
 Lecture III 51.2 Gauss JordanElimination

Recall Last time welearnedhowto encode a linearsystem into amatrix Alb
called its augmentedmatrix We listed three elementaryoperations whichdonot

changethe setof solutionsof a linear system

LINEAR SYSTEM C AUGMENTED MATRIX

I SWAP Ei Ej Ri Rj
II SCALE Ei XE K o Ri a Ri
II COMBINE Ei Eit Ej ifj Ri Rit XRj

Equations E Em Rous Ri Rm

Ideal systemto solve those in afar É
We solvethese from bottomto
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run Solutions Y5,3485 strikers

Strategy simplify the inputsystem by elementaryoperations by

turning it into one in reduced echelon form

TODAY we will see that this strategy always works ie anymatrix
can be put in reduced echelon form using the 3 elementary operations



Igoe System mm Be Alb

I SAME SOLUTIONS I RowOperations A
dependentvars

nonzeroroustA NewSystem B A lb with B'm REF
Freeparameters rest easyto solve

1 Gauss Jordan Elimination

Main Theorem Any matrix B canbe put in reduced echelonform using
the 3 elementary row operations Wefind theoutputmatrix using
Gauss Jordan Elimination Algorithm Matrix EchelonForm Reduced EF

B E B BE B
Sketchof Gauss Jordan Algorithm

B 766 More from top left T bottomright to getthe staircase shape rescaling
to star each unzero row with ones Swap to put all o's rows atthebottom

8 B BE B Fix nonzero entries above eachstainting I via combine operation
Repear columnsfrom right to left

Examples N B L 6321 d E B
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GAUSS JORDAN ALGORITHM Input B Alb m rows
htt columns

Output BE A lb

STEPO If B has all zeroentries then BEB

STEP I Pick the first leftmost columnwith a nonzeroentry callit j
Find Column

STEP2 Exchange Rous so that thejthColumn has a j to lumzero
SwapRows

STEP
why on row

If L ay then do R IR after this the
RescaleStep new value of 915 1

STEP4 Replace each nonzero row Ri fr i a with Ri Ri aigR
CombineStep
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o 0 9zj
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Y B
smallermatrixto fix

STEPS Run steps 0 to4 for the smallermatrix B until weset
IterativeStep an echelon form matrix Call it E B

STEP6 Work our way backwards to put o's ontopof each I
FromEFtoREF Starting a nonzero row ofECB using combineOperation fixing

columns from right to left The resulting matrix is B BE B

67th fix Iesefirst andthermite

i i to the location of the starting
the previous now

i o



8.2 Solving REF systems

Next GOALS Determine when a system has

no solution inconsistent

unique solution

infinitelymany solutions
consistent

If a many solutions write the solutions in parametric form

Observations 1 If the matrix BE B contains the following row

O o 1

then the corresponding system has a solutions

Why Suchnow corresponds totheeyn O X t to Xu 1 so 0 1

e The variables corresponding to columns of A containing pivoted

i's lie thecorners of our staircase are called dependent variables

The variables that are not dependent are called independent
or free parameters

Examples 1 B I l l I
my pg B

01 0 2 3
2 I 7 8 0 3 2
I 1 5 5 O O O O

pivoted I's
no row 00 0 I I so the system is consistent

Dependent Variables X Xc Freeparameter X

Thesystem represented by ME B is x 2 3 3

Xz 3 3 2

Xz t freeparameter m X 3 at
Xz 2 3 t are allthe solutionstothe

Xz t system represented byB



Determine whetherthesystem is consistent r not2 X Xe Xs l
Xztzx Xu 3 5 1 If yes describe its solutions inparametricform
Y X Xy X 5 0
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Fine 0 1 0 3 7 1
Ri Ri Ra th BE B

Conclusion Thesystem is consistent 000001 is not a row ofBE B

Free parameters Xy Xs ms infinitely manysolutions

For envy choice Xy s wehave a solution X 35 Gt
Xp t Xz 3 S t tt

Xz 2s St
2numbers Xu S

Xs t

parametric form of
ALL solutions


