
¥19: 83.7 LinearTransformations from TR
"

to Rm
①

GOAL : study functions between (subspaces of IR
"

& IR
"

that respectthe
niter space structure on both sides ( that is

,
addition andscalar

multiplication) New

Note: Choice of coordinates for finite dimensional sector spacedwill allow
us to extend the notion of linear maps to F : N →Xxl dunk

-

-n

ur?Fp9×
→

12 dimXxl = m

(We will see this in § s . >
,
next time )

basis ButBix R
"

→Rm linear

We start with examples : everything will boil downto one prototyping,
namely multiple#bya-fixedmxnmahixsslxample.rs

:

3

F : R→ R In=3
,
ma )

¥;) ⇒ x
,
tsx

s ( this is a linear expression in the
,
qq.kyo.gov

= X
,
to . Xz t 5 . X 3

We can realize it as multiplication by A-[ I o s] ( 1×3 matrix )
F ( x) = A - I =

C ' o s ] I ¥} )
Q what does

"

F is linear
"

mean ?

" l F ( (¥} ) t f}!) ) =F ( f ¥g¥g!) ) = With ) -15 ( x stys) .

= fxitsxs ) t Hit 5937 = Fff ¥})) -Fff /
So
,
the image of a sum of z rectos equals the sum of the image of these 2 beaters

(2) F f d l ¥; ) ) - F ( ( {¥;)) = HH t 512×3) = d ( x its xD .-LF
So the image of a scaled actor is obtained by scaling the image of the actor .



Objective can ret 't 6- a line or a plane through the origin mR? and
②

→ plane fanfiction to subspacesget 2 "

new

"

functions Faith : IR
, III :

#→R of RI domain off)
E?
's:hEii÷÷÷÷EI:L.'TE.

main "
(v, t 503)

.

Frumpte : v= I'g) ,
so L is the x-axis ink .

Then
, FIL) is the whole R since

" =/ }) Again
, Fff =L • Ty,,=µ

FILE)) =L & his a-nymohu.ee

" I }) Now F ( ffg) ) .- htt52=162 Again , FLL) -- IR

• IT plane is the linear span of z d. inches in R
'

, 0--1141,4=11})
so FILE;D - Fly to D='M +FINE;D
- - Heiman

i. End
+ nFfk
→ ←

these vectors completely determine FIE)
trample:@ r-- I

'

: ) in -- II) F4¥g? Fll!) ) - a -dell 's) )TL = xy-plane
'miR -

Note : F (y )= O
= '

q what other vectors go
to o ? Only need 2=0

,
so only rectors mappingtoo in IR

are those in the y-axis ( that is , scalar multiples of fog) )

4) v -- f'g) in -19 ) ftp.YD-fffqp-dtss
E- xz-plane in R

'
=LFff

'

g)ftp.T/f&))
Q : What uctrzmep Too ? Need at5B=o so a

Is

in xz -plane 1¥
. ) =
-SBL 's) to 19 ) -- BI

-

E)
A- The line L with direction f

-

E) through the origin mapstoo u R
Nothing else maps to o

.

In both cans
. Fit) = R e 31¥!) in R

'

iFff¥;) ) ⇒f-
a linethrough

-

:
190,4in IT

.



DEx2 We can get a linear funtime G : 1213-3112
'

by z linear
③

functions F
, #→IR ( ist coordinate for G) .

e

E. R'→R Ci
'
-, .

" GH -1¥ '¥,)
xampte : I

, ee , = . X
, tsxz = ( 1057 1¥;)

Fux, = 3 X
,-7×2+8 X , = [ 3 -7 8) f ¥§)

then GV " -

- f : : "**,) - l 's DIED
-IN taxi = : A

Cinema G : R'→R
'

beams matrix multiplication by a fixed 2×3
matrix A 1 NITE : ¥ rows of A

= 2 = dim target space 1=1124 )
alums of A =3 = dim domain ⇐ 1123)

huuialobsewatun : what are the images ofthe canonical basis elements of 1123 ?
• G ( f

'

g) ) = f ;) =
est column of A

" " e" " )

• G ( ( I) ) = (9) =
2nd column of A InothyodsTh7rectors Glen , Glen & Gees,

• G ( f ! ) ) = f ;) = 3
"

column of A | detesting a

§: Another way of seeing this ? =

Gy = Gl ' tHLEEMING 1111144411
sum of 3 techs

⇐ Eia HDMI -4147191+441%9
ad

, IA) ooh IA) addA)

Conclude The 3 boxed Rectors debinine G IF
A 1¥]

Fix A we went earlier
because they determine the



④
Q .

. What rectors 1¥;) got cool under G ?

