
 Lecture XIX Ss3.5 Rank Nullity theorem
3.6 Orthonormal bases

Lasttime N subspace of R as dim N sizeof anybasis for
N Sp E Fm m Basis 3 vii xi is a dependent

variable of AI El
17 A F Fm METHOD3

1 Rank and Nullity

Fix a matrix A of size n xm

Def nullity A dimNCA
rank A dim B A

Q Howto compute these numbers

For Nullity Solvethe system via Gauss Jordan

nullity A indep variables of A5 8

For Rank Method 3 says of dep variables sizeofa basisforRIA
Consequence Rank NullityTheorem

nullity A t rank A columnsofA
indep vars dep vars total ofvars

Example A Gaussorgan REF IA f f xoxodep

T T
Basis for Range A 3 us rank A 2

To get a basis for NIA we write thegeneral formofa solution

X T X t Xy o my X Xy Xy Xi

at Xs Xy o m xz x xy Y
Y txu

li
complementary locationdo



Basis for NCA I 1
so nullity A 2

Rank Nullity 2 2 4 V

E What about the old definition of rank It looks different

Oldrank A Oldrank REFIA Emm zeugmaofREFIA
Rank A

BUT

Emmanuel IEEE size da basestRIfflfight
dim RowSp A

din R AT rank AT

Consequence Rank A Rank At ie column now space hare

the same dimension

Example alone A f dmRows A L dunlolsplat RankAt
byearliercalculation

At
I II

J

jg REF AT demRowsplat 2 dimColsp A
Rank A

Example A 1 nullity

Fr i Free o Fry.gg
do

W Al Spf I so nullity 1 us rank A 3 1 2

rank A dim R A RIA is a subspace of R alsoofdime



Conclude RSA R Isame dimension RCA EIR

Rank AT rank A 2 so Rowsp IA has din z as well

2 Two applications

Theorem1 Fix an mxn matrix A J in R The system AID
is consistent it and only if Ronk A Rank Alb

Why Consistent means 5 isuhAFlolsp A x lol At t xulol A 5
for some numbers xis xn Thishappens if andonly if ColSp A tolspAlb

The ranks are thedimension of eachof these spaces

Consequence An uan matrix is nonsingular if andonly if rank Al n

Why Nonsingular means nullity A o so rank A colsA well
n o h

53 Orthogonal orthonormalbases

Recall the formula for thedotproduct
if I I I In are vectors in R Inximaticest then

I I IT É U U t have t tun Vu number

We say
E E an orthogonal Eto it E 5 0

7
Es i t an orthogonal s

O F for any I

Fix a subspace N of 112 with N 382 let BAE yups
be a basis for N



Def We say B is an orthogonal basis forN if ftp.freyg.y
that is any erectus m B ai orthogonalto eachother

We say B is an orthonormalbasis for N if it is an

orthogonal basis and ri ri I fr eray i t op
This means trill 7 1 for every i

Main use of orthogonality It implies linear independence

Theorem Fix a set 5 35 stop 1 in R and assume I
is not in S If all rectors of S are orthogonal to each other

then S is linearly independent

Why Write a dependency relation

a ti t act t tap up
take dot product with it We can distribute set
O E E a

III I azEEI
t tap FEI

because É II
bind 0 9 III

so 91 0

Same idea shows 92 93 ap 0 This says S is l i
C E ort y Ep

Earl I i
I
1 If

I Ez 1 3 2 1 0

5 v5 1 8 7 to

t.us y y o

s s t t h is an orthogonalset

hence it's linearly independent



This set has 3 l i rectors in R so it's a bases tr IR

If 5 if is an arbitrary rector in R we can write

If x I txt x v5

Here is a quick way to find Xi Xs Xs

Takedot product with I

bits LEI LI EE.IE IIIt
Conclude x bitabztbs

Similarly using out v3 gives x z ex's
X z 351 4 53 X 4 4 753

The set 35 I v59 is not an orthonormal basis for R but

we can scale these vectors to have length 1 get an orthonormal basis

I II Is É É É I EgeE
35 Ez Is is an orthonormal basis forRs
Coordinates withrespect to orthogonalbases

The last example highlights that if B 35 up s is an

orthogonalbasis for a subspace N of R then the problemof
writing an arbitrary rector 5 ofN as a linear amb of it op
is very easy



Thrum If B Sii sp t is an orthogonal basis for a

subspace N of R a is a rector mill then

I X E t t XpEp
where x ftpIE xc I I s Xp ftp.tp

F THEMIn short I B Eat amp actor in R

ftp.t
ntpll

Q Howto find an orthogonalbasis A Gram SchmidtAlgorithm
nexttime I


