
 
LectureV11 51.9 Mattix Incises

Recall In identity matrixofsize nxn 8 112 1693,13 1
If A is an mxnmature us AIn Im As A Identity a limit

Multiplicationofnumbers us mothers

C abeba for numbers but AB BA formatrices

Example A 18 B 199 AB188
BI 98

2 ab o means either a o n b o fr numbers but

AB O win hold with A 6 B 6 Example alone

3 a to means we can always find bit with ab 1

but there are nonzero matias A for which AB I
or BA I has no solution example abore I Identity

Example A 68 Let us try to solve AB Iz
B

E 69 cannot besolved because

gby
of 6 2 entry o a

so no B can work

2 Invertible matrices

Definition An un matrix A is invertible it thereexists

an uxn matrix B satisfying AB In BA
Such a matrix B is called the inverse ofA It is unique



and we denote it by A

IWhy is it unique I If B B are two nxn matures with

AB BA In AB B'A Iz then

B B In B AB
ga

BA B In B B
used
In AB L BA In

A A doesn't always exist example above

Example 1 I n is always invertible since In In In
so In s In

2 A 6 is invertible with A 67

Check AA L 118 11 L I
A A 6 7161 167 TI L Iz

Significance of invertiblematrices for linear systems

Proposition If A YI big is a system with negus
n unknowns

and A is invertible then the system has a unique solution

namely A in
why A A AA In In I f
so it is a solution



It is the unique solution It A I I multiply both sides

by At on the right AYAI A b

But A CAITIFF A I In I

Conclude I A L is the only solutiontothesystem

Observation This is the most important featureof invertible
matrices which in fact characterizes them and allows us to

compute A using Gauss Jordan Elimination This will
also show the amuse of the assertion in Proposition1 namely

Proposition2 Fix amatrix A of size nxn If entry linear

system AT 5 has a unique solution then A is invertible

Why

I Build a convenient linear systems by varying5
We know by our hypothesis that these systems have
unique solutions

causes it 1 t stI
These are the columnsof the identity matter In

R

We build the solution actors I
1g

I
1,1 i Iif



T AI et AE É AXE E resp

Then I ti ti eu
x

satisfies

in xm

Ax A Ii I E AE Axe feet e In

Note We still have to check XA In as well but we will see

next time that this is automatic

Q What is RE A for A of size ax that has unique
solutions to any system A 5 5

Proposition 3 RE A In in particular Arrow In
Proof r rank A un zero rows ofA En rows A

If ran then we have at least sfeeparameter for AEI so
we cannot have unique solutions

Conclusion In columnsofA so everystep ofthe
staircase for Ato has length a

so RE IA

LIE In

This leads to an algorithm for computing A

We need to solve all n systems AF E AK E Axie
We can do this simultaneously



4 Algorithm for computing A

Form the nxzn matrix A et El let A In

Use Gauss Jordan elimination to get A into reducedfrom

A IIn
g

RECA B In B
plops

Conclude Columnsof B solvethe n original systems
A Col B et A ColdB En

In particular AB In

Next time We'll see that B A ie B also satisfies
BA In
Idea Since A 1 In Now In B then In nub
and this will say B is invertible
The same row operations will give

B IID In A
inreverseorder

forcing BA In

Example A
L

Let's ampule A

LAME tea
Fr htt II leer ÉTÉÉ

EF RMR R



Ri Ri si
A

and
1 11 111 1 71

s

15 4111 11 1 2
10

55 EFFI
Q How did we know A was invertible

I we didn't So far our only test for invertibility is

A my RE A In É A invertible

t is not invertible

Later in the course we will have a different test via determinants
at A is a number dit A to means A is invertible
A manmatrix dit A o is not


