
 
160Lecture LX 514.7 Operations withpowerseries

A16Divisionofpowerseries

GOAL Use algebamanipulations to ampuleTaylorseries ofa function f

with Roc R to without explicitly computing all Utc In particular
we will use the followingtools

1 Substitution

2 Product
3 LongDivision

KY If t is representedby a powerseries an lx c marx c then

this series Must be theTaylorseriesof f with center C UniquenessProperty

51 Substitution of one series in another f gas

EXAMPLE fix
I It xxx't fr 1 1 1 Rocof f

Q1 Series t I
I six X assume IX I I Rocof G

Then fix It x Ix t É x 37 x

has ROC 1 T

Q1 Series for Ex
A x EI x E X

s
also has Roc

Gaim O has I has h fo it
n isnotdensibleby

n otherwise

Taylorseriesfish withantero is E x Eth x





16030
Coefficient fr x I

coefficient pox
what d x I
coefficient for x o

In general we'll get very complicated formulas

EXAMPLE2 Lex lull x x t It with Roc I

fix I I I Xt x X t with Roc 1

So fix fix x X X XY t X Six

I I It Six

It t Six

i

x Itt X't ITE t X HEAT X't

So fix six É II t th X

Q When can we use this technique

A We are rearranging a series to collectthe van's termswiththesame x
so weneed fog to converge absolutelyx x

Gc It will work if he g an powerseries with the samecenter

1 15 minsRoc Gl Roc g

ProductRule Set tix Egan x six Ibn x with

R Roc f 20 Rz Roc g o Then we get fg by
team by teen multiplication adding along columns

9084

90 to 90b X t 90 beX t 9053 3 t
sixsix I 9 xbox t a b x t 9 32 3 t
92X six notermsbelowthe az box az b X t

staircase 1

hobo 90 bit9,80 x 9obatabtazbo x't
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So fix six É Iggy

the series amuses

absolutely if 1 1 R min 3 Ri Ral

9Why doesthis work

I Take partial sums fr f g multiply them Together

Sn got 9 X t 9zx't t an X

the bot bix the x t buy
h

m Sntu É É 9kbp kXP
auto it k n

Rearrange Su th as i bp ie o ifples
9 bo 90b 90bz 9053

Sum along antidiagonal is
49
boka b 9 beta b

x Tazbotazb azbe aab thepartial sum ofthe series a

By absolute convergence we can
413 by

93be 93b n

getthe same sumRows aix g x
Columns bjXJ fix

Lay Sntn I fix six

Way Series in A

A We really need absolute auregena for this towork

EXAMPLE fix If C 1 x
Int

t
f t notabs ansengent

at Xel only
unditimally convergent

suits six 1 Ii
EI to yagna X This seriesdinges

for X l but
Gen exists
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3Division ofpower series

DinisinRule Given fix Go ta x tax't six both xxbox't

with geo bo to we can determine fy bia longdivision Theresult

will have a positive radiusofauregence if he g do I Needto avoid zeroesofg
To keep things simple we can always assume boil

EXAMPLE tan x sing will have a powerseries expansion with Roc I
cesenthrough Roc for sax as X o

longdivision x 31 Ex t tank
X O E 41 Ox7,1 It six

if YI Ift
Fox t

I I t

t

Alternative Writethe series for tax do sent byProductRule

Key as X I t himsm x so we can write at as apowerseries

AppendixAIG

Proposition If gex II bn x has boto Roc 0 thensty has
apower seriesexpansion around 0 with Roc o

Why 1Propose y Ifan x
2 Write Efx EI bin x 1 find on by recursion

since I II E Chbn k x boo boc tb co x t



so const term I boCo 16060
mo co I

X term O boc t b co me if
X term O be Cz tb C baco my Cz b c beco hah

be
Continuing in this way we get a formulaforeach on in terms of bowbun

3 Show the series II eux has a positive Roc

tow Write an É buff for all net

1To simplify we assume bot otherwise
Ix infighting

Since É bn x has Roc R o pick oars R get that
1 Ibul r enrages This forces but ago

In particular the sequence 3Ibn Ir En is bounded we can find V71

because box with Ibu r e k fo all n
Ibn E In

Now use an Egbn u ca for all net co 11 1

So Col I 75

191 I b Col bil s

teal I b c t bacol e lb C I Ibach f I tf k 2

le I b cat bae tbsCol ethical bail 1334 e72 1,1414 94
z

In general Ice1 5 24 II for all l 1

Check Ice l I biceface t t betel e lb ce.ltbzce lt tlbeCilt
E K 2 He 14221Rafe t t Ye i 74 tHet



It I alizeat t 2 171 kf 3 1

2 II safety if
This confirms our formula

Thisgives II tant Xt itÉ lent txt s it É 2 In 1 1
It CII

and this series converges if 12K e E sematicseries

1 1 SE this is true forall RR

meaning we need 1 1 272 Is absolute aureyena ofE Cux
Gun The radiusof antenna of Esux is at least Iz 0


