
 

Lecture LXI 519.3 ant Differentiation Integrationofpowerseries
d

AppendixAls Uniformconvergenceofpowerseries

Derivatives Integrals ofpowerseries
THEOREM Fix Lex EI an x with Roc R o Then

i f is continuous m L R R

2 f is differentiabletermbyterm on l R R f x a t292 393 7 nay
3 f is integrabletermbyterm onL R R f fix dx É 9nnI C

In particular thesepowerseries all have radiusofconvergence R thesame

9Why is this true Let's startwith a s and show Roc 2 R forbothseries

First attempt at c Assume weknow the Roc fish is R bytheRootTest
so lyingx1 tant 1 1 him Fant s sins annergencen o

I firesdivergence

This says R
Ing
n o

Aside This assumption isverycloseto always beingtrue I himsupplant

Then his Hinanxt lyin if Tani 1 1
Item To Typoseries in 2 I

a
A ByL HospitalRule Inf I lun g

soleg tie this4 0

Then fin Tu e 1

Then theRootTest says wecourage it 1,4151 desenge it 1 71

Gd Radiusof convergencefor É nan x is R

Second attempt at a We show the Roc fr la is R withoutexploitingthe

RootTest for fix



We know E faux I converges if 1 1 R 2618

Given x in C R R we can always find E o satisfying 5 1 1 8 lies in IR

tr la ily Then theseries Eilaulx avenges

here we are using tix converges absolutely because O Fa R

Claim In x I E 1 1 E X for n largeenough
This will say In In an x t f En tant I so bycomparison the

Tangenttail nan x will anserge absolutely it 1 1 R so thefull series
no

for z will have the same property This will say Roc fr z is R

Proofoftheclaim we show I n x I s Ix TE for n large enough

Indeed I int Ix IT 1 1 Ig
IX KHE

http jiiIfYe É we know tni suite for neansemough

Onlymissing point we still don't know whythe seriesfor a is f

First attempt at 3 Rewrite II an C as I bux so bo c

bi ao bas g b etc

In particular Ibn I Ian l
na

I land for n 0 This gives

II Ibully Ct EI Ibn lx C EI but lx Ect lanlanty

Ct 1 1 E.fmg anixkR

By comparison we see that II Ibn txt also converges fo IX CR
Conclusion ROC for series in 13 is 2 R

Once we confirm that 2 213 gin the series for f's Styx this willforce

the series to han ROC exactly R otherwise Stix dx fix C would



have ROC 7 ROC f So R ROC ROC f R genes ROC GI RUN

Similarly if f f Lex dx has Roc ÉmÉoci f fix dx
This gives R Roc f 7 Roc f fix 2x 7 R forcingRocStixdxFR

shownearlier
key thing we are using derivation integration an inverseoperations toeachother

As with 2 we still needto show theseries 17 3 fires f tix dx For
bothofthese statements we'llneed the notion of absolute convergence

2 Uniform convergenceofpowerseries

Recall fix E an x If an x t Rn f ex

Inca nthpartialsum

Proposition If Roc off is R o then Sn G ex I fix if and

only if Rn f x ego for everyfixed x

In other words given E o we can find No No x e o so that IRN flake
for N No

1 No inprinciple depends both on E X We wantto removethedependence mx

This is what yields to thenotionof uniform convergence

Definition Uniformannoyance No is independentof X as long as x lies in

R RT for R's R Ino willdepend on E R butwillbethesameforall x inFR R
Moreprecisely fr each oar's R fixed we have Rn x go uniformly

on LRSR ie No No E R is independent onX

Proposition The series tix II aux converges uniformly m C R R for

every R R ROE f

Why Since 1 1 ER's R we get IRnix I It ax EÉlan É



So Rn f ex I E EE 19k R tail of EI lanl RD 16190

Since f R1 converges absolutely because as RKR we can find No No ERy
where I II lakki I s E

I Limitofseries not partial sum

Combining these 2 facts we get IRN f ex c E fr N Nole R

Uniform convergence is a verystrongaudition It allows us to finishproving
ontheorem

Consequence 1 Power series are continuous This was item I intheTheorem

Why Assume we are given Xo in C R R We want to showhimfix L
xoxo

Pick any E o write f usingnthpartialsum fix Swept Rna A
polynomial TAIL

Q What n should we pick

Pick S o with R exo Si exo exo tf R S R works

I fit t RXt Xots

Set R max 3 I xots I Ix 8,1 by construction

R s xots R R C Xo S R so lots I R lxoS.IR

Byuniform convergence we can find No No E R so that Rn y CE
forevery y in L RSR every N No

Pick N No in x write fix Sno x Rn x

If X E R R then Rn Cx E
Since Xo u inCR'sR then IRn Cx

Now I fix fix I IS no x Rna x Sno xo t Rn Xo



I Sno x Sno Xo Rno x RN Xo 16150

regroup
I snow snow It

the thinglatble alt bl

SinceSno is a polynomial it is continuous atx so we can find Sa 0

so that ISno x Sn xo S f
To satisfy all the conditions pick S min 3 Si SaE 20 Indeed

ka teal E

Lege't te't É if ix ks
SESa Ses

Weconclude that him fix tix
x Xo

Consequence2 Term byterm integration

Why Assume fix E an x has ROC R 0 pick Read R

Wantto show I E an x ax I anxndx EI.am I
To this end we again write fix Sn x Rn x forsomesuitableN

CONT CONT CONT
bylinseyD

All 3 pieces are continuous use Consequence so we can integrate

Sn x is apolynomial so we can integrate termby term

I X dx angst I
I fix dx Snax dx Rn f dx byadditivity

I an if I I Rnladx É any I
Est I Rnlx dx I tail of É faux'dx I go

thi's anumber



We show this by uniform convergence d
1610

Given E o we want to find no with 1 Rnex dx s E if N 3 No

Pick R max3 lol I d I C R choose no so that IRNexits
it N 2 No forany x in L RSREi k FER t d th

wecandothis because Rn x o uniformly
MCRSR

Then I Rn ex dx I e IRn ex dx c fEed x E x E if nan

Guam f Eaux dx Ct EIan
Consequences Term by term differentiation

Why We wanttocheckthat the series gex If nan x with Roc R o

represents fl Since gex is continuousonC R R by consequence we

can integratetermbyterm by Consequence weset

I sit at f EE nant at EI Inant dt.EEant EEaux
x L x 9

So fix ao t get dt is differentiable by theFundamental
TheoremofCalculus flex gex IT nan x as wewantedto show


