



































































































LectureV11 51.6 Algebraicpropertiesofmateroperations
The Euclidean space R

Lasttime Discussed algebraic properties of addition scalar mull

product ofmatrices
In particular we have 2Neutral Elements

1 For Addition O zeromatrix A O A At 6 A man
mxn

2 For Product I Identity matrix 8g s A Im A A In
squarematrix s

TODAY One more operation transpose

Euclidean space IR
Invertible matrices wit product

1 Transpose of a matrix

IDEA Transposing means swappingthe role of rows columns

Definition Givena matrix A ofsize mxn thetransposeofA is

amatrix AT of size nx m with entries ADij Aji ist n

j l M

Example A 453 m At 1
2 3 3 2

Next we show that this new operation interacts very wellwith the
others

Theorem Fix A B ofsize M X n C of size nxl Then

AtB
t Att Bt

AT A man

AC Ct At
Eff exn uxm

lx m




































































































9Why I are easy to check Let'sdiscuss

CACTij AC ji Aj Cii t Ajzcze t AjnCni
Cii Aj CaiAja t CniAjnforeach i to yl

j i im d i LADijt DizADyt tCDinlADy

CTADij.Definition We say a matrix A is symmetric if AIA
In particular A must be a squarematrix man

Why Symmetric matrices arediagonalizable with real eigenvalues later

Proposition If A has size mxn then

A AT is symmetric of size mxm

ATA nxn

Why A AT
mxn nam

has size Mxn ATA
Mxn name

has sizemim

AADT CAITAT A AT CATAST ATIATIATA
i
byTheorem bytheorem

2 Euclidean space Dot Product
Addition scalarmultiplicationmatchtheusualoperations forrectors m IR D

We will write solutions to hear systems of m equations
n unknowns as columns Y We willdenotethe spaceofall

such alumns R and call it Euclidean spaceofdimension n

Italian R 4 É E Ex when Xuxa Xu are realnumbers



N has operations addition scalar multiplication

Extra operation in R dot product

Definition given to rectors I Y E ft wedefine

the dotproduct 5 it as the product vi Va Ea

Using thetranspse we have E I IT is
I Xu nxt

Definition The norm or magnitudeof a rector E in R equals

HEH YET lvit.tv EtfT
We call it the Euclidean length of 5

Example 5 11 5 13
IT É i o D f 1 z t o it t 3 1

ITE 10 D I into't C 1 I 1 1 2

so VEN E

Tty 213 2.712 32 14

so 11511 Fy

11 511 111 11 1 C Y A E AHAHAH
8



Advantageof R structure We can write solutions to linear

systems in vector form

Example B 169TH REF EEE's
IpIdent Xi Xz dependent

X3 independent
Xi Xz Xs 14 3 3 Xs Xs matrix addition

we will write it as 11,1 1 4 x

Partington 1 I scalarproduct

Note t solves the homogeneous system EYE
This is a general phenomenon
Proposition If an mxn system with augmentedmatrix B All

is consistent then the general formof a solution is

Ii p
t Generalsolution of the homogenous

system with augmentedmatrix Alo
4

I tiff t tts s indef
variables

Why is thistrue We know AI 55 AFI
Any rector I IT solvesthe associated homogenous system

since AI AIR P AF AF P 5 8 D

Example X Xz 2 3 0 l I 2 0

Xa Xs to HIM REF

T T
Xi Xu dependent variables
21 31 5 independent variables

XI X2 2 3

Xu Xs
fires



11 t
x

if free
General form ofthesolution

Multiplication ofnumbers us mothers

C abeba for numbers but AB BA formatrices

Example A 18 B 199 AB188
BAE 98

2 ab o means either a o n b o fr numbers but

AB O win hold with A 6 B 40 Example alone

3 a to means we can always find bit with ab 1

but there are nonzero matias A for which AB I
or BA I has no solution example above

Example A 68 Let us try to solve AB Iz

É 69 cannot besolved because

of C2 2 entry Ota
b so no B can work

Nexttime Invertible matrices


