
Lectured § 37 (cont) Matrix representations of linear maps ①

Recall.- A linear transformation T.IR
"
→IRM is a map satisfying .

.

T I→TLE)
47 Ttu tu ) = TLE ) t TCF) for all I ,Fink
G T CLE ) = L TLE) for all it in R

"

,

LER
.

We can view Tix ) A ± for some mxn matrix A .

§lNullSpaa&Rauge_

Fix Ti Ri→R
"

linear transformation
We can associate Two natural subspaces IT = NullSpace &
- -

Range
Defy : The Nude (or kernel) IT is the set of vectors

1¥:] in R
"

mapping to e .- f :o) in Rm underT
,
that is

W ft) = f Fink
"

i TIE 7=8
' ink}

Def 2 The Range of T is the image ofT, that is
-

:

Rtt) =3 J
'

in Rn : we can find it in Rnwithtusfw}
Our interpretation of T as multiplication by A yields :

TY :
. MT) = NIA) & RCT) = lolSp IA)

( null space of A) f-Range of A )

f- nonlinear : isedR÷im:Yt¥



We define nullity LT) = dim Nlt) f- nullity (A)
20

rank IT) = dim RCT) f- rankCAD

corollary : dim Aft) t dim RCT ) = n f-Hadst) )

Example : TRIM' TV 1=[8,9/11]
• MM - MIKED l ' →to -I

so xi=xz=o NLT) = If :)) → nullity LT) - O
•RIT) = ? Subspace of 1123 with dim = 2-0--2

so it's a plane in 1123
.

RCT) = Sp ( [ §) , f -I )) & dime so we

get the equation by computing the nirmal 2--14) x fog)
E -

- att ! I
.

-

- al
So Rft) = 31¥;) : 10x

,
-Xz -2×3=0 } .

Ss presentations:

Ebs : tog because Es;gof in both KKR
"

÷EkRm
&

f = out for any ink\ so TLE ) --Tco .E ) -
- O TCF) = J m Rm

.

¥e :
E m NCT ) & J on RCT) ( we knew this because NcteRCT)

are subspaces ! )



MERepresntatimthwum.LAmy linear transformation Ti R
"

→RE aan③
be written as T ( Fy = AF ,

where the matrix A of size in xn has the
form A = [ Tie.) - - -

-Tien)]( canonical bts elements in IR
" ( in the given order ! )

Alternately : A = coefficient matrix for the linear expression in each word .

4THYin) ) .

Example : T : R
'

-R
'

TV d) =L I IT
, ) m> A = [ ; gas]

Here
, ti fool , = lol , Ttl :D - I :] & THE) ) I

GI.. T is completely determined by its values on 3 e . . . . ., en }
But

, why is the canonical basis better than any
other basis for R

"

?

Answer It is not !
fame

number of vectors as dim ITEn
=

.

Boponline. given a Leggs -- hi, . . .. } fr Rabbi3wT . . ..WTO's in Rm ,
there is

a unique linear transformation Ti IR
"

→Rm with Tui put , . . - -stfuput

Example ( last Time) : T ( f : ) ) = I } ) , TI LL) ) = I 'g ) determine a unique

hfinyfnagsf because 3C: ) , l 'll is a basis for R2. I : Tee , = HEI F

① This is not true if his . . ., but is net a basis .

Exe oil;] Eff) l -d vectors in
we cannot have a linear

iii -- {
'

g) wi e f f ) transf T: R'→ 1123
with This --wi e ThiFIE

why? E-T ( Fa) = T ( z .¥1? I
2T (¥7 ) = Ziti|

tu !Fait? Explicit linear deepen '%Tg In ii.is does nothold

frwT.iidAwt@quple.Wecannot hare Ti R'→R
'
linear with Tl f- I}] ,

TV931=41 a T l l t ) ) -- II ) .

I



Why ? E ;) = I ;) + lo, ] qf Tff ; ) )
= Tht)) t Typ) )

⑨

[ II ⑦ I } ) t f :o) ThisisfalseSo T linear with the prescribed assigned values for e. , ez e l ;] cannot exist.
Thief -of Pdp : Since 13=35 , - →Tiny is a basis for IR" , any vector Fink
can be uniquely written as Tying for suitable in , , . .in
(Red : [ v) B =L !) coordinates of F with respect to the basisB)
Then

,

"

apply T
"

to the boxed expression & use the linearity properties

(Remember , we are trying to guest of TLE) !! )
TLE) = Tf a. Ii t . -

- t anti ) f- Tfa ,F) t - - - t TKion )
Prof Ll)

= d
, Tui , t - - - t an Tt Fn )hope, ⇒ IE →HhenmeiusqthffhfgaibedConclude : T (F ) = [ WT .

. .
. w→n ] [ E)B
-

-

- .

matrix of This , . . Thin ) .

Candle : This map T is linear ( TCF tu ) = ITF) TITE )
TIA F ) = ATIF ) )

Taking coordinates with respect to a basis is linear !

Given B basis for HT , F: R
"

→R
"

is linear
.

F 1-[F)B
Q : Why are matrix representations useful ?
A : Allow for fast compositions !



←squinter !! ⑤

Esop : given F : R'→RMT
,

G : RYD→ IRS two lineartransf
then the composition Got : IR

"
-IRS defined by

Goe : IR
" Rn -6> IRS

( isham :TiiEiharnaE "
" "

s

Furthermore
, if IT E) = AT A of size mxn

,
then

Gui )=Bw→ B - sxm

the matrix representing Got is BA (size s xn )
.

LETRyIMT:] We must multiply BEA in thesamerduar
we compose GIF .

•Before we discuss the proof , let's look at an example .

txample. I' R'→ tf Ff ) =L I;I¥,] A -- [ 'o
-

I 99 ]
G : N -R

'

Gil ;:D - I !¥¥
.
) B

-

- II. E )
so BA = (I I f) replace ; is formulate

And Got : R'→R' is Goff 1=41 "xI:D ÷¥¥¥i¥*,)

YET.TT#ggnoTeifdYwmsixsxea.y.i.yo,
¥¥¥Ix'Ex':/

Prod :
Check z linear properties

C) GIF LITE )) - G ( T.IE?tFw!uIoFeimaGlFwDtGfTuDHeiman ✓

GlFkM¥wmGldFam Fawad """" ✓



So we know Got has a malate representing it .

Indeed
,
the ⑥

matrix is [ Goffe , )
- - - - Goff en)]

We ampule each column sector :

Got le , ) q
G ( Al !! ) = G ( cot? - Bad ,

IA)
i def off tf off

GIF
(en) = G ( Al ! ) ) = G ( coin CAD - BolaH)

Ra Tufa G
so [ Gotye

, ,
- - - Goffe;] -[Bad , IA) -

- - - Badnth)]
I
BA size sxn

- -

whtBA) adn IBA) def of matrix
This size is consistent with Gop , µn→Rs

.

multiplication D


