
 Lecture XVII 53.4 Bases for subspaces
3.5 Dimensionofsubspaces

Recall A basis B for a subspace N of R is a set Sw w d E

spanning N minimal with this property

Equivalently B is a basis if

11 B spans N

K B is linearly independent

Obs 30 is l d so the subspace389 has no basis It isthe
only subpace with no basis

i Constructing bases

We saw two waysto build a basis for41 Sp F Em
Method A1

It wit

man It Finan 1
me

B 3wi WI is a basis forN

Method02 Remote vectors from 5 35 Jim oneatatime

using linear dependencies

A Is S li

If YES then B S

If No then use a dependency to write some ai
in terms of the others repeatthe question for the
New set S 35 Fit Fit In E S Vit

Example FT 157 I is a basis f MR



called the standard basis
12 S 3 63 193 134 is not a basis for Cold

Adependency relation is 6 9 17 18

we can choose to rimose any of the sectors The other

2 are li so they give a basis

s options 31671971 3163113,3 a 3197,1131

WE wore not

Q Can we do better than Method 2

I YES we can do this in I stepusing the followingtick

Method

View N split Ep as the Rangeofthematrix ALI tip
uxp

Basis s ti i is a column corresponding to a DEPENDENT

unable of A Y E

Example N Sp I I I
A1 1138 11 real ear É

R B R Ra s Rz

FRFR É É REF

Xi Xc dependent no Basis 3 4 if



Q Why does this work x can use REFIA instea

Null IA Null Retta 41 314
A

X 43 3 4
xe s m I ft f txu

This given 2 dependency relations among 5 it I É
E A I F É 5 E Aft SI É tr

E Ite E E se ti
so sp 15,5 is it Sp 5,5 sings is li
so it is a basis for N

2 Some properties of bases

Let B 35 E f be a basis for N subspaceofRn

Property1 Uniqueness of expression

For 5 in N we can find uniquely determined members

ai az ap such that I a I t ta I
call them the coordinates of É with respectto the basis B write

it as E a I rector an Id

Why We have suchexpression because B spans N

If we have 2 suchexpressions b ti t that 9 ti t gtd



for it then taking their difference we get

19 til I t lad ba VI

Since ut I am li we must have 9 bi asbat as baio
in other words a b az ba ad bd This showsthe

expression is unique

Property 2 Size of a basis is fixed

Fix a set 5 3wi Eml ofrectors in N with m d Then

S is linearly dependent
Empay N R B l ien f Iden standard basis

any set with mi n elements is always linearly dependent

1 A Y L with A Lui Tim is a homogenoussystem
n xm m

with n equations unknowns Bath n so the system has a many

solutions in particular Iwi Ems are l d

Why Write each wi s out as a linear combination of 5 5
WI anti t and I

92 I ta I

hd

m Build A
912 aid

Laman andÉ am t t and

Write a relation X wi t t Xmwi E

Substituting expression of T's in terms of its gives us a homogenous

system an x taz xz t t am xm I t 19 zx t tamzXm É
t t l aid x t azz x t t and Xm Id I



I coefficients on the entries of the rowricher x Xm A LATE
But 35 I s an li so we set a system

91 X a z Xz t t am Xm o

9
iz X azz Xz t t am z Xm o At Y É

Imd x t azd Xz t and Xm 0

Since dam agus c unknowns so the systemhas a manysolus

Xi Xml This says 15 win l is l dep

53 Dimensionof a subspaceN

As a consequence of property 2 weget

THEOREM If B 3 I Idf are bases for N then dem

Ba lui WI
We call this number the dimension ofN Writ din N d

Why If dog then Ba is It useB is abasis which cannot happen

If fed B useBz

Note A subspace can have manybases but all of them havethesame
number of vectors

Consequence Fix N 384 a subspaceof R with dimN d Then

Any set of dti or more rectors in N is lin dep

d l cannot span N
d line indef rectors in N is a basis for N

d rectos that spans N is a basis has N



Example N Sp 141.151.181.1
Lasttimewecomputed abanestifs Ii BE f if so damn 2

Consequence confirms 35 sty l is ld

35 I cannot span it Same if we pickany individual
sector his 254 SEE
Consequence 35,51 is li 1 1 EfRERER

R RsR
3 Btpso it is a basis for RatRat

Similarly 45,55 35,59 stings 35,54 35,56 an le

of size 2 so they are bases for N


