
 Lecture XVI 53.4 Bases for subspaces
Lasttime i wediscussed howto findequations forsubspacesgivenbyspanning

sets
How to find optimal spanningsetsfor Sp 35 E in R

INPUT hi Find rectors m IR
OUTPUT Iwi WIE minimal spanningset for N Sp IT Imf
STEP 1 Write A I mxn matrix with RowSp A N

STEP 2 Write REF IA
131

um zero rowsofREFIA

Return 3WP we

This algorithm works because ofthe followingstatement

Theorem Row equivalent matrices have equal now space
IAToi

Why It is enough to check that each elementary row operation

preserves now spaces

A A A A An
Then Rowsp IA Rasp Az Rowsp Aa RowSp Al

El Swap Swap z nous reorders therectors spanningthe rowspace

EZ Scale Multiply a row I sayRi by a um zeromemberb to
I m Sp It Int I sp f bRit Rit Et

x a Itt am It g IR t azatt am It
w w w w

we see howto modify scalars to confirm z is in bothspaces



E3 Combine Say we replace R R t bra for b scalar

Sp Rt Int I Split stat Rat It

I g Itt tenet Rttbet Lab test ett
we see howto modify scalars to confirm z is in bothspaces

Conclusion Ell CE21 E3 changes the sectors individually but

preserves their span

Q In which sense is the output minimal

I 35 we l an l i becauseofthestaircaseshapeofREFIA so there

are no relations amongthe vectors In particular wecannot removeany
of them and spanthesame set In thissense theset is minimal

Base forsubspaces I

Definition A basis for a subspaceill ofR is a minimal spamming setB

fr N removing a rector fromtheset B will no longer span N

Later on we'll see that minimalspanningsets are always lui indep

The algorithm discussed above produces a basis 1741

Example N Sp i I If 1 Find abasisfor N

R 13212 8 FERME
A fi Frat ÉFriar oooR Rs R

Ry Ra R REF AI



Basis B 3 E
Charles l i x 5 x E E sins IEEE

E is not in sp It f's is not in sp 1
so Nt self's N spy

Easy to find equations forN usingB

E e I EL m

É Isa za sxtayscalarstofind
so equation for N is 3 24 2 0

Observation The output B has nothingto do will the originalspanning
set of a rector

I Can we produa a basis among theoriginal vectors

A YES

Example N sp 41.1111D
te te is

Ti is in Sp f f I is an unsent

1 a.fi talHtasl's
Hittite.li italRs RJR

Fi I FAR rnRtÉÉÉ
T Tdip



So a t393 foranyas leg as o gins I II f I92 t 93

Andusin Split vi us Sp 15,5 F
Why b I t bars t b I byta b 35 I E t

t bat t b I but zb tb a It b sb It but
shows Sp IT E E F Sp 15 I F

I is in Sp f ms we can remon I

I al's all

1151 Irmen 8 11 Fri te'd
R Rz JR

so a l az I 34 E E just É92 3
anchusin Spit Jiu Sp 15,5
why are t's Itch at It VE bist si

tht I hats E
anchusin N S IT veins Fil Sp IE ta
us vile an li so the set is a minimal spanningset

Base forsubspaces II

Theexample shows a general procedure to extracta bases froma
sparring set

INPUT A spanningset 5 15 i Ep's for a subspace N of IR
OUTPUT A subset T of S that is a bases forN



STEP Is S Li If Yes then output s
3 It no find a nontrivial relation

say 9 I tack t tap up pick first ai to
Frexample say a o Then I g I titt tap up

News Ez if
I In general news 3 5 i ti p it s tips S Bois

STEP Repeat Step Is News etc

At some point we get a li subset this is our output

Example S 3 I l
S is l d write 71 311,1 1 4 33 18

5 35 35News 3ft 1334 is li

avi bus I gives at 25 o

a g
so a s o is theonly

solution I
so News is a basis

Observe Thealgorithm gives a new characterization for basis
Ioutput is always l i

Proposition A set B is a basis for N if

M B is a spanning set
12 B is l indep


