit t it x t Ift x t day x t
1580

F t Ft Hat LHD LH x t

fifth Q ax 3 x t G

Elt 39 ex x t

so 0 F b 1 s 3Oz x LEE frees

D b t 3 012 x m Q2 x Ifb
For general N we'll get similar cancellations thatgive a single formulafor
F t namely

F t HII x HN Itn Onex x HN LEYE HOWLED
N

So 0 F b 1 13 Nti Aw x x b forcing

0 IT t ti an ex m Onex Gtf
Conclusion Rn f ex Onex x 1

1 x fo x 0

Theformulafor an arbitrary center c follows by changing cables Writing
Z X c thecenter c fr x becomes the center o fr Z

fix g Zte Rn g z III z fr 5 in between
O Z

New ft ex g etc Rn b x Rn g z so we set

Rn f ex II x c
t

b 5 to in between C x