To answer
,
need to sole A 1¥;) = I :] → A- = Null Space of A !!!

In this example : f 's 78 ) r
.
I 'of IT I Ly

"
x Tx's

so Null IA) = ) x , I : is arbitrary } =L IT)> ahead : Gfi ) -- tf -- I 8 ) v )
Q .

.

What actors lie in the image of G m R2 ?
To answer this

,
we have to find vectors of the frm GG¥} )) as we tag 1¥;) in R?

G A 1¥}) .- l ! I 8) 1¥,) -- x , uh , AH txzwkl A) t X sad 31A) for Xi, xyxz in IR

so Image of G = Column Space of A ! ! !
Note : rank (A) = 2 in lol Sp CA) lies in R

'

,

so Image 6=1122-

fun cdsp IA)

Inbotkexampl : . Maps are determine by multiplication by a fixed matrixA.Image of mop = Column Space of A

•
nobis mapping too = Null Space of A

These 3 things will be true for any linear mop T .

- Rm→Rn
.

§ 2 General definitionI --i
def : T : Rm→ Rn function is a lineationformation if a andituns hold
l ' ) T ( Tito) = T tu

'

) +Tee) for all ii. it in IRN (addition isrespected )
e ) T l L I

'

I =LTui ) for all I
'

in IR
"

& dmR (scalar

New : I :R¥ Fix , =/ "
-x×zt①f%"nai! linear mYYd)

←
2X, -1×2
-

Fll 'ol ) -- tot it 11911=191 and Fll 'd tf :D#Iliff !)\ -
-

- 2)

But Fl ft ) ) #493) =L ; ) tf 's ) --TH 'D ) → bifilar "



Nmixamplez : F : IR →IR Fey .- ex is um - linear
⑨

Fco, = I , Fl 1) = e
I

go , tFli )
= I te f e #( oxy

Fk) = et f z e -- Effy
N & K) fail .

§3Speiualaas:T:lRm→lR
"

linear

•/n=m=I mrs T : IR→IR linear G : What does the fruculafrt
look like ?

Ihop T.IR→R is linear if and only if Tex, = ax for a
fixed an R .

Moreover
,
a-Tey .

Prod : .
Tex, a- ax is clearly linear Tcxty) - alxty) off,

°

. Thx) -- adx -- Lax
-

- LTH,
• If Tis linear

,
then Thx) = IT Taha

,
,xT¥a = ax for a .tn!

• /m=i,nabitnary-f m, T: RI> IR linear g. What deff look

Jhepz. T: lRn→R linear if and only if Tex, = Tix fr some
w

audit Iink .
Mourn If

' '

Faux

Fixed

Prof : . x -Det. X is a linear map

• Now
,
assume we have a map

T: IRL IR that is linear
.

Then : Tff ¥.in/)--Tfxif!/txcf&.o1t--txnl& ) )
- - -

sum of n rectors in IR
"



BIT
,

T is linear so
④

x. l t - - - txt : ) ) -- THhttp://t.t-ttxnl?gD,.tmanxiTf!)) t k Tf) ) ) t - - - -t xnTff ! ))
÷ ÷

.

= u
,
X, tuzxzt - - -t un Xu = U→Tf¥!) .

§ 3 General form of T:IRL Rm linear
- - -

-

• We build T fromm#un# T, i IR
"

→R llstarrd)
Tz : IR

"

→ IR liford)
i

Tm .

. It"-Ruestword)
By Prop 2 : T

, Ix, = of 1¥) I m R
"

T

? Hi
-

- Fi 1¥:) iz miR

Fmx, -- iii.¥:) Ii miR

sot¥i÷÷¥±t÷÷÷¥t Ii:L
=A mxn matrix !theorem : Every linear transformation T.

. This Rm has the
fun They = Af n) for some men matrix A .¥÷¥¥

.
Yoenis:*. itihanth:



Prof : .
First part we know from the earlier discussion ①

. In the second part , we only need to use that 39 , - -Kul is a

basis for R
"

& that T is linear
f-
basis property

T ( f
n) ) -- Tf x . It n - -t xn f )
= THI !) ) t - - -t Tf xn ) )
= x HIDY t -

-t tufted
-

-Fiegel :)
This hasto be the matrix A

.

Exercise:Find a linear transformation F : IR
'

→IR
'

such

that Fll :) ) -- f } ) ,
F l l 'd ) -- ft)

Is F unique ?

Solution : write e
,
a q in terms of f :) & It]

(we can do this because f f ! ) , ft ) f is a basis for IR
' )

l : I
" "en :

"'%,
so They = -F ) tf CK))

= - l 'd + Itt -- fi)
conclude by theTheorem that µ)=[k¥)lY→In particular , it is unique ! -


