
 
Lecture I 51.1 Matricesand linear systemsof equations

1 Introduction

The main object of study inLinearAlgebra is a systemoflinearequations
Such systems are conveniently encoded usingmatrices and an

explicitly solved using an algorithm Gauss Jordan elimination

In this course we will go over this method in detail thislecture
and the next one are devotedto this For the main partof this course
we will see a re interpretation of matrices by viewingthem as

linear transformationsbetween rector spaces

The problem of solving a system of linear equations willalso be
rephrased in the language ofvectors and linear dependence

statatonicalmomandania often require to solve theeigenvalueApplications amputeenetworks

problem which in turn combines all the concepts discussed earlier
Ida Ginn a matrixAofsize n xn N so large compute AN r its
asymptotic behavior mis compute largest eigenvalues diagonalize A if
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basisofsolutions dimensionErmey Fetuses

Ch I nMatias
Timon Systems

Ck Vectors in I3 Examples Chs Nh
n 12,3

Lines Planes LinearTransf

I findeigenvectors diagonalize
functionof

bases example
ofsolusmatrices 4 Eigenvalues

v Chs Abstract
7 5

46 Determinants structure Tector Spaces
findeigenvalues ofeigenspaces LinearTransf



We will go over definitions and examples of all underlined words
in the previous paragraphs don't worry

Three objectives

Solve thesimplisttypes of equations in z or more variables
LINEAR MATH 2153 CA LCI

EXAMPLE X 24 2 10 describes a plane in R with normal
direction C 1 2 17 passing through o o o

Introduce underlying algebraic structures ofthese solutionsets

in Vector spaces of finite dimension
EXAMPLE Solutionsto imous differential equations egy'ty

y ex a as x t b six for any a b real numbers
planbasisfor the space of solutions
ofSolusCan add two solutions getanother solution

Can multiply a solution by a fixed numberandgeta solve

Applications Solve the eigenvalue eigenvector problem

1 Linear equations fix in 1,2 3

Definition A linear equation in n variables is an equation

ofthefrm a x t a Xz t t an Xu b A

a ha an b are fixed numbers usually real
numbers or complex numbers
Xi Xz Xn are unknowns variables



The word linear refers to the fact that the degreeofeachvariatt
on the left hand side of A is 1

Examples I 2x t 3 2 6 is a linear equation in

two variables
II is a solution Xo is also a

Xz 2 solution

2 X 2 y t 2 9 is a linear equation in three
variables x y and

Fr n 2 we are used to calling the variables x and y
instead of x and Xz Similarly for n 3 we are used to
x y Z instead of Xi Xz Xs

3 Sin Xi t as x2 I is not a linear equation

Definition A system of linear equations orjust a linear
system is a finite collection of linear equations

Examples 1 X ty 3 linearsystemof 2 equations in 2variables
ZX y 3 Isquaresystem

2 X t y 27 4
linear system of 2 equations in 3variables

2x y 0

Goal Find solutions to a linear system of equations
Idea Eliminate variables to get an equation with only onevariable

on its left hand side



Example i Xt y 3

2x y 3

Adding the two equations gives 34 6 x z

Plug it back in the original equation to get y 1
Conclusion The system has a unique solution X Z

y l

2 Xt y 22 4

2X t y
O m y 2x

Replace y by 2x in the first equation to get

X t 22 4 X 22 9

y 2X 42 8

So for any valueof Z t in R real numbers we have a

X at 9
solution

y qty
We see in this example that

Z t

there are infinitely many solutions to the system

3 X t 3g 4 2 69 8

2 6 y to
me

2 6y toMultiply
the isteenby 2

Substracting we get 0 2 We conclude the system has
no solution at all



Observation Later in the course we will see that

Every linear system ofequations has either
O I or a number of solutions

t
infinity

For n 2 or 3 numberof variables is 2023 we can see

geometrically that this is true

n 2 Every linear equation in 2 variables defines a line in the

plane R
ny axis

Eg X t y 2 10,2

a

2,0 F axis

v Xty 2

Assume we are given 2 linear equations in 2 variables

Geometrically the two lines L and I defined by these equations
are either parallel r they intersect at a unique point or L L

yn yn yn

4v Lz L
No Solution Unique Solution

V 4 4
x many

Solutions



n 3 Every linear system in 3 variables defines a plane in

Eg X o X
y

142 plane

x L

If the linear system consists of only one equation then there

are infinitely many solutions as many as the points in theplane

it defines

Eg Xt y 22 4 For any choice of X s s

yet
starereal
numbers

wehave a solution X s
810,92

yet
2 9521 as

1949

L 4 go
T Xty 22 4

If the linear system consists of z equations thenthere are 2

possibilities z n lineworth

am
4ft

FX
T2

y y

C Two planes are parallel
X P Pz mut in a line

No solution again a numberof solutions



E g System on page 4 X t y 22 4

ZX t y
0

Solutions ofthis system can be identified with the following
x 2 t 9

line
y at 8 am Parametric form ofthe line

through 1 4 8,0 set to
Z t

along the direction sector
G 2 4 17 m weftsof t

Remarks I Later in the course we will see a proof of the

fact that it equations a variables then there are
either no solutions or infinitely many solutions

e When a system admits infinitely many solutions the
set of solutions can be parameterized by a certainnumber
of fee parameters We will also discuss the importance

ofthis number in what will be called rank nullitytheorem

fly
above Xt y 22 4 can be described using 2 freeparam

x ty 22 4
ext y so

I free param


