
 
Lecture XX11 53.7 LinearTransformations

Definition A linear transformation T A IR is a function

fromIR to IRM satisfying

TIE E Tle Tie for EI miR
T se Tie for it in IR a scalar

1Examples Properties

Main example A mxn matrix us T.IR Rm Tix AT

Empie 1 A 69 2 3 m T RSR

LII 169311 III

It TY 11 3113 1 G A

TY 1 3 93 19 lol A

TIC 18 31191 13 GA

TICP TW x1 x 1 qx.tl lltxT1l DtsTyD
Hol Athol At ColA

So T is determine mete we know the 5TEEJ Ties
e T D IR givenby TI Y EY
Then T II AF for the following 3 2 matrix A I
Col A 51163 lolzA 5119



Prop Fix N of subspace of R of dimp Fix a basis B but ship
Is N

Then any linear transformation T N R is completely determined

by where it sends it I sup

Why Write 5 TIF
bi TIE p vectors in R

If Tip

Any T in U can bewritten in aunique way as a linearambof the
basis B

I a I tachi t tap tip ai se sap arenumbers
IT BThen using the a defining properties of T we get

TLE Tfa I t lace t taptip
a TIE Tia É t taptf
i a Thi tasting t tapTip

a I taa bi t tapby

Exayle N Sp E ft 5 19 a R

Note 35 I l am li so they give a basis for N

A linear transf T N R ay be definedby Tal I
TIE L

T I To answer wewrite 1 3 55 tune



So TL I STI a TIE 5 1 913 I
SPECIAL CASE N D
In particular if N R B let en l then

T R R linear is angletely determined by TIE
TIE

If we build an mxn matrix A 555 In with 5 tie
then TIE AP

Same idea Tf Y TI xie the t then

x.IE tx.Igt txnIeI
Ax

Conclusion Linear Transf
T R Rm

Es mxn
matrices

ImportantObs If the input vectors are l d wehave to checktheir

images undert satisfy the same relation

Example Find a linear transf with TIE s Mf E
TLE i É

Solution First anchors an a basisB for R so they determine T uniquely

TI Y TIM 6 91 Y
H s TIL yTIL 1 71 33 9 E

I I
Check TIL 3 1,111 81 11 some tan be

instructed



Issue 21 i T L
therelation but itdoesn'tB

21 I 1
Animistshouldhmm

2 Matrix Representation

Just like for 112 R a lineartransformation T V W where

N UN an subspaces of IR Rm respectively can ALWAYS be

represented by a matrix

VERY IMPORTANT The representation of T N W depends on a

choice of bases one Is N one forXxl
Fn N R NN R our natural choices is let oeil fo IR

het yes fr IR

Howdoes it work

Fix B SF Ep 4 a basis for N

Bi sus up y y

hmm p

I dinNN g

To build the matrix we need to write thecoordinates of Tip tip
wit the basis Bz Moreprecisely

TIP ants t t 9g WI an 9 iz aip
TIF 9,25 t t 9gWI

Tn aipwi agpng

A

If 992 991
I xp matrix

Howdoes A encodethe linear transformationwestarted from

1 Given I in N we express F X F t xpif ftp I p



a wit

If II
3 TIE y wit yet I Ties

Insigmbols TIE z
A E B Write A Tape

Examples N Sp 9 subspaceof IR of din z NER

T X W given by THE II
Basis B 3 9 Shrill Basis132 35 167,5 19 few

TIE HI I ÉtÉ
TIE I eine

Tap i

Change the basis B to B 35 t as L
5 Ite

Tin 9 E
TLE s cette

m Trina 9

Check I E in N So from the formulatorTarget
TIE 1 It

I 25 28

117 3 1
E 25 0.5 2 I

931 9 11
FBB Tells Ha Title


