
 Lecture II 51.1 Matricesand linear systemsof Equations II
1.2 Echelonforms Gauss Jordan Elimination

Last time we saw an review of the course weintroduced linearequations
set ourselves the goalof solving asystemof linear equations
Main result Systems of linear equations haveeither none unique r

infinitelymanysolutions

TODAY we will formulate thisgoalprecisely andgo on a generalmethodto

simplify and solve a linear system

Keyidea MATRICES
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911,912 i 9in i 9mi 9mn are fixed numbers
mn ofthem calledthe coefficients ofthe linear system

bi be bm are fixed numbers called theconstantterms
X Xz Xn are unknowns variables

I Matrices

Definition An mxn matrix is a rectangular array of numbers

abbreviated as A Aig Eigg
i row index
j column index



A
Til 912 qiu

of rows m921 922 92h

of columns n

AmI 9m z 9mn

Examples 1 I 0 2
is a 2 3matrix

3 I 9
2 O I is a 2 2 matrix squarematrix

I 5

If men we say that A is a squarematrix

2 Representing a linear system as amatrix

A general linear system of m equations in n unknowns A as inpage

is usually written as the following matrix of m rows ntl columns

an 9 in by
B Alb i

am 9mn bm

called the augmented matrix of the system Thematrix A
is called the coefficientmatrix of the system A

Example Consider the following linear system of 3 equations in 3unknowns

X 2 24 3 4 1 2 1

X1 4 3 1 me A I 0 I coefficientmatrix
0 I 2Xz 2 3 5

Missingvariables means coefficiento B 1 g augmentedmatrix
Goodpractice alignvariables intheguns



3 Elementary operations

There are 3 operations we can perform on a linear system augmented
matrix without changing its set of solutions Writethe equations
as El EZ Em

GOAL Simpler system fewerterms SimplermatrixB
ECHELONFORM

Elementary Operation 1 SWAP We can interchange z equations
if we swap Ei and Ej we write it as Ei Ej

Elementary Operation 11 SCALE We can choose a non zeronumber

say 2 and replace Ei by a Ei i.e Ei Lei

Elementary Operation 111 COMBINE We can replace Ei by EitXEj
where j ti and X is an arbitrary number ie Ei Eit XEj

Theorem 1 Elementary operations do not changethesetof solutions

of the input linear system We get equivalentsystems

Proof It is clear that operations I and II can be reversed Letus
show why 111 can be reversed

System S System S
BacktoEl

moms Ef EithEj mummy systemSE
Ei EitiEj rest unchanged EE ElttdE'jEm D

Observation These operations canbe performed on the Rows of the
augmented matrix producing simpler systems withmanyO's



in staircase frm that are veryeasy to solve This is the
core of theGauss Jordan Elimination algorithm

Example

El X Xz X I X X2 t X

Ez X tXz Xz 5 2X 2 3 4
Ez Ez ElEs X tax 4 3 10

X
3 2 3 3 9Ez Ez E

scale
Ez EE
Ez t E3

X Xz X 1 X Xz t X 1

Xz Xz 2 Tontine Xz Xz 2

2 3 1 Ez Ez Ez Xz t X3 9

FEE
Xi Xz TX 3 1 Conclude Xz t

x2 X3 2 Xz Zt X 2 2 5
2

Xs Yz X HX X HI
Check in theoriginalsystem x XatX 3 I I 651 1 V

x Xz X 3 I I 651 5 V

x 2 2 4 3 3 2 E 9 E 3 5 2 10

Operations onthematrix
I I I I

0 2 2 411 Hail s's't RER 8 i i
RS Rs R
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ECHELON STAIRCASE FORM

4 Echelon frm
Using 3 ElementaryRow Operations Swap Scale Combine we can

bring the augmented matrix of a system into Echelon form

Definition An ex's matrix B is said the be in Echelonform it

i all rows containing only zeroes are atthe bottomofB
in in every non zero now the first fromthe left non zeroentry is 1
iii if a row is nonzero its first non zero entry is to theright
ofthe first non zero entryof the previous row

Intuitively this means that the matrixhas a staircase shape
echelon From theFrenchword e'chelle meaning ladder

0 O A

entry I
i

i
below the
staircase 0

zero rows
O

grouped at 8 0
thebottom

Definition Reduced echelon frm echelon form to's above
each starting 1



Examples l 849 ftp are in echelon from
Lastone in redechelonf

is not in echelon form but it can bea

brought into it by elementary row operations

1 Emil latest r
Rst B

Q Why do we care about echelonfrommatrices

A If the augmented matrixof a linear system is in echelonhorn
thenthe system is very easy to solve We just need to solve

from bottom to top Furthermore if solutions exist the number of

freeparameters needed to write all thesolutions is

columnsofA nonzerorowsofB

Solutions will exist it and only it zero rows ofA zerorowsofB

The elimination algorithm Gauss Jordan produces a matrix
in echelon form starting from any matrix n'a elementary

row operations nexttime

Example 3 equations in 4variables X T X Xu 3

X t 2 2 X t Xu Z

X t Xz 7 3 Xy I



m Matrix B I I I na in echelon form

Fili I Klein I
mm I 2 1 I 2
cuisine e
Rs B Ma R IR TM T 2

Echelon form
The last matrix represent the system

zero rowsofA o

f
2 2 Xs t 44 2

B o
Xz X Xu 3

Xs Xy 2

We solve from bottom to top using Xy as thefree parameter
parameters 4 3 1 Indeed for any choice of Xy t

a real number weget a solution
x 2 t Xz 3 X Xy 3 L 2 t t S t at
X Z 2 24 3 Xy 2 2 Stat t t 2 t t to Gt
so we have infinitely many solutions x lo 6 t

X z stat
3 a t fr tin R
Xy t

GAUSS JORDAN ELIMINATION Input Linear System
Output Solution set

Step1 write the augmentedmatrix B of the input
Step2 Use Elementary Row operations togofromB to a matrixBlinechelonform
Steps Solve the system associated to B frombottom to top


